Solutions to Supplementary Questions for HP Chapter 17

1. Graphing will be done by taking “slices”, as was alluded to in HP, pg. 957, example 6.

(a) It is best to look at this as y = xz, but remembering that  # 0. Now take slices by
fixing various values of y:

y=0=z=0forall x
y=1=z2=1
y=2=x2=2
y=—-1=zxz=-1

5 -4 3 2 y=1

|
|
|
|
5 43, 3 /
X y

(b) We slice along the z-axis:

r=-2=z=c¢e%y
r=—-1=>z=ey
r=0=>2=y

r=1= 2=

mw|@ ol

r=2=z=



x=1

X=2

x=3
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/ /
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(c) z= a2 —y? We slice along the y axis

y=-2=z=2>-14
y=-1=z2=22-1
y=0= 2z =2x>
y=1=z=22-1
y=2=z=2>—-4



=2
=2
y=-3 y=3
y
X
2. (a) Domain:
We need 36 — 922 — 4y > 0 = 922 + 49> < 36.
2 2
= ”2”—2 + 4z < 1. So the domain is everything inside of (and on) the ellipse ”2”—2 +4& =1

Domain:
y

Range: 22,92>0 = 922,49 >0 = —922 — 49 <0,

= 36 — 922 — 4y%leq36
= /36 —922 —4y2 < 6.

Also, if z = 0 and y = 3, then \/36 — 922 — 492 = 0. Since no square root is negative,
then it follows that the range is [0,6].



b) z?In(z —y + 2)
Domain: Weneed x —y+2>0o0rxz+2 > y.

Range:
i) Set y =0,z =0. Now, for x > 0,

lim 22 = oo and lim In(z —y+2) = lim In(z) =00 so

lim z?In(z —y + 2) = oo.
ii) Setx=1,2=0.
Now lim, ;- In(z—y+2z) =lim, ;- In(1—y) = —o0, hence lim, ;- 2?In(z—y+2z) =
—00. So the range is (—o0, 00)

c) £. Domain: We need yz # 0. So y # 0 and z # 0.
Yz
Range: Set y =1,z = 1. Now it is obvious that the range is (—o0, 00).

d) ——L— Domain: Here, we need x> 4+ 3%+ 22 —1 > 0, so 22 + 3% + 22 > 1. This
Vrl4y?422-1
is everything strictly outside of the unit radius sphere.

Range: Obviously the range is a subset of (0, 00).
1

— 1; 1
Vartyi4z2—1 limg— o0 V-1
Also, lim,_, 1+ \/ﬁ = lim,_,;+ \/ﬁ = 00. So the range is (0, c0).

Now, set y = 0,z = 0. Here, lim,_, = 0.

3.
nRT OP nRT
" Vv oV V2
nRT oV nR
P = T = — _ = —
Vv nRT = V iz :>8T D
PV Rl = T - LV 9T V.
N " nR OP  nR
oP o0V 0T _ —nRT nR vV nRT
Now, 35758 = —v= P "2k — —pPv-
But PV =nRT = 281 = 1 so —28L = —1.
4.
0z __ Oz

For the xy-plane, z = 0, and so g% = oy = 0. Hence, for any point f(zg,y0) to
have its tangent plane horizontal (i.e. parallel to the surface) then f,(xo,y0) = 0 and
fy(x0,90) =0 as well. We find f,(z,y) and f,(x,y):
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i) %(f(x, y)) = 2z + 2y — 6. Setting this to zero gives = + y = 3.
ii) (%(f(ac, y)) = 2x 4+ 10. Setting this to zero gives x = —b.
From (i) y=3—-z,s0y=3—(-5)=38
So the only point at which the tangent plane to the surface f(x,y) = x2+22y+10y—6x
is horizontal, is (z,y) = (=5, 8).

5.

(a) i) fz(x,y). Treating y as a constant, by the Fundamental Theorem of Calculus,
d 2

/yetzdt = F(y)— F(x), where %(F(x)) = e .

