APM 346 GHA #2 Solutions (Fall 2000)
2-1) 1.5 pt Solve the problems below:
wy — 16ug, = f(x,t), (t>0,0<2<2)

u|1:=0 == u|r=2 == 07

U|¢=0 = g($)7 Utli=0 = h($)

with
(a) f=0, g=sin(T).  h=—sin(rz)
(b) f=0, g=1—11—z|, h=0
(c) f =sin(mz)sin(27t), ¢ =0, h=0
(d) f= sin(%) sin(27t), ¢g=0, h=0
Solution Separation of variables leads to
(1) A, = —(%)2, X, = sin %
T,.(t) = A, cos(2nnt) + By, sin(27nt),
= T
t) = A, 2mnt B, sin(27nt)) sin ——
u(x,t) ;( cos(2mnt) + sin(27n )) sin 5

where second and third lines are valid only as f = 0.
(a) Both functions g,h are decomposed in appropriate functions X, already

n=12and Ay =1,B; =0 while Ay =0,7By = — 2

i)

1
u = sin(27t) sin % i sin(4nt) sin(wx)
A7

(b) From initial conditions we have B, = 0 and A,, are coefficients of decompo-
sition g(x) into X, -series: A, = f02(1 — |1 — z|)sin "= de. Since (1 — [1 — z]) is

even with respect to & = 1 (center of (0,2)) and sin T2£ mns

5~ are even/odd for odd/even

n, AQm == 0,
1
2 1
Agmy1 = 4/ T sin wd.@ =
0 2
2 2 1 4 2 1 4
(—x. coS m(2m + 1) + sin (2m + 1)z ‘ = ———(-1)™;
7n(2m + 1) 2 (2m +1)2 2 O w(2m 4+ 1)?
= 2 1
mz_:o D — (=1)™ cos(2(2m + 1)mnt) sin w

In (c),(d) we take

o0

u(x,t) = ZT (t) simﬂ-Qﬂ

n=1



2
and obviously 7, = 0 unless n = 2 in (¢), n =1 in (d) and

T" 4 (21n)*T, = sin(2xt), Tn(0) = 0,T(0) = 0
in both cases.

—# sin(2nt) + Acos(4nt) +
B sin(4nt); initial conditions imply A = 0, B = ﬁ and v = (—# sin(27t) +

(c) Solving ordinary equation we get Tp =

sz sin(4nt)) sin wa.

(d) Solving ordinary equation we get T = —;=tcos(2mt) + Acos(2nt) +
B sin(2mt); initial conditions imply A =0, B = #, and u = (—it cos(27t) sin(2nt)+
<= sin(2t)) sin Z-.

2-2 1.5 pt Solve the problems below and find the limits of u as t — oc:

wy — ugy = fla,t), (t>0,0<z<m)

u|1::0 — u|1’=7r — 07

u|t:0 = g(x)v
with
(a) f=0, g =sinz,
(b) f=0, g=1
(c) f = sin 2z, g =0,
(d) f=a(r—2), 9=0,
Solution Separation of variables leads to
(2) An = —712, X, =sinnzc

>0
— 2 .
u(x, t) = A, e " tsinne
7
n=1

where second and third lines are valid only as f = 0.
(a) A, =0unlessn=1, 4 =1, u=e ?'sinz, u — 0 as t — +oo.
(b) From initial condition A, are coefficients of decomposition of 1 into X,

series: Ay, = 0, Agppy1 = m and u = Zi:o MG_Q”Qtsin ne, u — 0 as
t — +oo.
In (c),(d)

u(x,t) = Z T, (t) sin nx
n=1

where T, satisfy
T + 9n*T, = F,, T.(0) =0

with F}, coefficients of decomposition of f into X, -series.



¢) T, = O0unless n =2, F, =1 and Ty + 36T, = 1, T, = %(1 — e7361),
(1-— 6_36t) sin 2z, u — % sin 2z as t — +o0.

