PHASE TRANSITION FOR THE UNIVERSAL BOUNDS
ON THE INTEGRAL MEANS SPECTR UM

ILIA BINDER

Abstra ct . In this paper we generalize Beurling's estimate on the rate
of decay of harmonic measurenear a boundary point with given rotation.
The generalization allows us to establish the existence of phase transi-
tion for the universal bounds on the integral means mixed spectrum of
bounded simply connected domains.

1. Intr oduction

In this paper is a simply connecteddomain, zp2 and :D! is
the Riemann map with  (0) = zg, Yz) > 0.
Let us de ne our main objects.

De nition 1. The integral mixed spectrum of the domain is
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0

m (z) = lim sup 9 i1l 1()1”:
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De nition 2. Let beasetof simply connecteddomains(or, equivalertly,
their Riemann maps). We de ne the Universal Integral Mixed Spectrum for
by
Mgy (2) = sgpm (2):

By the sametoken we can de ne universal mixed Hausdor dimension
(F¢y (5 ), universal mixed Minkowski dimension (F¢y (; )), universal

mixed Hausdor distortion (D () (a;b)), and universalmixed Mink owski dis-
tortion (D () (a;b)) spectra for .

In this paper we establishthe phasetransition phenomenonfor the class
(Bnd) of bounded simply connecteddomains. Let us remind, that because
of the Fractal Approximation, the universal spectrum for bounded simply
connecteddomainsis the sameasfor the snow ak e-like domains (see[3]).

Theorem 1. For every 2 ( ; ] there exists a positive number t such

that M (t) = Mgnq(te' )is a strictly convex function for jtj < t , and
M@=t 1fort t.
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We seethat for parametert < t , the universal bounds have \fractal"
nature, but for t > t , the extremal behavior correspondsto a spiral shape
at a single point.

This kind of phasetransition phenomenonwas rst establishedby Car-
lesonand Makarov in [6] for the negative direction of the universalintegral
meansspectrum.

As we know from [3], the universalmixed spectrum is closelyrelated to the
dimension mixed spectrum. Let us provide the corresponding de nitions.

First let us introduce the notion of the rotation.

Denition 3. Letx 2 @, > 0, be the connectedcomponert of
B(z; ) containing zg. De ne the rotation of the domain near x at distance
as

(6 )= exp( , inf gy )

wherethe branch of the arg is selectedso that < arg(zo X)

To analyze the rate of rotation and rate of decay of harmonic measure
near boundary points we intro duce dimension mixed spectrum (See[3] for
further motivation and variants of the de nition).

De nition 4. The Minkowski dimension mixed spectrum of a simply con-
nected domain  is

N(;; 5 ).

f(; )= IilmOIim sup

10 log? '
whereN( ; ; ; ) isamaximum number of disjoint balls B, of radii with
the certersz, 2 @ and * I By , ° (z; )

The Theorem 1 is closely related to a geometric obsenation made by
Beurling in [2]. From his estimates on harmonic measurein terms of ex-
tremal distance one can obtain the following result.

Lemma 1. Letf (; ) 0 for some simply connected . Then
3+ 72 The characterization is exact: for any 3+ 72 there exists a
bounded domain  with f~(; ) O.

Remark. Note that the lemma is equivalent to the Pommerenlke-Yoccoz-
Levin inequality.

Theorem 1 allows us to signi cantly re ne Lemma 1.
p

Corollary 1. Fgng)(; ) C( ( 12+ 2,
2. Some open questions
In [4] Brennan stated the following conjecture:

Conjecture 1 (The original form of Brennan conjecture). Let be a uni-
valent map of a simply connected domain  onto D. Is it true that °2 L*
for any > 0?
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It can be reformulated in terms of the universal spectrum as follows:
Conjecture 2 (Brennan conjecture). Is it true that M g ( 2) = 1?

Note that since M gnq)(2) is a corvex function and M gng)(2) jzj 1,
the conjecture will immediately imply that for all M gngy(t) = t 1forall
t 2.

The last conjecture was generalizedto the whole mixed spectrum by
Beder and Pommerenle in [1] as following

Conjecture 3. Is it true that M gngy(z) = 1 for all z with jzj = 2?

By the samereasoningasbefore,the conjecturewill imply that M g nqy(2) =
jzj 1lfor all jzj 2. The conjecture is almost obvious and, certainly, well
known for the positive real valuesof z.

By the Theorem 1 we know that in every direction the universal mixed
spectrum behaveslike the one of a hyperbolic fractal for small values of z,
but for large it corresponds to a spiral shape at a single point. So we
can talk about \phase transition curve" separating these two states. The
circular Brennan conjecture then is a question about the exact shape of the
curve. Carlesonand Makarov proved in [6] that the phasetransition point
in negative direction t is no lessthen two. We have a computer assisted
proof of the fact that t 2 for any , but it would be nice to have a more
conceptual proof of the fact.

Also let us point out that the circular Brennan conjecture is equivalert
to the fact that we cantake C = 4 in the Corollary 1.