0 fulr,y) = ([ ) = & :
i) fy(z,y): 4o ([, e dt) = L(Fy) = F(z)) = e (= fy(z,9))

DA ([T edt) = <

i) fyle,y): 4o (7 Sdt) = —<
6.
Let f(x,y,2) = 23y/y% + 22 so
of 9 of 3y af 3z
—_— = 3 A/ 2 2 4 = - _— = —
Bx v y +Z, 6y 1/y2-|-z2, 82 1/y2-|-z2
Then

(1.98)31/(3.01)2 4 (3.97)2 =£(1.98,3.01,3.97)
=f(2 —0.02,3+0.01,4 — 0.03)

Ny of of
~f(2,3,4) + 5(2,3,4)(-0.02) + a_y(2’ 3,4)(0.01)
8f da:l = —0.02
+ 8—(2, 3,4)(—0,03) so that dry =0.01
z drs = —0.03
=231/32 4+ 42 4+ (—0.02)(3)(2)*V/32 + 42
(2)°(3) N (2)°(4)
+ (0.01) CEEE + (—0.03) o

=8(5) — 0.02(12)(5) + 0.01(24/5) — 0.03(32/5)
1

=10 — 0.02(60) + =[0.24 — 0.96]

=40 — 1.2 4 0.2(—0.72) = 40 — 1.2 — 0.144

=40 — 1.344 = 38.656

5



8@y a11—1 pai2 b

N a11—1 paiz b _ Pigpr  Pi(ani KL P oS D
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(11) 8(}23; = a12K1P1 11P2 2701 So €Q1, P, — K1P1‘Z111P2“12Ib1 = a12

_ I(by K1 Pt P12t
(111) o — blKlplallplalzlbl ' So €Q1, 1 = (s Ky T HATITE ) = b

oI KPPy 12101

8. (a) f(27,16,64) = 10(27)2(16)2(64)s = 10(3)(4)(2) = 240
(b)

1) fl-1<.’131,{132,$3) = %ZC;%ZCQ%IIJ:)%
= £, (27,16,64) = %?(%)1(4)1(2) 50
i) foo (21,22, 33) = Dafz, 2af
= [2,(27,16,64) = 5(3)(})(2) = ¥
11 s
i) foo (21,22, 23) = Qafaiag ®
= [25(27,16,64) = 5(3)(4)(55) = &
Now, x; increases by .1 (Ax; =.1) x5 decreases by .3 (Axy = —.3) and Azz = 0.
So
3
F(27.1,15.7,64) = f(27,16,64) + » A, f2;(27,16,64)
i=1
80 15 5
= 240+ (.1)(=2) — 3(= 2
0+ ()50~ 3(2) +0(2)

= 238.0463

(c) f(27.1,15.7,64) = 10(27.1)3(15.7)2 (64)5 = 238.0325.
(d) Here Azy = Azy = 0.2 and Azz = —0.4

3
£(27.2,16.2,63.6) ~ f(27,16,64) + > Ax; fx;(27,16,64)
=1
80 15 5
= 240+ (.2)(5) + .2(?) — .4(§)
— 241.8426

By calculator, f(27.2,16.2,63.6) = (27.2)2(16.2)2(63.6)5 = 241.8373.

8_P
on

V(=In(1+14)(1+49) "+ %(ln(l +49)(1+14)™")
v

(In(1+ )1+~ (£ = 1)

]
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Since In(1 + ) > 0 and hence V' In(1 +4)(1 +¢)~"™ > 0, then:
i) If i > r, then (% — 1) < 0, hence g—i < 0 and P increases as n decreases.
ii) Ifi <r, then (% — 1) > 0, hence ‘g—i > (0 and P decreases as n decreases.

iii) If i =r, then (% — 1) = 0, hence ‘g—i =0 and P is constant with respect to n.

opr
o1

= —nV(QA+i) "4V (

rnV B nV v I—(1+4)™
i(1+4)n Tt (14 4)n+! i j

n(l+14i)~" "% - (1-(1+ i)_”))

]

Tt i(14a)" ! )
Multiplying through by =——, we get:

i i)ntl )" —

7“*‘/) . o =) —r(14) <7<1+3 1)
=n(r—1) —r(1+1)sz;
=n(r—i)—r(1+i) 1+ @ +d)+ 1 +)>+-+(1+)" 1)
=n(r—i)—r(1+9)+ 1+ +1+)3+-+ (1 +)™)")

And by our assumption that (for n > 2) (1414)"™ > 1+ni, hence —(1+41)" < —(14ni).
(Note: those who know the binomial theorem may wish to prove this. Also note that
if n=0,1the (1+4)" =1+ ni.)

