Lecture notes - Friday, December 2

Chapter 3

3.9 Differential. Newton Method
Differential

First of all, from it follows from the definition of derivative that

f@') = f(@)

DI pa) + )

with ¢ — 0 as 2’ — =; therefore
(@) = f(z) = fl(z)(@" — z) + (2, 2) (2" — )

or denoting Az =2’ — x, Af = f(z') — f(x) = f(z + 0z) — f(z) we arrive to

(1) Af = f(2)Az + e(, Ar)Az, € —0 as Az — 0.

Definition 1. We call Af and Az increment of f, x respectively.

Definition 2. We call df = f'(x)Axz differential of f. In particular, as f(x) =
x we get der = Az. So, df = f'(x) dz.

Notion of differential has ample generalizations. Note that df is linear with respect df and
that equation y = f(xo) + f'(x0)(z — x¢) defines a straight line tangent at z( to the curve

y = f().

Theorem 3. Definition of the differential remains valid if argument of the
function is a function as well.

Proof. Due to chain rule

(2) d(fog)=(fog)dx=(fog)xdgdx=/(fog)dy.

[ want to better estimate an error eAz in (1).

Theorem 4. If f is twice differentiable between x and x + Ax and |f"| < M
there then

Q Af —df| < Al



Proof. Consider F(z) = f(z) — f(a) — f'(z)(z — a) and G(z) = (x — a)?. Then by Cauchy
. P~ Fla) _ Pla)

G(b) - Gla)  G'(x)
where z is a point between a and b (We assume that a # b rather than a < b) Note that

Fla=G(a) = 0and G'(z) = 2(z—a), F'(x) = f'(x)=f"(2)-(x—a)=['(z)- 1 = = ["(z)(z—a)

and therefore
F(b) __f”(x)(ac—a) __lf-//(t)
(b—a2  2x-a)
where ¢ is some point between a and b. Then F(b) = —31 f"(z)(b — a)* or f(b) — f(a) —
f'(0)(b—a) = —1f"(z)(b— a)*. Plugging b=z and a = z + Az we arrive to

1

(4) flz+Az) = f(z) = [(@) Az = S f"(t)(Ax)”

where t is between x and x + Axz. This implies (3). O
Example 1. Calculate v/1.1.

Consider f(z) = 2'/2 Then f'(x ) =3 Ly=12 f"(2) = — i —3/2,

Plugging z = 1, Ax = 0.1 we see that |f”| <M= l as 1 <z < 1.1 and therefore with an
error not exceeding £(0.1)% = 0.000125 V1.1 ~ 1+ 1 - 0.1 = 1.05.

Newton Method

Newton method allows to find approximately solution of equation f(x) = 0 (under certain
conditions).

Consider zy “a candidate” to solutions. Then replacing equation f(x) = 0

by an approximate equation f(zg) + f'(zo)(x — x¢) = 0 and solving it x; =

To — f,((x")) we obtain a new candidate to solutions. Repeating this process

f(zn)
f'(zn)

we hope to get a better and better approximation to solution.

(5) Tl = L, —

Thus Newton method is iterative: solution obtained on one step is used on the next one as
a starting point.

Theorem 5. Let [ be defined on (a,b) and twice differentiable there. Assume
that f(a) < 0, f(b) > 0 and f'(x) > m with some m > 0 on (a,b). Let
|| < M on (a,b). Then if |f(xo)| = € then x, approzimate solution with an
error not exceeding

2m  Me\*"

— o < 22 (22
0 2
(as long as all z,, belong to (a,b) which is the case provided either f > 0 on
(a,b) and f(zo) > 0 or € is small enough.



Proof. Let ¢ be (an unknown) root f(c) = 0. In frames of the theorem there is exactly one
root on (a,b). Then

(7) |z — c| < ¢/m.
It follows from |f(zo) — f(c¢)| > m|z — ¢|. Now

o —cm - o @) f) =@ o) | ) = f @)@ =) = 1(0)

f(zn) f(zn) f(xn)

since f(c) = 0. Then the numerator does not exceed M (z,, — ¢)?/2 and denominator is no

less than m. So if A, = |z, — ¢| we arrive to A,y < 0A2 with 6 = py Equivalently
m

(eAnJrl) S (eAn)Q

Then one can prove easily by induction that 0A,, < (0Ay)?". Plugging § and Ay < ¢/m we

arrive to ¢ < 245 which implies (6). O
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