
Lecture notes: Wednesday February 15

Chapter 7

7.8 Inverse Hyperbolic Functions

Defintion

Obviously equations sinh x = t, tanh x = t and cosh x = t have respectively exactly one
solution, no more than one solution, no more than two solutions.

Definition 1. We introduce uniquely the following trigono,etric functions:

• sinh(−1) : (−∞, +∞) → (−∞, +∞) 3 y = sinh(−1)(x) = log(x+
√

x2 + 1)
iff sinh x = y;

• cosh(−1) : [1,∞] → [0, +∞) 3 cosh(−1)(x) = log(x +
√

x2 − 1)
iff cosh x = y, x ≥ 1;

• tanh(−1) : (−1, 1) → (−∞, +∞) 3 y = tanh(−1)(x) = 1
2
log 1−x

1+x

iff tanh x = y;

• coth(−1) : (−∞, 1) ∪ (1, +∞) → (−∞, 0) ∪ (0, +∞) 3 y = coth(−1)(x) =
1
2
log x−1

x+1
iff coth x = y;

Differentiation

Theorem 2. Inverse hyperbolic functions have derivatives(
sinh(−1)(x)

)′
=

1√
x2 + 1

,(1) (
cosh(−1)(x)

)′
=

1√
x2 − 1

x > 1,(2) (
sinh(−1)(

1

x
)
)′

= − 1

|x|
√

x2 + 1
,(3)

(
cosh(−1)(

1

x
)
)′

= − 1

x
√

1− x2
0 < x < 1,(4) (

tanh(−1)(x)
)′

=
1

1− x2
|x| < 1,(5) (

coth(−1)(x)
)′

=
1

1− x2
|x| > 1.(6)

Proof. Follows from table derivatives.



Graphs of Hyperbolic Functions
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Figure 1: Trigonometric functions
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