<n(r—i)—r((1+4)+ 142+ (1+3i)+---+ (1 +ni))

iy (o (MDY

rin(n + 1)
2

= —ni—

<0

. An+1 . . An+41 .
So %%—f < 0, and since % > 0, then %—1; < 0, and thus price decreases as
the yield increases.

10.
1) (w2 +2%y%2) = L(r+y+2)
0 0 0
= y?2% + 3zy?2? i + 322y% 2 + 23> iy 1+ i
ox ox ox
0= (Bzy?2? + 23y — 1) = 1 — y?2% — 32?2
Oz Y Y = ) Yy z
0z  1-— Y223 — 3a2y%z
Or  3xy222 +23y2 — 1
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2) %(:{:y2z3 + 23y?2) = 8%(93 +y+2)

0z

0 0
= 2xy2® + 3xy?2? + 223y + a3y? ) = 1+ gz
oy oy dy

0
Y

0z  1- 2ryz> — 223y
Oy 3xy?22 +a3y? -1

11.
) 2 (e +92) = 2(1).
0z 2xz 0z —2xz
= —“In(z? + > =0 = = = .
oz n(z” +y7) + x? + 9?2 oz (2 +y?) In(2? + y?)
ii) By symmetry of z and y, g—z = (12+y2ﬁg&2+y2). So
0z . 0z —2x2%2 292z
T— +y— = —
or Yoy T @)@+ (@)@ + )
@2
(22 + y2) In(22 + y2)
2z 1
. But — - =
s ( = So)
= —22°.
12.

(a) Calculating g—; :

[1-%(2—?)}(1/—13”(1%%) (g—g) ~0

a\ oV  2a oV

opP
8_V - b—V B b—V B V3(b—-V)
OP P+ % + 2a(‘l;;V) V3P+aVV—§2a(b—V) V3P +aV + 2a(b _ V)

Also, before the change, V = 25,600 cm?® and P = 1 atm., so

oV B (25,600)3(42.7 — 25, 600)
OP |\ sssoems  (25,600)3(1) + (3.59 x 105)(25,600) + 2(3.59 x 109)(42.7 — 25, 600)
P=1atm.
—4.2878 x 1017 3
~ X ~ 25,698
1.6686 x 1013 atm



AV . 9V
Hence 35 ~ 35, so0

ov
G—PAP

= —25,698(+.1 atm)
—9570 em?

AV

Q

Q

. 5] .
(b) Calculating 2%

2a (OV a oV
] (8—T) (V—=0)+(P+ W) (a_T) = 82.06

oV a 2ab-V)
R R v
oV 82.06V3 82.06V3

) = 82.06

T 9T T V3Pt Va+t2a(b—V) V3P —Va+t 2ab

Again, V = 25,600 cm? and P = 1 atm.:

ov B 82.06(25, 600)3
OT | _ 25 600em3 ~(25,600)3(1) — (3.59 x 106)(25,600) + 2(3.59 x 106)(42.7)
P=1 atm.
1. 1 15 3
~ 3767 x 10 ~ 82.55™
1.6689 x 1013 °K
AV . OV
Hence 3+ ~ 3, so
ov
AV ~ —AT
or
= 82.5(+1°K)
= 82.5 cm?®.
13.
1) differentiating with respect to x:
0z 0z 0z z
2 (9%} _ 9%  _ ol
5 ((93:) Yor  © 0, so or 322 —=x
2) differentiating with respect to y:
0z 0z 0z 1
322 (=) —2——-1=0, =
‘ <6y) w@y %0 dy 322 —=x



Differentiating (2) with respect to x and using (1):

san = o (5=) = (@map) @ (5)

(322 — x)? (322 —1)3

14. (a)

(3a%y — y*)(a? 4+ y?) — 2z(2®y — xy?)
(33'2 + y2>2

a:4y + 4a%y3 — 4P

(1'2 + y2>2

(2% = 3zy®) (2* + ¢*) — 2y(=®y — 2y
(22 + 42)2

4

fm(x7y) -

fy(a:?y) =

x® 4 423y? — zy
(22 + y2)2

_ o f(R,0) = £(0,0)
f2(0,0) = lim ;
R2(0)=h(0)° _

h2+02

(0°h=0(h)* _
—0Pph?

