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P 2
j + V (x), Pj = hDj − µAj(x) (1)

Aj(x)ö

∑
j,k

Pjg
jk(x)Pk + V (x), Pj = hDj − µAj(x) (2)

(A1, . . . , Ad)

d = 2, 3d ≥ 4

h→ +0µ→ +∞

hµ

µh� 1µh� 1µh � 1

rankF = drankF < dF = (Fjk)Fjk = ∂kAj − ∂jAk

d = 2Fd = 3Fd ≥ 4F

V = constRd

H =
∑

1≤j≤r

(
h2D2

j + (hDj+r − µfjxj)2
)

+
∑

1≤k≤q

h2D2
2r+k (3)

rankF = 2rq = d− 2rh(xr+1, . . . , xd)
∑

1≤j≤r

(
h2D2

j + (ξ2j+1 − µfjxj)2
)

+
∑

1≤k≤q ξ
2
2r+k;

xj 7→ xj − µ−1ξ2j+1(j = 1, . . . , r)

∑
1≤j≤r

(
h2D2

j + µ2f2
j x

2
j

)
+

∑
1≤k≤q

ξ22r+k (4)

q = 0q ≥ 1

τ) = EMW
d,r (τ) =

ωq(2π)−q
∑

α∈Z+r

(
τ −

∑
j(2αj + 1)fjµh− V

) q
2

+
×

µrh−d+rf1 · · · fre(x, y, τ)±if1, . . . ,±ifrFfj > 0

� (µh)−rEMW
d,r (τ) � h−dµh ≤ 1τ − V � 1� 1EMW

d,r (τ) � µrhr−dµh ≥ 1τ − V −
∑

j fjµh � 1

µh→ +0r

EW
d,r = ωd(2π)−dh−d(τ − V )

d
2
+. (5)

d = 2� µ−1rankF = dCµ−1

d = 3rankF < d

d = 2, 3d ≥ 4

∫
ψ(x)e(x, x, τ) dxh→ +0µ→ +∞ψ(x)B(0, 1)

e(x, y, τ)H̃±HH̃±

d = 2, 3

rankF = d ≥ 4µh� 1

µ = 1� h−dO(h1−d)x 7→ µxh 7→ µhµh� 1� (µh)−dµd = h−dO((µh)1−dµd) = O(µh1−d)

µh� 1eih−1tH

d = 2� µ−1≤ Cµ−1V

d = 2r� µ−1≤ Cµ−1 d
dtxj =

∑
k Φjk∂kV (Φjk) = (F−1

jk )

T1 = εµO(µ−1h1−d)

V µh ≤ 1

|∇V | ≥ ε. (6)

rankF = dRdV = const
∫
EMWψ(x)(x, τ) dx� µh1−dτV +

∑
(2αj + 1)fjµh

xfree = (x2r+1, . . . , xd)|ξfree|
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T1 = εO(h1−d)

µh ≥ 1� µrh−d+rO(µr−1h1−d+r)O(µrh1−d+r)µ−1hh

εV O(εl| log ε|σ)V ∈ Cl,σ1

O(εl| log ε|σh−d)eih−1tHT0

[Pj , Pk] = iµhFjk, [Pj , xk] = −ihδjk (7)

Xj = xj − µ−1
∑

ΦjkPk

[Pj , Xk] = 0, [Xj , Xk] = iµ−1hΦjk. (8)

O(µ−1)T� µ−1T

ε︸︷︷︸
scaleinX

× µ−1T︸ ︷︷ ︸
scaleinX

≥ Cµ−1h| log h|. (9)

φ(hDt)eih−1tHT ≤ |t| ≤ T1 = εµφ0T1

Xµ−1hε× ε ≥ Cµ−1h| log h|µ−1T−1T ≥ Cµ−1h| log h|

Tstandard 0 = εx 7→ µxh 7→ µht 7→ µtTstandard 0 7→ T0 = εµ−1

T0T0

ε× µ−1T0 ≥ Cµ−1h| log h|10 (10)

ε = Cµh| log h|. (11)

