Solutions to Supplementary Questions for HP Chapter 15

1. (a) Let u=z+10
du =dzx .

Then /ln(x + 10)dx = /ln(u)du
= u[ln(u) — 1] + C4
=uln(u) —u+ Cy
= (z+10)In(z +10) —x — 10+ C4
= (x4 10) In(z + 10) — x 4+ C>

C4, (5 are arbitrary constants.

(b) Let w=In(x+10) dv=dzx
u = 1 dx v=2x
x4+ 10
Then /ln(x +10)dz = zIn(z + 10) — [
Now substitute w = x + 10
dw = dx

r=w — 10

X
d
z+10°7

w — 10

/ In(z + 10)dz = 2 In(z + 10) — / dw

w
10
:a:ln(x+10)—/dw+/;dw

=zln(x+10) —w+ 10Inw + C4
=zln(x +10) —z — 10 — 101In(z + 10) + C;
= (x4 10) In(x 4+ 10) — x + Cs

()
Let w=In(x+10) dv=dz

1
U x—f—le v=x+

Then /ln(aj +10)dx = (z + 10) In(z + 10) — /daz
= (x4 10)In(z +10) —x + C
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2. First, we must ensure that ze3* and g:vemz do not intersect in between z = 0 and
T =3 5 5
re’? = gxex = x(ge‘r —e¥) =0
=z =0o0r %emz =3
The latter case gives ln% + 2% = 3z

2
:>x2—3x+ln(§):0

2
Noting that In 3 ~ —.4055, we get

—(—=3) £ —3)2 — 4(—.4055
TR (=3) \/( 2) ( ):>$%3.13001‘33%—0.129

2 2
And hence, since for z = 1, (1)e3() > g(l)e(l)2 and since ze3* # ga:emZ (0 <z < 3) then
3

2 2 3
re3® > ga:eIQ(O <z < 3). Now we just calculate / (xe3® — gxexz)dx = / re3tdr —

s 0 0
—/ ze® dx.
3J o

3

1
(i) Solving / xe3*dx: This is by parts. Let u = x v=3
0
du=dr dv=e3dx

b b b 3 1 3 31
Now, / udv = uv —/ vdu, and so/ xe3dr = §x639€ —/ —e3%dx. So
1 a

a 0 0 03
3
3 1 3
/megxda::(—eg—O)——e?’I
0 3 9 0
:eg_(eg—l)ZSeg—l—l
9 9
3, ex®13 9 -1
i) Al e dr = — —
(ii) SO /Oxe r=35 | 5
s 3x 2 s 22
So ze?tdx — = | xe® dx
0 3J o
_869+1 2(69—1)_ 5e9 + 4
9 3V 2 N 9



3. (a) Let u=a" dv = e*dx
du =nz" 'dx, v=2¢e"

Then /udv =uv — [vdu

SO
/w”emdaz =z"e’ — /emmc”_lda:

=z"e" — n/x”_lemdm’

/xf’exda: = 2°e” — 5/x4e‘rda:
= z5e” — 5(xte” — 4/m3exdaz)
= 2%e” — bate” 4+ 20(x3e” — 3/3326md$>
= z°e” — 5zte” 4 203" — 60(z%e” — 2 / e®dx)
= 2°e” — brte® 4+ 202%e” — 6022%e” + 120(xe” — /emda:)

= 2%e¢” — 5xte” 4+ 2023e® — 60z + 120xe — 120e* + C

1
4. We are forgetting about the arbitrary constant, so we cannot subtract / —dx from
x

1 1
both sides of the equation /—da: =14 /—da:. In fact, we have In|z| + C; =
x x

1 + In|z| + Cy where Cq, Cy are arbitrary. Clearly, choosing one arbitrary constant
determines the other. For example, if C7 = 0 then Cy = —1. If there are limits

al a a1
/— +/ —dx
p L b p L

involved, then we get

1000 + 6t)e” "t dt

/ (1000e —”dt+/ Gte "tdt
0

0

PV.=
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For the second integral we integrate by parts; u = 6t, dv = e~ ".

n

dx u’
Therefore, /m = 6/mdu = 6/
4

’LL3

u—1

du.