fmy(()?O) =
=0
y=0
(0)*h+4(0)%n®—n° 0
(02—|—h2)2 -




0 . fy(h,0) = £,(0,0)
fym(oao) - %(fy(:lj,y)) . - %LHIO h
y=0
h®+4(h)?(0)*—h(0)* 0
= lim (h*+0%)"
h—0 h
h°
= lim " = lim1 = 1
h—0 h h—0

15. (a)

% ox /l'2+y2 $2+y2 x2+y2’

0%u 0 <8u) 0 < x ) 2?4y - 2z(x) y? — 22

ou _ g(ln(m)) _ 1 (2 2x ) _ x

or2 ~ 9z \ Oz Oz \ 22 + y2 (22 + y?)? (x2 +y2)2’
2 22 2 2 2_ 2 2 2
By symmetry, g—yg = @7;/2)2 and now % + g—yg = (;““’ZJFJQ)Q + (fQeryz)z = 0 and

LaPlace’s equation is satisfied by In(y/x? + y?)
(b)

ou 0 2x T
— = —(\/x2+9y?) = = ,
ox ~ o VY 2v/x% 4 32 Va2 + y?

0%u a( x )Vl‘“yt(\/ﬁTyz)x

ﬁ % /12 + y2 xr2 + y2
42— y?
(@2 +y2)> (22 +y?)3
u _ z?
By symmetry, 5 = gt And so
?u  O%u y? x? a4 yP 1

+ .
07 T @t @ @)l g
So v/x? + y? does not satisfy LaPlace’s equation.

16. Consider any 4,1 < ¢ < n. Then by the Chain Rule (considering x;,j # i, as

constants),
Ou = aieZ?:laimi = a;u and
(93:1-
O*u  Ou [ Ou _i()
(9.’1?12 N 81132 8.’132 N (9331 @i




So >, % = Yo' ,atu = u(});_,a?). But it is given that >, a? = 1, and the
answer is u.

17.
z = xe¥ + ye”
9 el
ox 9y
%—6y+yem g—;:xey—f—em
9 0 il
ox oz Oy
0%z __ .. x 0%z _ _y %z _ ..y
922 ye 920y e’ +e 9yz = T€
9 0 9 9
ox oz ox Oy
3z _ T %z T %z Y Pz _ Y
oz3 — Y€ dz20y € dy20x € ay3 — €
So now,
03z N 03z v 4 pey D3z N 03z
—+— =y e =z Y )
ox3 oy 0x0y? 0x20y
18.
Solving for r and s in terms of = and y, we get: r = @ and s = (2y ). So o =2
0s _ 1
and §2 = —< 8
or _ 1 s _ 2
Also, 5y = and =z
ou _ 9UOr 4 9U9s _ 20U _ 10U
N0W7%—aram+asam—5ar 595 And

o*U 8 (9U _oU, 8Ux@+8UI@
oyor - dy  Or Oy 0s Oy

200 10U\] (1 & (20U 18U\] (2

[a (m 30| (6) 5 G5 55 G)

20°U 109°U\ (1 2002 10°U)\ (2

(33— garas)< )+<gasar‘gasz) (3)
1 U 0 9*U _9*U

- 2_< or? 8r88+4858r_2(982)

. 2 . . . . .
And assuming that g gs = gsgr (i.e. U has continuous second partial derivatives).

Fhen 0*U 0*U 0*U
1
25 (287“2 +3838r _2832)'
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(b) As in part (a),

U _ 1 (0°U LU 0
Oyox 25\ Or? 0sOr 0s2 )~
’u 92U 22U
We find or?2 " 9sor and 0s2
U = ,r2€rs
9 9
or Js
ou __ rs 2. rs oUu __ ,.3_rs
So G =2re" +srie And G5 =r7e
9 9 9
or Js Js
8%U _ rs rs rs
or2 2e’" 4 2rse’” 4 2rse 8%U __ 2 rs 2 rs 3 _rs
9 9 re Sear = 2r7e’” +rte’” +srie
+riste _ 2 rs 3 _rs 9’°U _ 4,rs
2 rs rs rs = 3r’e +srve 0s2 re
= (rs)“e"® + 4rse”® + 2e

= e"5(3r% + 513
=" ((rs)? + 4rs + 2) ( )

