
Complex Analysis
Assignment 1, due January 21

Problem 1 of 5. Let p > 1 and q = p
p−1 .

(1) Let a ≥ 0 and b ≥ 0. Show that the rectangle {(x, y) : 0 ≤ x ≤ a; 0 ≤ y ≤ b} is
contained in the union of subgraphs{
(x, y) : 0 ≤ x ≤ a; 0 ≤ y ≤ xp−1

}
∪
{
(x, y) : 0 ≤ y ≤ b; 0 ≤ x ≤ y1/(p−1)

}
.

(2) Use the previous inclusion and integration to prove Young’s inequality :

ab ≤ ap

p
+
bq

q
,

where a ≥ 0 and b ≥ 0.

(3) Use Young’s inequality to show that if aj ≥ 0, bj ≥ 0 and
n∑

j=1

apj =
n∑

j=1

bqj = 1,

then
n∑

j=1

ajbj ≤ 1.

(4) Prove Hölder inequality :∣∣∣∣∣
n∑

j=1

zjwj

∣∣∣∣∣ ≤
(

n∑
j=1

|zj|p
) 1

p
(

n∑
j=1

|wj|q
) 1

p

,

where zj and wj are arbitrary complex numbers. When p = q = 2, this is called
Cauchy inequality.

Hint: Take aj =
|zj |

(
∑n

j=1 |zj |p)
1
p
and bj =

|wj |

(
∑n

j=1 |wj |q)
1
q
and apply the previous part.

Be sure to deal with the case when one of the denominators is zero.

Problem 2 of 5. Let A be a linear map from R2 to R2.

(1) Show that A is Complex Linear, i.e.

A(λz) = λA(z), ∀λ ∈ C, z ∈ C
if and only if A has a matrix Mw for some complex w. Show that in this case
A(z) = wz.

(2) Show that A is Complex Anti-Linear, i.e.

A(λz) = λA(z), ∀λ ∈ C, z ∈ C

if and only if A has a matrix Mw ×
(
1 0
0 −1

)
for some complex w. Show that in this

case A(z) = wz.

Problem 3 of 5. Problem 4 on Page 15.



Problem 4 of 5. Problem 4 on Page 16.

Problem 5 of 5. Problem 5 on Page 17.
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