1 n t n
PV. = ——OOOG_Tt Ot e —|—/ 9e_”talt
0 r 0 0T
1
PV - _ OOOe—Tt . @e—rt - % —rt
r r r 0
1000 6t 6 |
PV.=e (- -2 2
( r r r2) 0
1000 6n 6 1000 6
PV.=—-e™ — 4+ = —
( r r 7“2) * r r2)
We have the formula
1000 6 1000 6n 6
PV. = 2y 2y 2y
v (r 7°2> (r+r+r2)e
(a) n =2, r=0.05 gives
1000 6 1000 12 6
PV.= - —0d
(505 T 0052 ~ 005 T 005 T 0.05)2
= $1914.48
(b) n =2, r=0.10 gives
1000 6 1000 12 6
PV.= - = -0.2
o1 Yo o1 Toa o
= $1823.21
(¢) n=3, r=0.05 gives
1000 6 1000 18 6
PV. = . —0.15
(505 T 0052 005 T 005 T 0057
= $2810.29
6. (a) Let u= Yz =a'/C
1 1 1
_ _ _ 57y —
du = 6$5/6dm 6(x1/6)5d$ 6u5d$ so 6u’du = dx.
Also, u = 2/ so u? = 2'/3 = ¥z and u® = 2V/? = /z.



Now we do the long division

w4 u+1
u—l\/u3
u® — u?
u2
u?—u
u
u—1
1

SO

6/ “ 6/(2+ PR )d
u = u u _— U
u—1 u—1
3 2
:6{%+%+u+1n|u—l| +C

=2u® +3u? 4+ 6u+6Inju—1|+c
= 2vz + 323 + 6215 + 6In |26 — 1|+ C

vV 4
(b) / ‘”; dx
Let u=+vx+4
1 1
du = mdm = %dm so 2udu = dzx.
Also, u =+vz+4sou?>=x+4and z = u? — 4.
/ 4 2
Therefore, Tt dr =2 u2u_ 4du
We now do long division:
1
u? — 4/ u?
u’ —4
4
SO )
vr+4 U
=2 —=——du=2 /1
/ . dx /u2_4du / +u2_4du
4
=2 1 d
/ l Tty ™
Write
4 A B

(u—2)(u+2) u—2+u—|—2
4=A(u+2)+ B(u—2)
A+ B=0and 2A—-2B =4
A=—-Band —4B=4soB=-1,A=1
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Therefore

7. We write

SO

(z —

1)ntl -

\/ﬁdm:Q - B .
v u—2 u+2
=2u+2Inju—2|—-2nju+2/+C

—2
:2u+21n‘u ‘+g

=2z +4+2In ’\/@+2’+C

(x4 1" (= 1) = (a4 )

=y

(7=

Dl CENCED G

(z —1)m*t (z 4+ 1)+

= (x + 1)t (z — 1)+l (z + 1)1 (z — 1)n+!

1 1
(x4 1D)ntt  (z—1)n+!

1 1

—(r-1)"+(x+1)"
n(x + 1) (z — 1)»
lr@=1)"=(z+1)"

n (3;2 — 1)n

ett o2t o2t

Let

so/(e

u
u+1=A+ Bu+ Cu?

u = 62t _ 1
du = 2e2tdt
1
Edu = e?ldt
2t — i1
4t
(S IEa
u—+1 A

+C

dx

|+c



soA=1,B=1,C=0

Therefore,
ett 1/ 1 1
———dt =~ [ (— + —=)d
/(th—1)3 2/<u3+u2) Y

1 1 1
=3l72e ~ Tt
1.—-1—-2u
“5l e 1tC
—1—2(e? - 1)
= qe@ -1 ¢
1—2e?
=g ¢
(b) Let w=3+2Int wu—1=2+2Int
2 u—1
1du—§dt 5 =1+Int
—du = =dt
2= %
141 1 —1
Therefore, / +—ntdt: — / 4 du
t(342Int)? 4 u?
-1 A B
Let Y 3 = — -3
u U
u—leu—i—%
soA=1 B=-1
Therefore,
14+ 1Int 1 /1 1
— —dt=-[(—— —=)d
/t(3—|—21nt)2 4/(u u2)u
1 1
—lmptome——~ i
4 (3+ 2Int) ‘

9. Since the inventory level I declines at a steady rate, it may be described by the graph

q

0 W
time (t) in weeks



Thus the inventory level is given by

(I-q)=—(t-0)

q

The average inventory level over [0, w] is

1 vooq 1. qt? w
w—0/, wt+th_w[ 2w+qt0]
1, quw
= =5 tau]
_g-1
_4
2

Since the product is sold at a steady rate, it is expected by common sense that the average
inventory level is half the original inventory level.