[Note that all second partial derivatives are continuous, and hence O°U = 0°U

Ords — 0sOr
Now,
aQU 1 rs 2 rs 2 3 4 rs
S = 3 (s +rs +2) + 373+ %)) = 2(re")
= 625 (—2r* +3r3s + 2r%s® + 9r? + 8rs + 4)
19. 9
z
% @ -y
0z
oy [f'(2® — y*)](—2y) + 1
Therefore
0z 0z

Ygp TGy = 2ay[f' (% — )] = 2xy[f'(2® —y*)] + =

13



20.
Let u= 2+ at. Let v = 2 — at. Then

o 9 ou o ., o
r %a‘l‘%a—af (u) —ag'(v)
15)4 Y Ou  9Y ov

9z %%‘f‘%%—fﬁ(u)‘i‘gl(?’)
Also,
Y _ 9 (N _ 9. _ Widu 9V
e a(a) = oM = Gwm T o
0 0
— [ gulaf ) = ag@)] @+ | 5 (0f ) ag0)] (0
— azf”(u)—l—aQQ”(v).
And

*Y  9Y, Y. du  9Y, v

02 or 8u%+ v Ox
_ %(f’(u) +¢'(v) + %(f’(u) +9'(v))
= f"(u) +g"(v)

So 0% = aX(f"(u) +¢"(v)) = a* (5X).

21. For these questions, consider the following:

In each case we consider the eight partial derivatives in the above illustration.

(a)

1
1) 2 = 2 gy = YU _ LEEWT 3
) Ou au\/—y 2v/u 2 (m—y)% ( y)
9) O — 2 mpmy = XU _— 1EZ9T (03
) Ov 8v\/—y 2\ 2 (m—l—y)% ( Y

uv 1 i
3) &5 = savwEy = 3 = 30" -y)i(D)?

—_
W~



1) G = gy = YT = @ —y)iL)
5 F = mVI—U = 55—
6) g_Z - 3% Ty = 2\/_961—?;
N %= mVity = 55
8) v — 9 Sty = —L
oy ~ oy N
So
ow_ 0fou  ofou o
or  Oudxr Ovoxr O
1(z+y)t, 1 /1 1 lz—y)i, (1 1
:Q( );<xy)2 (2 ;)+§ );(y)Z (5 ;)
(x —y)3 (x —y)2 (z +y)1 (z+y)2
1 1Y\ 1
+§(1‘2—y2)4(;)2
1x+y%xy% 1x—y%xy% 1 1 1
— Z( ) ( ) Z( ) (g) +§(I‘2 y2>4(_)2
(x —y)3 (z +y)3
Also,
ow_ 0fou 0fou o)
dy  Oudy Ovdy Oy
_ 1(z+y)i(zy)? (1 —1 )+1(w—y)4(xy)% (1 1 )
2 (z-y)t \2(@-yz/ 2 (z+y) 2(z+y)2
Lo o o9y1.T.1
_l__:[; y 4(—)2
5@ =)
1x—|—y%ajy% 1x—y%xy% 1 1,T.1
— _Z( ) ( ) Z( ) <§) +§({E2 y2>4(_)2
(x —y)3 (z +y)3 Y
(b)
1) g_é = v = xz_?{__yz
3) oL = —y
ou (2 +y?)—2x(z) 2_ g2
4) ? - (;2+y2)2 - (fz_'_yz)z
v —aTy
85) oz —  (@24y?)?
T ow_ ofou ofov  of
dr  Oudr Ovdr Ox

- it () 7 ()
T 2 y2 (22 2)? i \(@21y22) Y

y® — 2’y — 227

(.132 + y2)3

15
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And by symmetry it follows that

(9_w B x3—3y2x_x
oy~ WP "

22. We need f,(z,y) = fy(z,y) =0.
i) fo(z,y)=0 = 428 -8y =0 = 23 =2y
i) fylr,y) =0 = —8r+4y=0 = y=2z
Combining these, we get
iii) 22 =2022)=4r== 2(x-2)(z+2)=0 = x=-2,0,2.
So we obtain the critical points (-2, —4), (0,0), and (2,4). To classify these critical

points, we need to find D(zo,yo) = fez (0, Y0) fyy (0, Y0) — [fay(xo, Y0)]? for each (zq, yo)
above:

foo(@,y) = 1227 fu(zy) = 4 foy(z,y) = =8

(a) (w0,%0) = (=2,—4).

