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Front page

Read Me First! (general rules for GHA)
e Don’t write your student ID anywhere
e Take care to staple your homework! (no clips, please)
e Be nice, write neatly, use pen, please!
e This GHA constitutes 10% of the final mark (1 pt = 1%)
e You must deliver it to me until 10.30 am Oct 30 in my office
or earlier (on the lecture)
e Don’t leave in mailboxes!

1) 1.5 pt Solve the problems below:

upr — dugz, = fx,t), (t>0,0<z<1)
u|m:0 = u|:r:1 - 07

uli—o = g(x), ut|t=0 = h(z)

with

(a) f=0, g = sin(mz), h = sin(27zx)
(c) f = sin(7x) sin(~t), g=0, h=20

(d) f =sin(wz)sin(27t), ¢ =0, h=0

2) 1.5 pt Solve the problems below and find the limits of v as t — oo:

up — g, = f(z,t), (t>0,0<x< g)

u|:v:O - um|m:§ - 07

u’t:O - g($),
with
(a) f=0, g =sinz,
(b) f = 07 g=2x,
(© f =sinz, g=0,
(d) f =1, g="y,
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3) 1.5 pt Solve the problems below:

Uy + Uyy = f(x,t), (0<2<2m0<y<m)

um‘w:O = um’x:27r - 07

uly=0=9(y);  uly=r =
with
(a) f=0, g=
(b) f=0, g=
(c) f = cos g sin y, g=
(d) f =sinz, g=

h(z)

cos 57 h = cosx
2

1, h=20

0, h =

0, h =

4) 1.5 pt Solve the problems (in polar coordinates) below:

1 1
Upy + ;ur + T_QUOO - f(ra ‘9)7
ulr=1 = g(6), Ulr=2 = h(0)

with

(a) f = 07 g = 1,
1

(b) f=0 =1,

(C> f =1, g =0,

(d) f=r%siné, g=0,

(1<r<2,0<6<2m)

O<f<m
T<0<2r’

h = cosf
=0
=0
h=0



5) 1.5 pt Solve the problems below:

utt_u:cm_uyy:f(xay7t)7 (O<$<7T,O<y<g)

u|x=0 = u|:r:7r = 07

uly=o0 = “y|y:% =0,

u’t:O = g(:v,y), Ut|t:0 = h(ff’?,?/)

with

(a) f=0, g =0, h =sinzsiny
(b) f=0, g=0 h=1

(c) f=1 9=0,  h=0

(d) f =sinzsinycosvV2t, g=0, h=20

6) 1.5 pt Find equation for resonance frequences:

1 1
utt—uw—;ur—r—QuM:O, (I1<r<2,0<6<2m)

Ulr=1 = 'U/'r"r:2 = 07
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Solutions

1 Separation of variables leads to

X"+ 2X =0, 5 5
= A\, =7°n*, X,(z)=sin(mnx), n=1,2,...

X(0)=X(1)=0
and

T" +4\T =0 = T,(t) = A, cos(2nnt) + By, sin(2mnt),
Un(x,t) = (Ay cos(2mnt) + B, sin(2mnt)) sin(rnz)

and
o0

u(x,t) = Z (A, cos(2mnt) + B, sin(27nt)) sin(rnx)

n=1

and for (a),(b) we need to determine coefficients from initial conditions:
(a) Ay =1,Bs = i~ and all other coefficients vanish;

1
u = cos(27t) sin(mx) + e sin(4nt) sin(27z);
T

4

1

2 n=2m+1

A, = 2/ g(z) sin(mnx)dr = { m™n n=am
0

0 n=2m

and

Z @m+1) cos(2m(2m + 1)t) sin(m(2m + 1)t).

m= 0

(c) In cases (c)-(d) ((e) is a duplicate) we need to look at

oo
(x,t) = Z ) sin(mnz)

and define T;, from equation and initial conditions. Obviously, T,, = 0 unless n = 1 and

1 1
(¢) T +4n°T, = sin(nt), T1(0) =T;(0) =0 = T| = — sin(nt) — — sin(2rt)
32 67?2

1 1
u(x,t) = (W sin(wt) — 62 sin(27t)) sin(rx)
t 1
(d) T +47°T) = sin(27t), Ty(0) =T7(0) =0 = T} = —4—tcos(27rt) + 9.2 sin(27t)
7r T

t 1
u(x,t) = (_Et cos(2mt) + S sin(27t)) sin(7rx)



2 Separation of variables leads to

X"+ XAX =0,
— A\, =2n+1)? X, (z) =sin((2n+ 1)z), n=0,1,...

and

T +40T =0 = T,(t) = A, e Ment1)t
Un (2, 1) = Ape D% gin((2n + 1)z)

and -
u(x,t) = Z A, e 42nt1)% sin((2n + 1)z)
n=0

and for (a),(b) we need to determine coefficients from initial condition:
(a) Ag = 1 and all other coefficients vanish;

u=e *sin T;

