
Putnam Sample Questions

Advanced Probability

A5-2004 An m×n checkerboard is colored randomly: each square is independently assigned red or black with probability

1/2. We say that two squares, p and q, are in the same connected monochromatic component if there is a

sequence of squares, all of the same color, starting at p and ending at q, in which successive squares in the

sequence share a common side. Show that the expected number of connected monochromatic regions is greater

than mn/8.

B6-1989 Let (x1, x2, . . . xn) be a point chosen at random from the n-dimensional region defined by 0 < x1 < x2 <

· · · < xn < 1. Let f be a continuous function on [0, 1] with f(1) = 0. Set x0 = 0 and xn+1 = 1. Show that the

expected value of the Riemann sum
n∑

i=0

(xi+1 − xi)f(xi+1)

is
∫ 1

0
f(t)P (t) dt, where P is a polynomial of degree n, independent of f , with 0 ≤ P (t) ≤ 1 for 0 ≤ t ≤ 1.

A6-1992 Four points are chosen at random on the surface of a sphere. What is the probability that the center of the

sphere lies inside the tetrahedron whose vertices are at the four points? (It is understood that each point is

independently chosen relative to a uniform distribution on the sphere.)

A6-1995 Suppose that each of n people writes down the numbers 1,2,3 in random order in one column of a 3×n matrix,

with all orders equally likely and with the orders for different columns independent of each other. Let the row

sums a, b, c of the resulting matrix be rearranged (if necessary) so that a ≤ b ≤ c. Show that for some n ≥ 1995,

it is at least four times as likely that both b = a + 1 and c = a + 2 as that a = b = c.

A6-2005 Let n be given, n ≥ 4, and suppose that P1, P2, . . . , Pn are n randomly, independently and uniformly, chosen

points on a circle. Consider the convex n-gon whose vertices are Pi. What is the probability that at least one

of the vertex angles of this polygon is acute?

A6-2006 Four points are chosen uniformly and independently at random in the interior of a given circle. Find the

probability that they are the vertices of a convex quadrilateral.

A6-2011 Let G be an abelian group with n elements, and let

{g1 = e, g2, . . . , gk} $ G

be a (not necessarily minimal) set of distinct generators of G. A special die, which randomly selects one of

the elements g1, g2, ..., gk with equal probability, is rolled m times and the selected elements are multiplied to

produce an element g ∈ G. Prove that there exists a real number b ∈ (0, 1) such that

lim
m→∞

1

b2m

∑
x∈G

(
Prob(g = x)− 1

n

)2

is positive and finite.