Here D(—2,—4) = 12(—2)%(4) — [-8]> = 192 — 64 = 128. So D(—2,—4) > 0. Also,
foz(—2,—4) = 12(—2)% = 48 > 0, and hence (-2,-4) is a relative minimum for f(z,y).

(b) (z0,%0) = (0,0)

Here D(0,0) = 12(0)%(4) — [-8]> = 0 — 64 = —64. So D(0,0) < 0, and f(z,y) has
neither a relative maximum nor minimum at (0, 0).

(¢) (wo,%0) = (2,4).

Here D(2,4) = 12(2)2(4) — [~8]2 = 196 — 64 = 128. So D(2,4) > 0 and f,(2,4) =
12(2)? = 48 > 0, so f has a relative minimum at (2,4).

23. The girth is 2h + 2w. So the imposed constraint is £ + 2h + 2w < 108.
When looking for the maximum possible volume, it is obvious that this will occur
when strict equality holds in the above equation. So we have:

{+2h+2w =108, or ¢ = 108 —2h — 2w.

We must maximize the volume V = fhw. So we maximize V = (108 — 2h — 2w)hw =
108hw — 2h%w — 2hw?. We need to find the following partial derivatives:
(1) ZY = 108h —2h% — 4hw
o’V o (oV
(2) Gy = au () —4h
(3) X = 2 (9Y) = 108 — 4h — 4hw
(4) &5 = 108w — 4hw — 2w?

16



v
0 9
ow oh
ov ov
(1) 55 (4) Gn
0 9 9
ow oh oh
2 2 2
(2) Gus (3) Show (5) Zn=

Now, we set g—z and aTV to zero.

1)
oV

— = 108h —2h® —4hw = 0
ow

= h(108 — 2h —4w) = 0
= 108—2h—4w = 0 (

= h+2w = b54.

obviously & is not zero)

2) By symmetry, when we set %—Z to zero, we get w + 2h = 54, or 2h + w = 54.
So we obtain h + 2w = 54 and 2h + w = 54. We solve and get h = w = 18. To ensure

that this gives a maximum, we use the second derivative test:

2 2 2 2
aah‘g (g;g) - <6aha‘iu) = (—4w)(—4h) — (108 — 4w — 4h)?*(at h = w = 18)

= 16(18)% — (108 — 8(18))?

= 16(18)* — [-2(18)]* = 12[18]* > 0

Also, %QT‘Z/ = —4w = —4(18) < 0 and so the volume is indeed maximized at h = w = 18 in.

The length here is £ = 108 — 2h — 2w = 36 in., and the volume is:

V = (hw = 36(18) = 11,664 in® = 6% fte.

24. The revenue function is R = PiQ1 + P>»(Q2. So the profit functionis # = R — C =
PQ1 + P,Qs — 2Q3 — Q1Q2 — 2Q3. We find 8%1 and 8%; and set them to zero:

1) 35:=0= P—4Q1-Q2=0 = 401 + Q2= P,

17



2) 3%2:0 = P—Q1—-4Q2=0 = Q1 +4Q2=F;

We obtain 1 = % and Qg = %. To ensure that this is a maximum, we use

the second-derivative test:

on on _ or

Ty T =
0Q3 0Q10Q2

2
87{' 87{' aﬂ' o 8ﬂ. ' '
0907003 ~ <8Q18Q2> = 15> 0 and 507 < 0, and we do get a relative (in fact global)
maximum at (Q1,Q2) = (4P113P27 4P21EP1).

25. The revenue function is

R= PiQ1+ PQ2= (55— Q1 — Q2)Q1 + (70 — Q1 — 2Q2)Q2
= 55Q1 + 70Q2 — QF — 2Q1Qa — 2Q3.

So the profit function 7w is 7 = R — C = 55Q1 + 70Q2 — 2Q3 — 3Q1Q2 — 3Q3. Again, we
find 2= and -2Z and set them to zero:

0Q1 Q2
1) £5- =0 = 55-4Q1 —3Q2=0 = 4Q; +3Q2 = 55.
2) 36; = 0 = 70-3Q1 —6Qs=0 = 3Q1 +6Qs = 70.