(
(

36
d
2 [T 2 T 4 =
F, = —/ e(m — ¢)sinnede = — (m — 2x) cos nedr = ——3cosnx‘ —
T Jo ™ Jq ™ =
and Fy,, = 0, Fopyq = m. Therefore Ty, = 0, Tomyr = %(Qm +
DP(L = M)y = 3 S (1 0 ) i (o 4 D),
ano:o m sin(2m + 1)z as t — +oo.

2-3) 1.5 pt Solve the problems below:

Upy + duyy = f(z,t), (O<z<m0<y<m)

u|r=0 == u|r=7r == 07

uly=0 = g(y), Uy|y—r = h(2)
with
(a) f=0, g = sinz, h = —sin 2z
(b) f=0, g=u, h =
(c) f:sinx-sin%, g =0, h=0
(d) f=1, g=0, h =
Solution Separation of variables leads to A, = —n?, X,, = sinnz (n = 1,2,...)

and in cases (a),(b) to Y, = A,e"? 4+ B,e™ "V,
(a) In this case Y, = 0 unless n = 1,2 and to satisfy boundary condition we need
to take

sinh 2y cosh(m — y) cosh(m —y) . sinh2y .
_— 1= —— U= ——— " siner— —— sin 2.
2 cosh2n cosh cosh 2 cosh 27

Y, =

(b) In this case Y, = C’n% where C, are coefficients in X,,-series of g:

2 [T 2
C, = —/ xsinnede = —(—1)"1;
0

™ ™™

=2 coshn(m —y) .
_ N Ly ST 7 Y) .
“ nz::l ﬂ'n( ) coshnm S e

(c¢) In this case Y, = 0 unless n = 1 and u = Yi(y)sin & where Y7 solves the
problem

Y/ — Y, = sin g Y1(0) = Y{(x) = 0



4

and therefore Y7 = —% sin &,

4 |y .
U = ——SlIl —S1In xr

) 2

(since sin § is an eigenfunction of the problem with respect to y).

(d) In this case we need to decompose first f with respect to X,: f =

ZFn(y) sin nx with F2m = 0, Fm = m and therefore Y2m = 0 and
Y// — (2m —|— 1)2Y2 1 = L
amtl mt n(2m + 1)
4 ‘
Yoar=—————+C,, (2m+1)y D,, —(2m+1)y
2m+1 w(2m + 1) +Cme + Dpe

where satistfying boundary conditions gives us

4 cosh(2m + 1)(w — y)
(1-
w(2m + 1)3 cosh(2m + 1)x

YZm—I—l = -

?

and
> 4 cosh(2m + 1)(7 —y) .
— _ (1 — 2 1.
“ Z n(2m + 1)3 ( cosh(2m + 1)x sin(2m + 1)

m=0

2-4) 1.5 pt Solve the problems (in polar coordinates) below:

1 1
—ugp = f(r,0), (§<r<2,0<9<2ﬂ')
r

with

(a) f=0, g=1, h = sin 260

. 0 1 0<f<m -1 0<f<m
(b) £=0, 9_{0 T<f<2n’ _{ 0 7<6<2m
(¢c) f=mr, g=20, h=0

(d) f = sin 26, g =0, h=0

Solution Separating variables: u(z,y) = O(0)R(r) we get @ —AO = 0 and O must
be 2x-periodic: A\g = 0,0 = %, An =120, =cosnb, 0, =sinnb (n=1,...).
Further Ry = Ao+ Bologr, Ryj = Apjr" +Bpjr " (n=1,...,j=1,2) (as f = 0)

(a) Rpj = Ounless n =0 or n = 2,5 = 2; %RO should be equal 1 as r = % and

0 as r = 2 and therefore Ry = I8 3 Further. Rog =0 asr = % and Rs9 = 1 as

log 2
r = 2 and therefore Roy = %(161‘2 —r2):
1log 5 4

- ——(167% — ¥~ 2) sin 26.
Tog2 T ap5 L0 Tr)sin




() )
= %Ro + ;(Rnl cosnf + R,3sin nG).