Another questionis the smoothnessof phasetransition, i.e. the existence
of the two-sided derivative at the phasetransition point. The armativ e
answer to this questionis given in [7] for positive direction of the universal
integral meansspectrum, and this is the only caseknown.

The strongest, and, perhaps, extremely di cult, conjecture about the
value of M g nq) (2) is supported by computer experiments conducted by Ph.
Kraetzer (see[8]). Namely, it was conjectured that

Conjecture 4.
jzj?. - .
A ZJ 21
M z) = 4 J :

@) (2) izj L jzj> 2

As wasdiscussedn [3], the precisevalue of the M g nq)(z) would give the
exact values for the all the universal spectra for various classesof simply
connecteddomains, including unbounded domains, domains with bounded
dimension of the boundary, and so on.

Another related questionis the estimate of the universal spectrum M (z)
for conformal maps of the unit disk admitting k-quasiconformal extensions
to the complex plane.
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Conjecture 5. (
ij2k2. .. —I-
Miz)= 40 12K
Kizj 1, jzj> 2=k

Becauseof the fractal approximation, the last conjectureis the strongest.

3. Proof of the Theorem 1
Let us rst, for the sake of completness,prove the Lemma 1.

Proof or the Lemma 1. Without lossof generality we can assumethat is
positive. Let us x the domain and a compact K

Let B(z; ) beaball with the harmonic measure! (B(z; )) > and the
rotation (z; ) < . Then thereexistsanarcl fijy zj= \ gsud
that (I;K) —jlog j+ (), where ()! Owhen ! O (see[5], [9]).
Let L be a circle of the radius C, where C is selectedso that K does not
intersectit. Then  (I;L) (:K) —log&+ 9).

But since (z; )<

1
- +

NI =

2
(I;L) >

To seethis, we considerthe domainlog( \ f < jz vyj < Cg). The
desiredestimate is obtained by putting the standard Euclidean metric on it.
Sowe have the inequality
1 1 2 C
— -+ — _ — + .
5t > log =+ )
which implies the rst assertionof the Lemma.
To prove the exactnessit is enoughto considerthe domain g;(D), where
g(z) = (1 z)2°0st" \with appropriate t. The map g is bounded and
univalert in D for0 t< 5. (|

Now let us prove that the statemert of the Corollary 1 is equivalert to
the Theorem 1.

corollary 1. Let us x  and supposethat H1e rst inequality holds. First
let us obsene that ( 1)cos + sin 1)2+ 2. Thus we have

Feny(; ) C( ( 1)cos + sin )
for any . So,by [3],

Fen)(; ) (1 )tcos + tsin

M (gnay(t€' ) = sup
1 .
(C t)sup 1 1 — cos —sin +t 1 t 1

fort C.
On the other hand,
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Feny(; ) =inf M@Eu@+ @0 )<@ =)+
nf( (t 1)+ Jtcos tsin + ) maxt( " ( DZ+
(|

It will be more conveniert for us to deal with the dimension spectrum,
sowe will prove the rst statemert of the corollary. Let us also note that
becauseof the symmetry property of the universal spectrum, it is enough
to consideronly nonnegative . The case = 0 immediately follows from
Theorem 1 of [6], which essetially statesthat sup F(; ) C( %).
Thus we can consideronly the case > 0.

Let us x asimply connecteddomain with a Riemannmap . Let us
alsox >0and = 72+ %+ ;> 0. Let usnormalize by the condition
diam =10 2+ 1.

Fora2 @ let go(z) = log( (z) a) (here we can take any branch
of the logarithm). Let us also x a large constart A. Let L be the line
X=y p%, PY(a) bethe halfplanex y P2l

1+ 27
Let Pn(a) be the connectedcomponert of ga() \ P9 cortaining ga(zo),
Rn(@) = Pn+1(a) Pn(a) and Ln(a) = @Ra(a) \ Lg- Let

a= inf = inf = ;
n(a) L (z2) o (z2)
A 1+ 2
Let ()= 1+_+22 .

Lemma 2. The extremal distance ~(n;a) between L,(a) and Lp+1(a) in
0a() is greater than ( ,(a)). Equality is reacheal only when p(a) = 1+—Az

and R, (@) is a rectangle with sidesA and p%

Proof. To seethis, we put a standard Euclidean metric on the R,(a). Let
(1) bethe length of the intersection of y = pﬁ + x and R,(a). Then

A ZAI"I 1 P

+
~(n: Y Ndl p
(n;2) Area of Ry (A) An A M T 1+ 22

Let Yo(a) = ~(n;a) ( n(a)) denote the excessof the extremal length
of the Ry(a). Note that by the lemma, Y,(a) = 0 if and only if the domain

P kA
is a logarithmic spiral with parameter on the distancee ** * from a.

Lemma 4 givesthe quartitativ e version of this characteristic.
The following two technical lemmasallow us to estimate the number of
nonintersecting balls with xed rotation and large harmonic measure.
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Lemma 3. Letr = exp( AP%) with somen > N( ). Let (z;r) r
and! (B(z;r)) r . Then

An
Yn(z) Cp——
i=1 1+ 2
for someabsoluteconstant C > 0.