Using Linear Algebra, we get: Q1 = 8 and Qo = 7% Here, P, = 55— Q1 — Q2 =
55—8—T72 =395 and P, =70 — Q1 —2Q2 = 70 — 8 — 2(7%) = 463
We must ensure that this is indeed a maximum for the profit function 7. So we use

the Second Derivative Test:

o’r 4 Pr 3. Pr 6
Q3 T 0Q10Q2 1IR3 ’
2
8%r 8%w or _ 8%r .. .
S0 507 972 <8Q18Q2) = 15> 0and 807 < 0 and this is a maximum.

26. Using Lagrange Multipliers:

F(z,y,2) = zyz— MNz? +y* +22 - 3)

F
g_a: = yz — A2z
F
?9—y = zz— N2y
F
68—2 = zy — A2z

Setting these to zero, we get A = = = 32 = 3(z,y,2 #0). (A)
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(Note if one of x,y,z is 0, eg. x = 0, then one of y or z must be zero also since
yz — A2z = 0, eg. y = 0. But since this now forces z # 0 since 22 4+ y? + 22 = 3, then since
xy — A2z = 0, we must have A = 0. But this situation does not give rise to global maxima
or minima, as we shall see)

From (A), 2? = y? = 22 (for example, 22%2 = 2y?2z = 2% =4?)

There are two cases:

1) None or two of x,%, z are negative: Here, zyz is positive and is |z|3, where
P4yt 422 =3 = 32°=3 = 22=1 = |z|]=1 = ayz=|z]> =1

2) One or three of z,y, 2z are negative: here, xyz is negative and is —|x|?, where as in
part (1), |z| = 1. Now zyz = —|z|> = —1. Now getting back to our parenthetical
note, if, for example, A = x = y = 0 and 22 = 3, then obviously zyz = 0 is neither a

global maximum or minimum.

27. We need to minimize \/z2 + y2, or equivalently we minimize (22 + y?). According to
the method of LaGrange multipliers, we consider:

F(z,y,\) = 2%+ 5% — A\a? + 8zy + Ty? — 225).
Then F,(z,y,\) = 2x — 2 z — 8\y =0, or
(1) A=D1z +4\y =0
Also, Fy(xz,y,\) = 2y — 8z — 14\ \y =0, or
2) A+ (TA—1)y = 0.

Since (z,y) # (0,0) (note that the hyperbola does not go through the origin) then, using
Linear Algebra to solve for \:

(A—1) 4\

D (TA—1) =0 = A-1)(TA-1)-16A>=0

= TN —TA=)2+1-16)?=0
= 9N24+8\—-1=0

1
= A=-1,-
"9

A) If A= —1, then —2x — 4y = 0, or x* = —2y and substitution in 2% + 8xy + Ty? = 225
yields —5y? = 225, for which no real solution exists.
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B) If A= %, then —Sx + gy = 0, or y = 2z and substitution in z? + Szy + Ty? = 225
yields 4522 = 225. Then 22 = 5, y? = 422 = 20, and so z? + y? = 25. Thus the
required shortest distance is v/25 = 5.

28.
1) We form F(z,y,\) = 1 + é - A& + y—12 — 1) and obtain
1 2 2 1
Also Fy(z,y,\) = —y—12 + ?j—ﬁ‘ =0 = 2\ =y, y # 0. Hence, z = y = 2\, and
since %2 + 4 =1, x% = 1= x = +v/2. So the critical points are (\/5, v2) and

(_fv_ 2?'

2) We form F(z,y,2,\) =z +y+2— A1+ é + 1 —1). We obtain Fy(z,y,2,\) =
1+ m% = 0= 2% = —)\. Similarly, when calculating F,(z,y,2,)) and F,(z,y, z, \),
we obtain (by symmetry):

y? = =X and 22 = -\

Thus 22 = y? = 2?(= —\). Since % + % + % =1, we get 2 cases:

1) =y =z Here%—l—%—f—% = 3 =1 = 2 = 3, and the solution is (z,y,2) =
(3,3,3).

2) Two of x,y, z have the same sign and the other differs. Without loss of generality,
let x =y = —z. Here, %-i—%—i—%:%-i—%—%:%:l,sox:l (and y = 1 and
z=-1).