ε

µ−1h1−d + C(µh| log h|)l| log h|−σh−d

µ−1h1−d + C(µh| log h|)l| log h|−σh−d

µ−1h1−d + C(µh| log h|)l| log h|−σh−d

−h−1

∫ τ

−∞
Ft→h−1τ ′ χ̄(

t

T
)Tr

(
eih−1tHψ

)
dτ ′ (12)

χ̄(−1, 1)(− 1
2 ,

1
2 )T = T0

∫
EMW (τ, x)ψ(x) dxµ ≤ hδ−1

∫
EW (τ, x)ψ(x) dxµ ≤ h−

1
2

Theorem 1Let d = 2r and condition (7) hold. Then for

µ ≤ hδ−1 (13)

with an arbitrarily small exponent δ > 0 the following estimate holds —
∫ (
e(x, x, τ)− EMW (x, τ)

)
ψ(x) dx| ≤

Cµ−1h1−d + C(µh| log h|)l| log h|−σh−d

lε = C(µ−1h| log h|) 1
2 d = 2ε = Cµ−1d = 2, 4, . . .

ε = Cµh| log h|

µ ≤ h−
1
3 | log h| 13 d = 2

µ ≤ h−
1
2 | log h| 12 d = 4, 6, . . .

Corollary 2In frames of theorem 1 sharp remainder estimate O(µ−1h1−d) holds for µ ≤ h−
1
3 | log h| 13 as V ∈ C2,1 and for µ ≤ h−

1
2 | log h| 12 as V ∈ C3, 3

2 .

xfree = (x2r+1, . . . , xd)� |ξfree|T� |ξfree|T

min
(
|ξfree|T, ε)︸ ︷︷ ︸

scaleinxfree

× |ξfree|︸ ︷︷ ︸
scaleinξfree

≥ Ch| log h| (14)

T = Ch| log h| × |ξfree|−2, ε = Ch| log h| × |ξfree|−1. (15)

V ∈ Cl,σ means that the derivatives of order blc of V are continuous for continuity modulus $(t) = tl−blc| log t|−σ (unless l ∈ Z, σ < 0 when definition is obviously modified).



T0 = εµ−1

|ξfree| ≥ %̄ = (Cµh| log h|) 1
2 + Cµ−1; (16)

Cµ−1|ξfree| ≤ Cµ−1T1 = ε%% = |ξfree||t|T1 = ε%| log %|2(l, σ) � (1, 2)
{|ξfree| ≥ %̄}1−d

∫
| log %|−σ d%q ≤ Ch1−d−d

∫ (
h
%

)l| log h
% |
−σ d%q ≤ Ch1−d(l, σ) = (1, 2)q = 1(l, σ) = (1, 1)q ≥ 2%q{% ≤ |ξfree| ≤ 2%}

εξ
{|ξfree| ≤ %̄}
T1 = εµ−1ε = Cµh| log h|
Cµh1−d%̄q

q = 1Ch1−dµ ≤ h−
1
3 | log h|− 1

3 q = 2Ch1−dµ ≤ h−
1
2 | log h|− 1

2

Theorem 3Let either q = 1, V ∈ C1,2 or q ≥ 2, V ∈ C1,1. Then the following estimate holds —
∫ (
e(x, x, τ)− EMW (x, τ)

)
ψ(x) dx| ≤

Ch1−d + C(µh)
q
2+1h−d. In particular, for q = 1, µ ≤ h−

1
3 and q ≥ 2, µ ≤ h−

1
2 sharp remainder estimate O(h1−d) holds.

% ≤ (µh| log h)1/2T = hε−1| log h|
Theorem 4Let either q = 1, V ∈ Cl,σ or q ≥ 2, V ∈ C1,1. Let non-degeneracy condition (7) be fulfilled. Then the following estimate holds —

∫ (
e(x, x, τ)− EMW (x, τ)

)
ψ(x) dx| ≤

Ch1−d + C(µh)
q
2+l| log h|l−σh−d. In particular, for q = 1, l = 3/2, σ = 1/2, µ ≤ h−

1
2 | log h|−1/2 sharp remainder estimate O(h1−d) holds.

d = 2 ∑
m+k≥1

µ2−2k−2mam,k(x2, µ
−1hD2)

