Lecture notes - Monday, November 28 — Wednesday, November 30

Chapter 10. L’Hoépital rule

10.4 L’Hopital rule

. : - . . 0 o
L’Hopital rule is used to calculate limits when indefinities such as 0 or — appear.
00

Cauchy MVT
Theorem 1. Let f and g be differentiable on (a,b). Then there ezists c € (a,b)
such that
(1) (f(0) = f(a))g'(c) = (9(b) — 9(a)) f'(0)-

Proof. Consider function

G(z) = (f(x) = f(a)) (9(b) — g(a)) = (£(b) = f(a)) (9(z) — g(a)).

As z = a both “blue” factor vanish and G(a) = 0. As z = b “blue” factors are equal to
(f(b) — f(a)) and (g(b) — g(a)) respectively and both terms compensate one another so
G(b) = 0. Therefore due to the Rolle’s theorem G’(¢) = 0 for some ¢ € (a,b).

However

G'(z) = f'(2)(9(b) — g(a)) — (£(b) — f(a))g'(x)
which implies (1). O

L’Hopital rule. 1.
Consider lim,_, .+ % assuming that f, g are differentiable and f(a) = g(a) = 0. Later we

consider x — +00 and the case when f(x) — oo, g(z) — 0.

Theorem 2. Let f(x) and g(x) be differentiable on (a,b) and f(c) = g(c) = 0.

Assume that

/
2) lim (%)
e ()
exists. Then lirri fgms also exists and both limits are equal.
z—cx g\

Proof. Since f(c) =g(c) =0

(3) (f(2) = f()d' () = (9(x) — g(e)) f'(&).



Since we assume that (2) exists ¢'(§) # 0 as £ € (¢ — d,¢) U (¢,c+ §). But then g(x) # 0
as well: due to MVT g(x) = g(z) — g(c) = ¢'(n)(x — ¢) with n also between ¢ and x and

g'(n) # 0. So, dividing by ¢'(£), g(x) we get

f@) Q)
g(x)  g'(¢)
As x — ¢* also € — ¢* and therefore if finite or infinite limit (2) exists, then finite or
infinite limit limi % also exists and both limits are equal. Il
z—c*t gl
Example 1. Converse statement is not true, Really, consider
22 - sin (% 1
lim # = limx - sin(—) =0.
z—0 €T z—0 T

On the other hand applying L’Hoépital rule we would get

. (azQ : sin(%))

x—0 1

=2z - sin(i) + 2% cos(i) . (—é) =2z - sin(é) + — cos(i)

and while the first term tends to 0, the second has no limit.

So, lim, .+ 2@ exists but lim,_, .+ ’gc :((i; does not.

9(x)

L’Ho6pital rule. II.
Theorem 3. Let f(x) and g(z) be differentiable on (a,b) and lim, ..+ f(x) =

lim, .+ g(x) = co0. Assume that

lim f(z)

x—ct g/ (ilf)

exists. Then lim f(x)
z—ct g()

also exists and both limits are equal.

Proof. 1 will start with pseudo-proof:
1

Since lim — = lim — = 0 one can apply Theorem 2
z—ct f x—ct g
1 (Ly _r ;2 / 9
lim & = tim £ = lim L5 = lim — = Jim (L %) = (im, i) x (1im 2)
T—C f T—C E T—C (5) T—C _g_2 T—cC g f T—c*t [ T—C f
which implies equality of limits. What is wrong with this proof?
(gj)ﬁ O
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So, let us give a real proof. Consider x — ¢* for simplicity of notations. Consider

flo) _ f)=f@)  fle) 9 S

glx)  g(x)—g(t) glx) glz)—gt) g(z)—g(t)



where we substracted f(t) and g(t) to apply Cauchy MVT and the rest is the correction.

Then
f(x) o) N f@)—f@) )
2 U 5 —em) =

and finally

@) 0 N0 S
- ) G )
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By Theorem 1 or ¢ < x <t we can replace ) = f(t) by f/ () with x < € < t.
g(x) —g(t) ~ g'(&)
!/ /
Now fix ¢ such that |f © _ L| < €/9 if lim,_.+ & = L is finite or J1E) > 9M if this

g'(§) g'() g'(€)

limit was +oo (and make similar arrangements if limit was —oo or just co).

Now, if L is finite, after € and consequently ¢ are chosen, we can choose § > 0 such that

9(t) £(t) ¢
|g(x)—g(t)| < oL+ 1) and |m\ < 9 as ¢ < x < ¢+ 0 where we use that
lim g(z) = co. Then ’f_x) — Ll <e

9(x)

Similarly, if L is infinite, after M and consequently ¢ are chosen, we can choose § > 0

t 1 t 1
such that |L\ < — and |L| < —as ¢ <z < c+ 6 where we use that
gle) —g(t) 9 glx) —g(t)” 9
lim g(z) = co. Then J(x) > M. O
9(z)

L’Hopital rule. Full Glory.

Finally, we need to extend L’Hopital rule to the case when z — +o0 or z — o0.

Theorem 4. Let f(x) and g(z) be differentiable on (M, o) or (—oo, —M) and
either
lim f(z)= lim g(z) =00

r—+oo r—+o00

or

Assume that

exists. Then lim f(z)
z—o0 g(z)

also exists and both limits are equal.



Proof. Consider F(t) = f(1/t), G(t) = g(1/t). Then

! flz) " Fit) . F'(t) [by Theor_em 2 or 3}
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