(b)

4 E _4=pm
A, = /0 g(z)sin((2n + 1)z)dz = 2n+ 1)

and

e} 4(_1)n+1 _ . 2, |
u(z,t) = Z W@ 4(2n+1) “sin((2n + 1)z);

n=0

in both cases u — 0 as t — +o00.
(c) In cases (c)-(d) we need to look at

u(x,t) = Z T, (t)sin((2n + 1)z)

and define T;, from equation and initial conditions. Obviously, T,, = 0 unless n = 1 in (¢)
and
(c) Ti+4T1 =1 T1(0)=0 = Ty =

(1—e), u(x,t)=-(1—e ") sinz

e
A~

and u — v(z) = +sinz t — 400 (which is the solution to —4v” = sinz, v(0) = v'(

In case (d) we decompose f =1 into Fourier series:

) =0).

ISIE

0o 4 2 4
1= Z F.(t)sin((2n +1)z), F,= ;/0 sin(2n + 1)zdx = A@nt )
n=0
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and we need to solve

1 2
T +4(2n+1)?T, = F,,,T,,(0) =0 T, (t) = 1 _ e—4(n+1)%t
n+4(2n+1) Tn(0) =0 = Tn(?) 7T(%H)?’( e ) —

) = 3 s (1= O (@204 1))
0

then u — v(z) = > 7, W(Tlﬂ)g ((2n + 1)x) as ¢ — +oo (and one can check that v(z) =

—% + 7 which is the solution to —4v” = 1,v(0) = v'(5) = 0).

3 Separation of variables leads to

f— >\’I’L: Xn = -, :0,1,...
X(0) = X'(2m) = 0 (z) = cos 5 m

{X”+>\X:0, n? na
4

and

Y —AY =0 = Y,(t) = Ancosh% +aninh%

Un(z,y) = (An Cosh% + B,, sinh %) cos % (n=1,2,...)

Yo = Ao + Boy, uo(x,y) = (Ao + Boy)

and -
ny .. ny nx
t) = A,, cosh —= + B,, sinh — —
u(x,t) ng_l( cosh — + B, sin 5 ) cos 5

and for (a),(b) we need to determine coefficients from boundary conditions:
(a) Ay = 1,Ajcosh T + Bysinh T =0 = A, =1,B; = —S212 Ay = 0, Ay coshr +

i S
sinh D)
1

sinh 7

BQSinhﬂ': 1 — By =

and all other coefficients vanish;

sinh =¥ x  sinhy
U= ——=—1cos~ +

sinh g 2  sinh~w

(b) All the coefficients save Ag, By vanish and Ag = 1, Ag+Bom =0 = u(z,y) = ~~.
(c) In cases (c)-(d) we need to look at

> nx
u(z,y) =) Yaly) cos —
n=0

and define Y,, from equation and boundary conditions. Obviously, Y,, = 0 unless n = 1
in (c) and Y{" — Y7 =siny, Y;(0) = Yi(7) = 0. Equation implies that ¥; = —% siny +

Ajcos ¥ + Bisind and boundary conditions yield that A; = By = 0. So, u(z,y) =
4

_2 z
5 .

sin y sin 3



In case (d) we decompose f = sinx into Fourier series:

1 nx —————= n=2m+1

& nx 27
1:ZFn(y)C087, Fn:;/ sinxcosTd:ﬂ: m(n? —4
n=0 0

and Y2,,—0 and and we need to solve YJ! .\ — 1(2m 4 1)?Yapq1 = Fp, You41(0) =
Y2m+1(7T) = 0. Then

4 4

Yy T
h((2 Dz ——
2m +1)2 * (2m+1)2005hw008 ((2m +1)( )

2 4

and

= 4 4 y (2m + 1)z
y) = - n h((2m+1)(L-T mT o)r
u) n;)( (2m+1)> " (2m +1)2 cosh w cosh((2m )(2 4))> o 2

4 Separation of variables leads to

0"+ X6 =0,
= M\, =n2n=01,2,...;

0(0) = 6(27), '(0) = ©'(27)
©p = 1;0,,1 = cos(nh), ©,, 2 = sin(nh)

and
TQRZ + 7"]%;1 —n?R, =0 = R, = A,r" + Bp,r~™(n>1),Ry = Ao+ Bylogr

and

u(r,0) = Ag + By logr + Z ((Anr" + Bnr_") cos(nf) + (C’nr" + Dnr_") sin(n9)>.

n=1

(a) In this case boundary conditions yield that Ay = 1, Ao + Bplog2 =0, A; + By =
0,247 + %Bl =1 and all the other coeflicients vanish.