(
h2D2

1 + µ2x2
1

)m (17)

d = 3
∑

m+k+j≥1 µ
2−2k−2m−2jam,k,j(x2, x3, µ

−1hD2)×(
h2D2

1 + µ2x2
1

)m(hD3)2j .
εa∗(x2, ξ2)εµ−1hε2 ≥ Cµ−1h| log h|

ε ≥ C(µ−1h| logµ|) 1
2 . (18)

H0Hx
′′ 7→ µ−1hξ′′x′′x = (x′;x′′;x′′′) = (x1, . . . , xr;xr+1, . . . , x2r;x2r+1, . . . , xd)H

∑
1≤j≤r

(
h2D2

j + µ2(ξj+r − fjxj)2
)

+
∑

1≤k≤q h
2D2

2r+k +
V (x′, µ−1hDξ′′ , x

′′′).
x′new = µ(Φ−

1
2x′ − Φ

1
2 ξ′′)φ = diag(f−1

1 , . . . , f−1
r )

∑
1≤j≤r fj

(
µ2h2D2

j + x2
j

)
+

∑
1≤k≤q h

2D2
2r+k +

V (µ−1Φ
1
2x′ + Φx′′, µ−1hD′′, x′′′)ξ′′x′′

τ ≤ c|x′| ≤ C0

∑
1≤j≤r fj

(
µ2h2D2

j + x2
j

)
+

∑
1≤k≤q h

2D2
2r+k +

V (Φx′′, µ−1hD′′, x′′′).
(µh)−

1
2x′

Hα =
∑

1≤k≤q

h2D2
2r+k + Vα(Φx′′, µ−1hD′′, x′′′) (19)

Vα = V +
∑

1≤j≤r

(2αj + 1)µhfj , α ∈ Z+ r. (20)

•q = 0µ−1hO(µh1−d)αVα ≡ τHαµ
rh−r� (µh)−r|α| ≥ C(µh)−1Hα

HαO(µr−1h1−r)O(µr−1h1−r × (µh)−r) = O(µ−1h1−d)•q ≥ 1öx′′′µ−1hx′′qlO(h1−q × µrhr)O(h−q × µrhr)O(h1−d)� h−d

Hµ−1Φ
1
2x′V µ−1

V (µ−1Φ
1
2x′ + Φx′′, µ−1hD′′, x′′′)x′O(µ−l| logµ|−σ)ε = Cµ−1

x′e−iµ−1h−1Leiµ−1h−1LL = L(x′′, x′′′, µ−1hD′′;x′, µhD′)µ−1h−1[H0, L] + . . .H0 =
∑

1≤j≤r fj

(
µ2h2D2

j + x2
j

)
L =

∑
1≤j≤r Lj(x′′, x′′′, µ−1hD′′)µhDjH + µ−1h−1[H0, L]O(µ−l| logµ|−σ + µ−2)q = 0q ≥ 1(l, σ) � (2, 0)

µ−2x′, µ−1hD′

e−iµ−2h−1Leiµ−2h−1L
∑

j bj(x′′, x′′′, µ−1hD′′, hD′′′)(µ2h2D2
j + x2

j ) +∑
j 6=k,fj=fk

(
b′jk(x′′, x′′′, µ−1hD′′, hD′′′)(µ2h2DjDk + xjxk) +

b′′jk(x′′, x′′′, µ−1hD′′, hD′′′)µh(xkDj − xjDk)
)
fj = fkj 6= k

fj = fk + fmfj = 2fk

ε Sowechooseε = Cµ−1µ ≤ h−1| logµ|−1ε = C(µ−1h| logµ|) 1
2 d = 2, 3ε = C(µ−1h| logµ|) 1

2µ ≤ h−1| logµ|−1r = 1 µ−1h−1[H0, L]∂φL(x, ξ)(φ, ρ)(x1, ξ1)K
∫ 2π

0
K(ρ cosφ, ρ sinφ, .)dφ = 0φ

(
x′′, x′′′, µ−1hD′′, hD′′′; (h2D2

1 + µ−2h2
1)

1
2
)
.r ≥ 2

µ ≥ εh−1. (21)