10. (a) The average value is

We wish so solve c¢(c+1) =

7
A4+ec—-=

Using the quadratic formula,

o Wl

31
1+ ,/3
V2~ 911,111

Cc = 9

31
—1 o
V3

Since it is the only number of the above two numbers that lies between 0 and 2.

The answer is ¢ =
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(b) The average value is

e—1J) 2 a2 1
1 1
= 1+--0-1
e— 1[ + e )
B 1
e(e—1)
We wish to solve
1 1
c 2 ele—1)
2
c
1=
¢ e(e—1)
L2 ep1=0
e(e — 1)0 ¢ B
Using the quadratic formula,
4
14+4/1—
e(e—1)
CcC =
()
e(e—1)
—1 4
_ele )[14_— 1— —— ]
2 e(e—1)
~ 1.45,3.22
Theanswerisc:e<e_1) 1—4/1— 1
2 e(e—1)

since this is the only one of the above two numbers lying between 1 and e.

11. Separating variables, we have

dx 1
= kdt der = [ kdt
(30 — 2)(20 — ) /(30—@(20—@ v /
This integration on the left may be done by partial fractions.
1 A B

(30—2)(20—2) 30—z 20—z
1= A(20 — z) + B(30 — )
20A + 308 = 1
—-A-B=0=A=-B
= 30B — 20B = 1

10B =1

1 1
B=—, A= ——
10 10



Therefore,
1

1

1

10

Since z(0) = 0,

hmgo)__locr
In(3) = 100

20—z

= In(

30 —

— X

20—«

dr = /kdt
x

1
1—0(— In|20 — z| +1n |30 — z|) = kt + C', C is an arbitrary constant

1 30 —x
:—ln}
10 20—z

| =kt+C

) = 10kt + 10C' (sincex < 20,

—x 3
= 10kt + In(=).
%) = 10kt +1n(5)

30
have 1
so we now have n(20 —

Taking both sides to the power of e, we have

dy
dx

€xr — —

30 —x _ ol0kt+In(3/2)
20—z
30 =2 1n(3/2) 10kt
20—z c ©
= e
20—z 2
30 — = 30610kt _ %elok‘t
3z o0kt _ 30 _ 310kt
2

:13(1 ; lOk:t) — 30( lOk:t)
30 lOk:t
30(1 = ek

2 _ 3610kt
(——)

60 IOkt
601 — !

92 _ 3610kzt

=Y =¢e%e Y

so e’dy = e*dx

/eydy = /exda:

ey =e*+ (C, C is an arbitrary constant

y=1In(e® +C)

10

30 —x
20—«

> 0)



Since y(0) = 1,

1=In(1+0C)
e=1+C
C=e—1

Therefore, y = In(e” + e — 1) is a solution.

dy  02y(18+0.12)
dr — x(100 + 0.5y)

1 . 2(1 1

( oo+05y)dy: 0.2(18 40 a:)dx
Yy x

100 3.6

(? + O.5)dy = (7 + 0.02)d£€

/(1yﬂ +0.5)dy = /(% +0.02)dz

1001n |y| + 0.5y = 3.6 1n |x| + 0.02z + C
Since y(10) = 10,
100ln10+5=3.6In104+ 0.2+ C
C=964In10+4.8
Therefore 1001n |y| + 0.5y = 3.6 In|z| + 0.022 + 96.4In 10 + 4.8

j—i =(1+Inz)y

1
gdy =(1+Inz)dx

/édy:/(l—i-lnx)dx:/d:r:-i—/lna:dx

nlyj=z+znz—-—z+C

Inlyl=xlnz+C
6xlnx+C — eCexlnx _

|y‘ — eCelnxz

ly| = e“ ©

x” , e“ is a positive arbitrary constant
This gives the solution y = kx”, k is an arbitrary constant.

Since y(1) = 1, we have 1 = k1! so k = 1 and a solution is given by y = 2.
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13. Making the substitution v(x) = u’(z) we have

: _v(x)b

v'(x) = .
do _ b
dr —  x

1 b

—dv = ——d:r:

/ —dv = /——da:
In|v| = =b(In|z| + C) where C is an arbitrary constant.