2
u(r,0) =1—logyr + §(T — 77 1) cos@.

(b) In this case we need to decompose g() into Fourier series:

+Y) m sin((2m + 1)0)

DO =

g(0) =

m=0
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and then AO = %, A0+BO 10g2 =0, Cgm_|_1 +D2m+1 = 02m22m+1+Dm2—2m—1 =

0 and all the other coefficients vanish. So

2
w(2m+1)?

2
m(2m+1)(1

u(r,0) = %(1—10g2 r)+ Z

m=0

gy (r‘zm_l —r2m+12_4m_2) sin(2m+1)6

(c) We will look at solution in the form u(r,§) = R(r) and then R”+r~'R’ = 1. Looking
for special solution R = ar? we get a = % and the general solution is R = %TQ +A+Blogr
and it follows from the bounday conditions that A = —%, B = —@ and

1
u= 5(7“2 — 1) — log, 7.

(d) We will look at solution in the form u(r,6) = R(r)sinf and then R” +7 'R’ — R =
r2. Looking for special solution R = Cr* we get C = % and the general solution is
R = 1—157"4 + Cr + Dr~! and it follows from the bounday conditions that % +C+ D =

0, 4+2C+1D=0and

(1 4 31 28 1\ .
u—(ﬁr —£r+4—5r )sm@.

5 Separation of variables u(z,y,t) = X (x)Y (y)T'(t) leads to

X"+ puX =0 )

= Uy =m", X, =sinmx, m=12 ...
X0)=X(m)=0
Y'+0Y =0

— v, =(2n+1)%Y, =sin(2n+1)y, n=0,1,2,...

T+ (u+v)T =0 = Tpn = Apncos/m2 + (2n + 1)2t + By, sin /m2 + (2n + 1)2¢

(a) All the coefficients are 0 except for m = 1,n = 2, and

1
u(z,y,t) = — sin z sin yv/2t

V2
(b) In this case A, ,, =0 and

8
an

™ 2
= dm/ h(x,y)sinmazsin(2n + 1)ydy =
, 772\/m2—}—(2n+1)2/0 i (z,9) ( Jydy

4 2 1
m2y/m?+ (2n+1)2m2n+1




and

16
'T y7 X
pz;)nzjoﬂz 2p+1)(2n+1)/(2p+1)2+ (2n+1)2

x sin(2p + 1)z sin(2n + 1)ysin/(2p + 1)2 4+ (2n + 1)2t

(c) In this case we decompose f into Fourier series in x, y:

16
2 1 2 1
f(z,y,1) ;);Wz Gp+ )20+ 1) sin(2p + 1)z sin(2n + 1)y

and then

(x,y,t ZZTP” )sin(2p + 1)xsin(2n + 1)y
p=0n=0

where T}, ,, solve Cauchy problems:

16
m2(2p+1)(2n+1)’

T+ (2p+ 1)+ 2n+ 1)*)T = F, ,(t) = T(0)=T'(0)=0

and so
o 16
PRr22p+1)(2n+ 1) ((2p + 1)2 + (2n + 1)2

) (1 —cosy/(2p+1)2+ (2n + 1)215)

and

16
uz, .t ;)nzoﬂ @p+ 1)@+ 1)(@p+ 12+ 20+ 1)2)

X (1 —cos/(2p+1)2 4+ (2n + 1)215) sin(2p + 1)z sin(2n + 1)y
(d) In this case u(z,y,t) = sinxsinyT'(t) where T'(t) solves Cauchy problem
T" + 2T = cosV2t, T(0)=T'(0)=0

and then

T(t) =— sin V2t

t

22

and ;
u(x,y,t) = ———=sinx sin sin V2t
(@,y,t) Wi y

6 Separating variables we get u(r,6,t) = R(r)©(0)T'(t) where ©” + u© = 0 and © is
27-periodic and g = m? with m = 0,1,... (and simple y as n = 0 and double p as n > 1)
and T” + w?T = 0 with characteristic frequency w and finally

2

R’ + %R’ + (@ = Z5)R=0.
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Changing variables z = wr we get Bessel’s equation

d*R dR
20”0 | Gft 2 _ o 2\p
Zd22+zdz+(z m“)R =0

and it has solution of the form
R(r) = c1dm(wr) + caYo, (wr)

with Bessel functions J,,,Y,,. To satisfy boundary problems we need c;J,,(wr) +
c2Ym(wr) = 0 as r =1 and r = 2. This system of two equations has non-trivial solu-
tion (c1, c2) iff determinant is O:

In(w)  Yp(w) | _
T (20) Yi(2w) |~ I (W)Y (2w) — I (20) Yo (w) =0
This is equation in question: for each m = 0,1,... it has an infinite serieas of roots wy, »
n = 1,2,... which are characteristic frequences.



