
Putnam Sample Questions

Probability

B1-1989 A dart, thrown at random, hits a square target. Assuming that any two parts of the target of equal area are

equally likely to be hit, find the probability that the point hit is nearer to the center than to any edge. Express

your answer in the form
a
√
b+ c

d
, where a, b, c, d are integers.

B1-2002 Shanille O’Keal shoots free throws on a basketball court. She hits the first and misses the second, and thereafter

the probability that she hits the next shot is equal to the proportion of shots she has hit so far. What is the

probability she hits exactly 50 of her first 100 shots?

A1-2004 Basketball star Shanille O’Keal’s team statistician keeps track of the number, S(N), of successful free throws

she has made in her first N attempts of the season. Early in the season, S(N) was less than 80% of N , but

by the end of the season, S(N) was more than 80% of N . Was there necessarily a moment in between when

S(N) was exactly 80% of N?

B2-1993 Consider the following game played with a deck of 2n cards numbered from 1 to 2n. The deck is randomly

shuffled and n cards are dealt to each of two players. Beginning with A, the players take turns discarding one

of their remaining cards and announcing its number. The game ends as soon as the sum of the numbers on the

discarded cards is divisible by 2n + 1. The last person to discard wins the game. Assuming optimal strategy

by both A and B, what is the probability that A wins?

A2-2001 You have coins C1, C2, . . . , Cn. For each k, Ck is biased so that, when tossed, it has probability 1/(2k + 1) of

falling heads. If the n coins are tossed, what is the probability that the number of heads is odd? Express the

answer as a rational function of n.

B3-1993 Two real numbers x and y are chosen at random in the interval (0,1) with respect to the uniform distribution.

What is the probability that the closest integer to x/y is even? Express the answer in the form r + sπ, where

r and s are rational numbers.

A3-2007 Let k be a positive integer. Suppose that the integers 1, 2, 3, . . . , 3k + 1 are written down in random order.

What is the probability that at no time during this process, the sum of the integers that have been written

up to that time is a positive integer divisible by 3? Your answer should be in closed form, but may include

factorials.

B4-2002 An integer n, unknown to you, has been randomly chosen in the interval [1, 2002] with uniform probability.

Your objective is to select n in an odd number of guesses. After each incorrect guess, you are informed whether

n is higher or lower, and you must guess an integer on your next turn among the numbers that are still feasibly

correct. Show that you have a strategy so that the chance of winning is greater than 2/3.

A4-2006 Let S = {1, 2, . . . , n} for some integer n > 1. Say a permutation π of S has a local maximum at k ∈ S if

(i) π(k) > π(k + 1) for k = 1;

(ii) π(k − 1) < π(k) and π(k) > π(k + 1) for 1 < k < n;

(iii) π(k − 1) < π(k) for k = n.

(For example, if n = 5 and π takes values at 1, 2, 3, 4, 5 of 2, 1, 4, 5, 3, then π has a local maximum of 2 at k = 1,

and a local maximum of 5 at k = 4.) What is the average number of local maxima of a permutation of S,

averaging over all permutations of S?

B4-1985 Let C be the unit circle x2 + y2 = 1. A point p is chosen randomly on the circumference C and another

point q is chosen randomly from the interior of C (these points are chosen independently and uniformly over

their domains). Let R be the rectangle with sides parallel to the x and y-axes with diagonal pq. What is the

probability that no point of R lies outside of C?


