APM 346Y, Mid-Term Test. Nov 08, 00

Problems (few misprints fixed).

MT-1 By method of characteristics solve either (a) (4 pts) or (b) (7 pts)
Uy — Uy, =0, 2>0,t>0,

(a) ulz=0 = 0, :

U|i=g = cos®, Utlt=0 = sinz

Uy —u,, =0, x©<0,t>0,
uf; —9uf, =0, 2>0,t>0
(b) U =0 = “+|1’=07 Uy =0 = “;HIZO — cost,

U_|t:0 = ut_|t:0 =0 z< 0,

u+|t:0 = uj|t:0 =0 x>0.
Hint What regions, where different formulae hold, are here?

MT-2 By a separation of variables find proper frequences of the system described
by either (a) (4 pts) or (b) (7 pts):
{uﬁ+uxm:0, —rT<r<mt>0,

(a)

u|l’:—ﬂ' — ul’l‘|l’:—ﬂ' — u|1::7r — ul’l’|l‘:7'r =0

(b)

—(Au)t =u,,0<z<ml<y<ml<z<m
u|1’=0 — u|1:=7r — u|y:0 — u|y=7r — u|z:0 — u|z=7r =0

MT-3 (4 pts) By a method of separation find a solution to
Uy — 4y, =0, —w<ae<mt>0,
ul’|l’:—ﬂ' — ul:|1’=7r — 07

U|t:0 = 1‘2, ut|t:0 =0

MT-4 (4 pts) By a method of separation find a bounded solution to

1 1
urr‘l’_ur‘l’_2u99:0 T>1,
T r

u|r=1 = |sinf|.

MT-5 (4 pts) By a method of separation find a solution to
Upt — Ugy — Uyy = 0, —rT<e<mi<y<m,
Uo=—r =0, ufs=z=0,
ty=0 =0, uly=r =0,

=0 =0, u¢|t=0 = min(z,y).
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APM 346, Mid-Term Test# 1 Solutions.

MT-1 (a) Equation yields that u(x,t) = f(x+3t)+g(x—3t) as « > 0,¢ > 0. Initial
condition imply that f(z)+g(x) = cosz, 3f'(x)—3¢'(z) =sinz — f(z)—g(z) =
—1cosz and then f(z) = icosz,g(xr) = 2cosz as & > 0. On the other hand,

3 3 3
boundary condition implies that f(3t) + ¢g(—-3t) = 0 = g(z) = —f(—2) =

2
3 cos(x + 3t) + 3 cos(x —3t) x> 3t
1

[y

—% cosz as ¢ < 0 and finally u(z,t) =

1

3 cos(x + 3t) — gcos($ —3t) 0<ax<3t
(b) Equations yiels that ut(z,t) = f(x + 3t) + g(x — 3t) as « > 0, > 0 and
u (x,t) = h(x +t)+ k(x —t) as @ < 0,¢ > 0. Initial conditions yield that f(z) +
g(z) = 0,3f'(x) — 3¢'(x) = 0 and therefore f(z) = g(x) = as @ > 0; similarly,
initial conditions yield that h(x)+ k(x) = 0,h'(2) — k'(x) = 0 and therefore h(z) =
k(x) = 0 as # < 0. This would give us solutions for # > 3t and # < —¢. Further,
transmission conditions (at @ = 0) yield that f(3t) + g(—3t) = h(t) + k(—t) and
f'(3t)+g'(—3t)—cost = h'(t)+k'(—t) = 3 f(3t)—+g(—3t)—sint = h(t)—k(—t)

as t > 0. In this system we know f(3t) = 0,k(—t) = 0 and we recover

3 z

g(x) = $sin § as x < 0. Substituting into u we get

=0 x> 2t 0 =< —t,
+(.r,t) = 3 u (x,t) = 3

in(t—2) 0<az<2t in(t+z) 0>az—t
23111 3 X 25111 X X

U

MT-2 (a) Separating variables u = X (2)T'(t) we get

XV _AX =0, X(-7n)=X(n)=0,X"(—7)=X"(x) =0,
T" +W*T =0

and the first equation yields that X = A cosh kx + Bsinh kx + C cos kx + D sin kz,
A = k* > 0; plugging into boundary conditions we recover A coshkn = Bsinhknr =
C cos km = D sin kn which yields that either Kk =n, X =sinnz (n =1,2,3,...) or
k=n— %,X:cos(n—%)x (n=1,2,3,...).

