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Problems.

FE-1 (8 pts) Solve by the method of characteristics

utt—9urr:(), $>0,t>0,
u|1‘=0 :t7

u|t:0 =z, Ut|t:0 = 0.

FE-2 (8 pts) By a separation of variables solve the problem

Uy —4uy, =0, —wm<x<m t>0,
ur|r=—7r — ur|r:7r — 07
u|i=¢ = sin 2z, wtlt=0 = 0.

FE-3 (8 pts) By a separation of variables solve the problem

T
ut_urr:07 _5

u|l’=—% = u|l’=% 07

s
<:c<§,t>0,

u|i=g = @.

FE-4 (8 pts) By a method of separation find a bounded solution to the problem

1 1 2
Upp + —up + —ugg =0 7‘<1,0<9<—ﬂ-,
r r 3

u|7“=1 - 17

ulg—o0 = ulp_2z =0
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FE-5 (8 pts) Find solution in the form of Fourier integral (don’t calculate!):

y2

Upy + Uyy =0 x>0,
U|lp=o =€ 7.

FE-6 (4+4 pts) (a) By the method of potential (Green’s function) find solution
(don’t calculate!) for

— /1‘2—1— 2_1_22
uzr‘l’uyy‘l’uzz:e Y .

(b) Using the fact that the equation is spherically symmetric, find the spherically
symmetric solution.

FE-7 (8 pts) Find a solution (as a spherical wave) to
Ut — Ugy — Uyy — Uzy = 07
uli=o0 =0,
1 for aﬂ2—|—y2—|—z2 <1
rli=0 = 2 2 2
0 forx"+y +2">1



Solutions

FE-1 From equation follows that u(x,t) = f(x+3t)+g(x—3t) and initial conditions
yield that f(z)+g(x) = =, 3f'(x) —3¢'(x) =0 = f(z) = g(x) = 5 and therefore
as ¢ > 0.

Then f(3t) + g(—3t) =t as t > 0 and then g(—3t) =t — f(t) =t — 3t = —1¢,
g(x) = $x for v < 0. Then

x forz >3t >0

w(,t) = g:v—l—t for 3t >z >0
FE-2 Separating variables we get u, = X, (2)T,(t) with X,(z) = cos 3(z + 7),
T.(t) = A, cosnt + By, sinnt, n =0,1,2,... and
u(e,t) = %(AO + Bot) + i(A" cos 3nt + B, sin 3nt) sinn(z + g)
n=1
and from initial conditions B, =0 (n =0,1,...) and

A o)
20 —I—ZA cosg( r + w) = sin 2x;

then
n

1 ™
A, = —/ cos 5(:0 + ) sin 2zd.

T —T

Note that cos 2(:c—|—7r) = (—1)™ cos mz for n = 2m and integrand is an odd function
and A, = 0. On the other hand, cos —( +7) = (—l)m'"1 sin #ZL‘ forn =2m+1
and

1 [" 2 1 1 [" 2m — 3 2 )
Aoyt = —/ gin — + xsin 2xdr = —/ (cos( m 2 —cos + z)dr =
71' 2 T Jo 2 2

2 1 . 2m-3 1 2m+5 N 16

—( sin( m— sin( 7T) =(-1)

7T 2m — 3 2 2m + 5 2 w(2m + 5)(2m — 3)
and

2m + 1
2

x)cos(2m + 1)t

Z sin(
m_oﬂ' 2m—|—5 2m—3)
FE-3 Separating variables we get un(z,t) = T,,(t) X, (2) with X,, = sin(n(z 4 7),
To(t) = e ™1

Then u(x,t) = Eoo_ Ane_”Qt sinn(zx + g) and

n=1
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For n = 2m sin2m(x + %) =

The integrand is an odd function for odd n.
(—=1)™ sin 2ma and

4 2 1
Asp = —(—l)m/ sin 2merder = ——
™ 0 m

2

- 1
u(x,t) = Z(—l)mae_‘lm tsin 2me.

m=1

and

FE-4 Separating variables we get uy(r,0) = R,(r)0,(0) with ©,(0) = sin =30,

n=12,... (0,0)=0,3)=0).
R, = r'% then where we eliminated r~ % since they are unbounded at origin.
So,
> 9 3n
u(r,6) = Z A, sin 3L)r7
n=1

| Ay sin 3”‘9) = 1. Then

and u(1,0) = > 70
3 27 300 0 for n = 2m
An:—/ sin = df = 1 ot 1
i _— —=
0 Gmt 1)n or n m
0 4 3(2m+1 3(2 1
u(r,6) = Z _® M we.
— (2m + 1)x 2
FE-5 Making Fourier transform y — ¢ we get
ﬁrr - q2ﬁ = 07
ﬁ|1’=0 - 9;
L =% . From equation

[V

where ¢ = ¢~ and therefore as we know ¢ = orss

A(q)e”11® 1 B(q)el?1® and we should take B(q) = 0 to have a bounded solution.

— (,;/e_|q|t — LG_T_lq“: and

Then from initial data A(q) = =

2 .
o= % ~lalz+aiy

FE-6 (a) Using potential method

weys) == [[[ (e =02+ =+ - )

(Sl

e VETTTE dedndC.



(b) We are looking for spherically symmetric solution U(r). Then

2
" - _ T — //: 1 /: -r — /:_ —-7r
U—I—TU—e =(rU)" =rU"+2U" =re™" = (rU) (r+le™ "4+ C —
=0
rU =(r+2)e "+ D

=—2

where C' = 0 to have (rU)" decaying at infinity and D = —2 to have U finite at 0.
So, U=¢""— %(1 —e ).

FE-7 Solution must be spherically symmetric (since initial data are), and we know
that then u = %(f(t —r)—f(t+ r)) Substituting into initial conditions, we get

fr) = () =0

2
r
1, ., , 1 forr<1 5 forr <1
=10 ={y qersy e fe-f =12
— forr>1
2
Then
2
" ker <l 0 forr>|t|+1
f(r) = 41 — |u(r,t) = t forr2>1
~3 forr >1 0 forr<|t|—1

REMARK. One can find solution from general formula.