P
Proof. Because (z;r) r ,wehave [, j(2) p%. It implies that

X0 A+ P 1+ Z{e)A”—2 Anp 5 2
+
1 z :
(1) @ P 5
On the other hand, since! (B(z;r)) r , there exist two arcs| \

@ (z;r) and L \ @B (z;1) with the extremal distance betweenthem no
greaterthan X log * (Corollary 1.4in [9]).
So, by the subadditivity property of the extremal distance, we have

X 1 1_ An+A+2
(2) “Gra) - log-= ——
- +1
j=1 |
_An+ A+ per 2
= P

H P n P n P n ~ H
Now to estimate [, Yj(z2) = [ ( n(2) j=1 (n(2)), we just
subtract the estimate (1) from (2) and get the desired result for a large
enoughconstart C.
(|

Lemma 4. There exists positive absoluteconstants > 0 and > 0 such
thatif z2 @ andYi(z) e KA, thenfor anyz; 2 (z+ exp(@Rn(2)\ @ ,
we haveY;(z1) Ai=2:.::k.

Proof. Sincediam@ = 10IO 1+ 2, the boundary g,(@) intersects both
L1(z) and Lo(2).

Let S(b;c) = f(x;y) : x+b c+ 2 ky X+ b+ c+ 2 Kk; k2 Ng
be the collection of strips of the length ¢ mapped to a neighborhood of a
logarithmic spiral by the exponertial map.

Let ¢y be the minimal ¢ for which g,(@) \ Ri(z) S(b;c) for someb.

Thene KA Yi(2) CO”Stcg So@ \ (z+ exp(Ri(2))) lies in the

neighborhood of a logarithmic spiral of the width conste 3**, which is

lessthen 3se A if > 3 and A is large enough. It meansthat for z; 2
@ \ (z+ exp(R1(2))), the spiral-like setz; + exp(R; (21)) is corntained in an
angle of the size3 with the certer in z; wheni = 2;:::;k. It |mpI|es that
for someconstart C we have Yi(z1) C ( n) Aif < 2—|Dﬁ

I
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Proof of Theorem 1. The combinatorial construction we use here is very
much similar to the one from [6].
Let N (n; x), denote the maximal number of nonintersecting balls of the
|’;adius exp( 2+ 1(An + 2 )) with the certers z; 2 @ \ D satisfying
1 Yi(zy) xforallj. Let usprove that

©) N(n;x) Cq( )et

for someabsolute constart C, and Cy( ) depending only on , but not on
the domain
Then by Lemma 3,

log(N (n; pCZ—HAn )

f(; im —p—— C
G - 2+ 1(An + 2 ) °

for someabsolute constart Co not dependingon . Since

pP————— 2 1 2 1 2
12+ 2 = N 4
( ) +H( 12+ 2 2 2

it will prove the rst statemert of Corollary 1 and, consequetly, the theo-
rem.
We prove (3) by induction on n.

Let us note the evidert estimate N (n; X) Ce2nAp ?+1 sofor small n
(say, for n = 1;2), the desiredinequality is true for large enoughC1( ).

Let usnow x n. Assumethat (3) is provedfor n 1.

Fix N (n; x) nonintersecting balls with the certerszj and  [_; Yi(z) X
for all j.

Let = ming@\pYi(z) and =e KA from Lemma 4.
Three casesare possible:

1. .

2. n,

3.k K*1. for somek = 1;::::n 1.

We show that in ead of them N (n;x) Cqe%2%.

Case 1: . For any z;, we have

X
Yi(zj) X
i=2
The domain \ D can be covered by conste?® discs B of the radius
e A. By rescalingwe get that in ead of the balls B, we have no more then
N(n 1;x ) points z;.
So, by the induction hypothesis,
N(n;x) constN(n 1;x )e** constCehet2x ) eb2x

if C, > constAe A.
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Case 2: N, For somezy 2 @ \ D, we have Yi1(zp) N so by
Lemma4,wehaveYjz A ;i= 2;:::;nforall z2 zg+ exp(R1(zop)).
If x < A (n 1)then all points z; liein D (zo+ exp(R1(z0))). Thus,
by rescaling, we have
N(n;x) N(n 1x) Cue?:

If x A (n 1),then N(n;x) conste?™ C.e%2X if C, > 19,

Case 3: K k+1: for some k = 1;:::;n 1. Again we take
a point zo with 1 Yy(zp) K. As above, by Lemma 4, we have
Yi(z) A ;i=2:::;kforz2zg+ exp(Ri(zo)).

We cover zg+ exp(R1(zo)) by const( )ek” discsof the radius e KA. Then
any z; either belongsto one of the discsor to D (zo + exp(R1(20))). This
givesus, by the induction assumption,

N(n;x) N(n Lx H+ AN kix (kK 1A)

CleCZX e Co k+1 + ekA Ca(k 1)A CleCZX
ifC, >2andC, > 4. (|
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