So, w = i,l,%,él....

(b) Separating variables v = T'(t) X (2)Y (y)Z(z) we get

T// X// Y// Z// Z//
) T Xty )7
with boundary conditions
(2) X(0)=X(n)=Y(0)=Y(x)=2(0) =Z(7)=0

Since right-side does not depend on ¢, z,y so does the left side. This leaves us with
T" = —w*T (Z" = 0 is not an option due to the boundary conditions), X" = uX,
Y" = vY and then Z"” = pZ (with p < 0,v < 0,p < 0 and we know solutions:

p=-m?v=-n?p=—p?withm,n,p=1,2,3,...;s0

k

w77k:
P /m? + n? + p?




solves the problem.

MT-3 Separating variables we’ll find that X" + AX = 0, X'(—7) = X'(7n) = 0
which leads to A, = in2, X, = cos "(r;ﬂ), T" + n*T, = 0, T, = A, cosnt +
B, sinnt, Xg = %, To = Ay + Bgot and

n(x + )

1 o)
u(x,t) = §(A0 + Bot) + Z(A" cosnt + B, sin nt) cos ———

n=1

Substituting into initial conditions we get %4‘2?:1 A, cos M = z? and B,, = 0.
The first equation yield that

A, = l/ cos wmzd:x.

-
Integrating twice by parts we ses that

0 n=2m>0

8 16 2 1
Ap=———(cosnm —1) =4 (2m + 1)2x n=Zmt
nix
2
3 "=
and therefore
_71'2_|_OO 16 ( +1)(+)_
u = 5 m:0(2m+1)zﬁcosm 5 T+ 7)) =
 CR— 16 1
5 _1 m+1__ Y . - ]
G + Z( ) @+ 1) sin(m + 2):0

m=0

MT-4 Separating variables we’ll find that ©” + X0 = 0 and O is 27-periodic which
imply that

1
/\0:0, (")0:5,

/\n:nz, ©,1 =cosnb, ©,9 =sinnd n=12...

and r?R!! +rR!, +n’R,, = 0 which yields that Rg = Ao+ Bologr, R, r = Ap pr" +
By gr ", forn=1,2,..., k =1,2. Since solution should be bounded we discard
log and r™ terms. Then

u(r,0) = % + Z(An cosnf + By, sinnf)r .
n=1

Boundary condition yields that

o0

A
70 + Z(A" cosnb + B, sinnf = |sin 6|

n=1



and since | sin 6| is an even function equal to sin 6 on (0, 7), we conclude that B, = 0
and

5 7 0 n=2m+1
Bn:—/ sin 6 - cosnfdf = 4
T Jo —— n=2m
(4m? — 1)w

and

2 4 —2m
u=——+ gmr cosme.

MT-5 Separating variables we get X" +AX =0, X(0) = X(x) =0, Y" 4+ uY =0,
Y(0)=Y(r) =0and T+ (A + p)T = 0 which implies that

Am =m~, X,, =sinmz,

pn =n?, Y, =sinny,

2, 2
Tm,n = Am,ne(m +no)t

and

oo 0o
A A (m 24nt .
(x,y,t m,n€m € sin ma sin ny
m=0 n=0

and from initial condition

>0 >0
Z Z Ay, 5 sin ma sin ny = sin(zy)

m=0 n=0

we deduct that

Apn = / min(z, y) sin(ma) sin(ny)dedy =

—/ dy/ ysin(me) sin(ny dx—l——/ d.r/ @ sin(ma) sin(ny)dy

where D = {0 < y < ¢ < 7} U{0 < # < y < w}. The first integral is

ﬁ foﬂysin(ny)(cos my — cosmm)dy and using trigonometric formula and inte-
2

nm(an—m2)

gration by parts we get (—1)"+™ (n # m) and adding symmetric (with

respect to m,n) term we get

while for n = m we get ﬁ and the final answer is

4 1
u(z,y,t) = Z —(=1)"*" —e¢ ~(m*+n*)t Gin ma sin ny-+
1<m,n<co,m#n T mn

e™2™"t in me sin my

>

m=1

7Tm



