
Putnam Sample Questions

Combinatorics/Counting

A1-1985 Determine, with proof, the number of ordered triples (A1, A2, A3) of sets which have the property that

(i) A1 ∪A2 ∪A3 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, and

(ii) A1 ∩A2 ∩A3 = ∅.

Express your answer in the form 2a3b5c7d, where a, b, c, d are nonnegative integers.

A1-2010 Given a positive integer n, what is the largest k such that the numbers 1, 2, . . . , n can be put into k boxes so

that the sum of the numbers in each box is the same? [When n = 8, the example {1, 2, 3, 6}, {4, 8}, {5, 7} shows

that the largest k is at least 3.]

B1-1992 Let S be a set of n distinct real numbers. Let AS be the set of numbers that occur as averages of two distinct

elements of S. For a given n ≥ 2, what is the smallest possible number of elements in AS?

B1-1996 Define a selfish set to be a set which has its own cardinality (number of elements) as an element. Find, with

proof, the number of subsets of {1, 2, . . . , n} which are minimal selfish sets, that is, selfish sets none of whose

proper subsets is selfish.

B1-1995 For a partition π of {1, 2, 3, 4, 5, 6, 7, 8, 9}, let π(x) be the number of elements in the part containing x. Prove

that for any two partitions π and π′, there are two distinct numbers x and y in {1, 2, 3, 4, 5, 6, 7, 8, 9} such that

π(x) = π(y) and π′(x) = π′(y). [A partition of a set S is a collection of disjoint subsets (parts) whose union is

S.]

A1-2011 Define a growing spiral in the plane to be a sequence of points with integer coordinates P0 = (0, 0), P1, . . . , Pn

such that n ≥ 2 and:

– The directed line segments P0P1, P1P2, . . . , Pn−1Pn are in the successive coordinate directions east (for

P0P1), north, west, south, east, etc.

– The lengths of these line segments are positive and strictly increasing.

[Picture omitted.] How many of the points (x, y) with integer coordinates 0 ≤ x ≤ 2011, 0 ≤ y ≤ 2011 cannot

be the last point, Pn of any growing spiral?

A2-2005 Let S = {(a, b)|a = 1, 2, . . . , n, b = 1, 2, 3}. A rook tour of S is a polygonal path made up of line segments

connecting points p1, p2, . . . , p3n in sequence such that

(i) pi ∈ S,

(ii) pi and pi+1 are a unit distance apart, for 1 ≤ i < 3n,

(iii) for each p ∈ S there is a unique i such that pi = p. How many rook tours are there that begin at (1, 1)

and end at (n, 1)?

A2-2006 Alice and Bob play a game in which they take turns removing stones from a heap that initially has n stones.

The number of stones removed at each turn must be one less than a prime number. The winner is the player

who takes the last stone. Alice plays first. Prove that there are infinitely many n such that Bob has a winning

strategy. (For example, if n = 17, then Alice might take 6 leaving 11; then Bob might take 1 leaving 10; then

Alice can take the remaining stones to win.)

B2-2002 Consider a polyhedron with at least five faces such that exactly three edges emerge from each of its vertices.

Two players play the following game:

Each player, in turn, signs his or her name on a previously unsigned face. The winner is the

player who first succeeds in signing three faces that share a common vertex.

Show that the player who signs first will always win by playing as well as possible.



A3-1996 Suppose that each of 20 students has made a choice of anywhere from 0 to 6 courses from a total of 6 courses

offered. Prove or disprove: there are 5 students and 2 courses such that all 5 have chosen both courses or all 5

have chosen neither course.

B3-2009 Call a subset S of {1, 2, . . . , n} mediocre if it has the following property: Whenever a and b are elements of S

whose average is an integer, that average is also an element of S. Let A(n) be the number of mediocre subsets

of {1, 2, . . . , n}. [For instance, every subset of {1, 2, 3} except {1, 3} is mediocre, so A(3) = 7.] Find all positive

integers n such that A(n+ 2)− 2A(n+ 1) +A(n) = 1.

B3-2010 There are 2010 boxes labeled B1, B2, . . . , B2010, and 2010n balls have been distributed among them, for some

positive integer n. You may redistribute the balls by a sequence of moves, each of which consists of choosing

an i and moving exactly i balls from box Bi into any one other box. For which values of n is it possible to

reach the distribution with exactly n balls in each box, regardless of the initial distribution of balls?