Similarly, wheny =2 = —z, y=2=1landz = —1,and whenzx =2 = -y, r =2=1

and y = —1.
So we obtain the three solutions (z,y,z) = (1,1,—1),(1,—1,1) and (—1,1,1).

29. We wish to minimize C(z,y) = max+ny given the constraint f(x,y) = kz®yl ™ —Q =
0 (Note that x,y # 0 since @ > 0, so that at any time division by a power of x, y is valid).
Using the method of Lagrange multipliers, we wish to find the critical points of

f(z,y,\) = mzx +ny — Mkz®y'™* — Q).

Taking partial derivatives,

fo = m—Mea (%H

s
f, = n—Ak(1—a) (g)
fro= —key 4 Q
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Setting f, = 0 we have n = k(1 — «) (g)a k(1 a)(%)—a‘
Setting f, = 0 we have m = Aka(%)1~

Dividing
1—
- a <E> equation (1).
m e Yy

Setting f\ = 0, we have kz®y'~® = Q so

L(Qf - £_<Q>mxﬁ
y  \k 4 r  \ k
(

equation (2) equation (3)

Combining equation (1) with equation (2) and combining equation (1) with equation

(3) gives
n_l-a(QVF n_l-a(Q\TTT
m o« k y m o« k
L _m 1-a (QVF g _m Loa (@)
y n o k n o k
_[m. 1za]"@ oo [m. =)0
y= n « k n Qo k

Since these values of x,y are the only critical point, by assumption the values of

Q {@.1_06]@—1?;:@ {@.1—(1}“

k

k

r = —
n (e n (e

minimize the cost function C(x,y) = mz+ny subject to the constraint of fixed production
Q = kayl=.

30.
n= 10
a) Yo, = 154.20
Yy, = 80
Ya? = 2452.18

(2



Hence,

L (Za)(Sy) — (Sx) (Sways)  (2452.18)(80) — (154.20)(1282.74)

_ — ~ —2.18
¢ nYa? — (L2;)2 10(2452.18) — (154.20)2
- nYzy; — (Br)(By;) 10(1282.74) — (154.20)(80) 660
T n¥a2— (3z)? 10(2452.18) — (154.20)2
So the least squares line is y = a + br ~ —2.18 + .660z.
b) Substitute x = 15.0 into the least squares line: y = —2.18 4 .660(15.0) = 7.72 feet.

31. We assume the least squares line is § = bz. For the point (z;,y;), the vertical
deviation from the line § = bz is:

(bwi — y2).-
So the sum S of the squares of the vertical deviations is:
S = (bxy —y1)® + (bwy — y2)” + -+ + (b — ).
ds .
We find 5

ds
db

Divide by two and set to zero:

= 2901(1;331 —y1)+ 2902(1;332 —Yo) - F 2513n(?735n — Yn)

ZA)Z r? — Z x;y; =0 (note this is (4) of HP -pg 1008)
i=1 i=1

We then get b = Zziilxg

. X
i=1 7

32. a) If we let Dec. 92 represent month 0, then x1 = —12 (representing Dec. '91) and
x95 = 12 (Dec. ’93).
Then 2551 x; = 0 and the calculations are simplified.

For 1 < i < 25, let y; be the closing price for shares of Xerox in the ' month listed.

n= 25
25
> i = 801
=1

25
> wy; = 423.75
=1

25 12 12
. . 12(12 + 1)(2(12) + 1)
;_1 Ly E J E J 6

j=—12 j=1
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(from HP sect. 16.5 pg 815)

o Dica Ty — (o ) (i vi)

ny gy — (i xi)?
 25(423.75) — 0(801)  423.75 Dy
~25(1300) — (0)2 1300 ~ 320 <" §j§ilx§ )
(Z?:l 1’12)(2?:1 Yi) — (Z?:l 330(2?:1 ziY;)

nY i @ — (i1 )
(1300)(801) — 0(423.75)

25(1300) — (0)2

= B0 gy (= 2t
25 n

So the least squares line is: y = .326z + 32.04 (where the 0" month is Dec. ’92).
b) Feb. '96 is 3(12) + 2 = 38 months after Dec. 92 and hence = = 38. So the expected
closing price for Xerox stocks in Feb. 96 is:

3 1
326(38) +32.04 = 4443~ 44 or ddg

2

(rounding to the nearest eighth, which is how stock prices are quoted).

23