Substituting to boundary conditions:

%Ro + Z(Rnl cosnl + R,s sin n9) ‘

n=1

= g(0),

—1
=3

1 (oo}
§Ro + ;(Rnl cosnf + R,2 sin n9) ‘7:2 = h(0);
Decomposing g(6) into Fourier series:

g(6) = =+ Z:O m sin(2m + 1)6

DN | =

and noting that h = —g we understand that

° RO(%) = —Ro(2) = % — Ro = —i%gﬁ; e R,; =0 unless n is odd and j = 2;

° R(2m—|—1)j — Cm(”l‘2m+1 _ r—(2m+1)r) and Cm(22m—|—1 _ 2—2(2m—|—1)) — _71-(2;,114-1)

which leads to a solution

_ llogr Z 4 :
~ 2log?2 o 7(2m + 1)(22m+! _2—2(2m—|—1))

pimtl —r_(zm"i'l)r) sin(2m+1)6

(c) In this case R,; = 0 for n > 1 and u = v(r) only: v" + %v’ =r, v(%) =
v(2) = 0. Equation can be rewritten as (v'r) = v”r + v’ = r? which implies
v = %1‘3 + A+ Blogr. To satisfy boundary conditions we must take A = —?ZZ,

_ 255 .

B = T 144log2”

1, 257 255

u=—-r’— — log r.
9 144 144log2
(d) Similarly, u = v(r) sin 26 with
1 4 1
1" !
v +;v—r—2vzl, ’U(§):’U(2):0.

Pluging v = Cr? we get 0, pluging v = Cr?logr we get 6C; so general solution is

% + Ar? + Br~? and to satisfy boundary conditions we must take A = B = —%.
So,
1 2 2
u = (— — =2 —r_2) sin 26.
6 51 51

2-5) 1.5 pt Solve the problems below:
Upp — Ugy — Uyy = f(2,y,1), (0<2<m0<y<2m)
ur|r=0 = ur|r=7r = 07
u|y=0 = u|y:27r =0,

u|t:0 :g(xvy)a ut|t=0 :h(x7y)



with

(a) f=0, g =0, h =coszsiny
(b) f=0, g= h =sinzcosy
(c) f = cos 3z sin 4y, g=0, h=0

(d) f = cos3xsindycosdt, g =0, h=0

Solution Separating variables u = X (2)Y (y)T'(t) we get Xo = %, X = cos 5,

(m=1,...) Y, =sin% (n = 1,2,...), Trun = Amn cOSWmnt + Bpp sinwmnt,

wmn:%\/mz—l—n .m=0,1,....n=1,2,....

(a) In this case Tp,p, = 0 unless m = 2, n = 2 and Ty = %sin\/it, U =

ﬁsm\/_tcos:csmy
(b) In this case A, = 0 and

1 ™o mae n
WmnBmn = — / / sin & cos y cos —— sin —yd:cdy
™ Jo 0 2 2

and calculations show that all coefficients vanish but for
8
72(dp? +4p — 3)(4¢% +4q — 3)\/(2p + 1)2 + (2¢ + 1)

Bipt1,2g41 =

Plug by yourseves.
(¢),(d) In this cases u = T'(t) cos 3z sin 4y and

T" +25T = F, T(0)=T'(0)=0

with FF = 1 in (¢), F = cosbt in (d). Then in (¢) T = 21—5(1 — cosbt) and
u = 5-(1 — cos5t)cos3wsindy while in (d) T = Ltsinbt (resonance!) and
u = %tsin 5t cos 3z sin 4y.

2-6) 1.5 pt Find equation for resonance frequences of the annulus:

1 1
Upp — Upp — —Uyp — —Ugg = 0, (I1<r<20<86<2n)
r r

ur|r=1 — ur|r=3 — 07

Solution Separating variables u = O(6)R(r)T'(t) we get
e O — X0 =0 and O is 2x-periodic (so A = —n?, n=0,1,....
o 7" + w?T = 0 where w are eigenfrequencies
e R"+ 1R + (w —n*r )R =0, R(1) = R(3) = 0.
Pluglng wr = s we get similar equation with w = 1 and this is Bessel equation
with Bessel functions solutions A.J,(wr)+ B.J_,(wr) where .Ji are Bessel functions.
Plugging into boundary conditions we get a homogeneous linear system and A =

B = 0 unless
Jn(w)  Jon(w)
Jn(Bw)  J_n(3w)

which is an equation in question.