V ∈ Cl,σµ� h−1

∃ᾱV = −
∑

j(2ᾱj + 1)µhfj + V ′V ′ ∈ Cl,σq = 0∑
j µhfj + V ′V ′ ∈ Cl,σq ≥ 1
{Hα}α∈JO(µ−2)
#J � (µh)−rµh ≤ 1#J � 1µh ≥ 1#J = 0
µ−1hVα(x′′, µ−1hD′′)τµh ≤ ε0

|∇V |+ min
α∈Z+ r

|V +
∑

j

(2αj + 1)µhfj − τ | ≥ ε (22)

µh ≥ ε0O(µr−1h1−r)O(εl| log ε|−σµrh−r)(µh)−r + 1ε
Theorem 5Let d = 2r.

(i) Let µh ≤ ε0 and condition (7) hold. Then for
µ ≥ h−

1
2 | log h|− 1

2 (23)

the following estimate holds R= —
∫ (
e(x, x, τ)− EMW (x, τ)

)
ψ(x) dx| ≤

Cµ−1h1−d + Cµ−l| log h|−σh−d + Cµ−
l
2h−d+ l

2 | log h| l
2−σ.(ii) Let µh ≥ ε0 and conditions (H1),(31) hold. Then

R ≤ Cµr−1h1−r + Cµr− l
2h−r+ l

2 | logµ| l
2−σ. (24)

d = 2εµ ≤ h−1| log h|−1

Theorem 6Let d = 2.
(i) Let µh ≤ ε0 and condition (7) hold. Then for

h−
1
3 | log h|− 1

3 ≤ µ ≤ h−1| log h|−1 (25)

the following estimate holds R’= —
∫ (
e(x, x, τ)− EMW (x, τ)− EMW

corr (x, τ)
)
ψ(x) dx| ≤

Cµ−1h1−d + Cµ−
l
2h−d+ l

2 | log h| l
2−σ.

EMW
corr (x, τ)

∫
C
V dφCV V EMW

corr

Corollary 7(i) For d = 2r, µh ≤ ε0 and condition (7) fulfilled sharp remainder estimate O(µ−1h1−d) is achieved as V ∈ C3, 3
2 in the general case and V ∈ C2,1 as d = 2.

(ii) For d = 2r, µh ≥ ε0 and conditions (H1), (31) fulfilled sharp remainder estimate O(µr−1h1−r) is achieved as V ∈ C2,1.
qö ∑

1≤j≤q

h2D2
j + Vα(x′′, x′′′, µ−1hD′′′)

rµ−1h
µh ≤ ε0µh ≤ ε0O(µrh1−r−q)q ≥ 3q = 2(l, σ) � (2, 0)� ((µh)−r + 1)O(h1−d + µrh1−r)q ≥ 2{|ξ′′′| ≤ %̄}O

(
%̄q−2ε−l| log ε|−σ

)
q = 1O

(
ε−l| log ε|−σ

)
Theorem 8Let q ≥ 1. Let either one of the following assumptions be fulfilled:
(a) q ≥ 3 and V ∈ C1,1,
(b) q = 2 and V ∈ C2,1, or non-degeneracy condition (7) and one of the following assumptions be fulfilled:
(c) q = 2, V ∈ C1,1,
(d) q = 1, V ∈ C3/2,1/2,

Then for µh ≤ ε0

R = |
∫ (

e(x, x, τ)− EMW (x, τ)
)
ψ(x) dx| ≤ Ch1−d. (26)

d = 3r = 1ε
Theorem 9Let d = 3, V ∈ C1,2 and non-degeneracy condition (7) be fulfilled. Then for µh ≤ ε0 R’= —

∫ (
e(x, x, τ)− EMW (x, τ)

)
− EMW

corr (x, τ)
)
ψ(x) dx| ≤

Ch1−d.
Theorem 10Let q ≥ 1, µh ≥ ε0 and (H2) hold. Let either one of the following assumptions be fulfilled:
(a) q ≥ 3 and V ∈ C1,1,
(b) q = 2 and V ∈ C2,1, or q = 1, 2, V ∈ C1,1 and non-degeneracy condition (31) be fulfilled.

Then
R ≤ Cµrh1−d+r. (27)
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