Since v(z) = v/(x) > 0 and = > 0, we have

Inv=—-b(Inz +C)

v = e—blnm—|—c — e—blnmeC’
u'(x) = e tIneel
_ elnx_bec
=Yg

= kz~% where k = ¢ is an arbitrary positive constant.

Finally,
klnx +kky ifb=1

_ b _ 1—b
u(:l:)—/kx d:r:—{kl:ﬁ b+kk2 £ 1

where ks is another arbitrary constant. More simply, we may write

ulz) = { ko'~ +ky  ifb £ 1

where k1, ko are arbitrary constants and k; > 0.

1
14. (a) Separating variables, EdB =rdt

1
/EdB:/rdt

In|B| =rt+ C, C is an arbitrary constant.

Integrating,

We know B > 0, so

InB=rt+C
B — eT‘t-l—C
B =¢eCe

12



When t =0, B= P so P =e%e’ = ¢°.

Therefore the solution is

B = Pe™ .
dB N
We have — =r(B — —
e have — r( . )
1
dB = rdt
N
B—
r
Integrating,
1
/ dB = /Tdt
N
B
r

N
In|B— —|=rt+C, C isan arbitrary constant
T

B— E — ert—i—C
r
N
B=celt + —
-
Since B = P when t =0,
N
P=c%"+ —
-
N
P=e%4—
r
N
e =P —
r
N N
Therefore the solution is B = (P — —)e"" + —.
r r

With 7 = 0.05, N = 200, the balance equation becomes B = (P — 4000)e%-9% + 4000.
With P = 3000, 4000, 5000 the balance equations are

B = —1000e%9* + 4000
B = 4000
B = 100029 + 4000

with graphs:

13



5000
4000
3000

277t

15. (a) Separating variables,

—dB (0.25¢ 4+ 0.50)dt

/ /O25t—|—050

0.25t2
In|B| =

+0.5t+C, C is an arbitrary constant.

Since B > 0,
In B = 0.125t%2 + 0.5t + C

B— 0.125t2+0.5t+c

B = ¢C0-125¢°40.5¢

When t = 0, B = 100000 so
100000 = e = €

so the solution is
B — 10000060.125t2—|—0.5t

(b) When t =5,
B = 10000060.125(25)—|—0.5(5)
= 100000¢°-6%°
= $27727228.45

16. (a) Separating variables,
dp = kdt

(P — po)

/(p—lpo)dp N /kdt

Inlp—po| = kt+C

14



C is an arbitrary constant. |p — po| = e***+¢.

(Case 1)
P > Po
p—py = e"te
p = %" +po
= Coe® + po
where Cs > 0 is an arbitrary constant.
(Case 2)
p < Po
po—p = "¢

p = po— Cae™

where Cs > 0 is an arbitrary constant.
(b) Case 1: lim;_oo p = limy o, C2e* + pg = pg since k < 0
Case 2: limy_,o0 p = limy o0 po — Cae¥t = pg since k < 0
in both cases, p — pg as t — oo.
(c) Case 1: When t = 0,p = Cae® + py = C3 + po.
Case 2: When t = 0,p = pg — Coe® = pg — Co. Thus when t = 0, the price is $ Cs
above or below the equilibrium price.

17.
(a) [ ) a a
(1) = / e 'dt = lim e~ tdt = lim —e™!
0 a— 00 0 a— 00 0
= lim —e *+1
a— o0
=1

Fn+1) = / t"e"tdt = lim [ t"e 'dt
0

a—0 0
U =" dv = e tdt
du =nt"1' v =—et
a a
= lim [—t”e_t —|—/ nt”_le_tdt}
a— 00 0 0

a— o0

a [e/e)
= lim n/ t”_le_tdt:n/ t"leTtdt
a— o0 O 0

= nl'(n)

a
= lim {—a”e‘a—l—n/ t”_le_tdt}
0

15



(c) Given any positive integer n,

I'n) = (n—1)I'(n—-1)

from (b)
= (n—=1)(n-2)...(3)(2)(1)I'(1)
= (n—1)(n—-2)...(2) from (a)
= (n— ]_)|
2x 2
18. (a) Let = ,g(x) =
(@) Tet f() =~ gls) = ——
e e 2z ¢ 2
r)dr = dxr = lim/ dx
9 f(> /; 1'2—1 a—oo [o 1/':5.2_1
=l v = 22 -1
- alggo > ﬁdu where d 2xdx
— lim 2% IZZ
— lim 2v/2% 1 :
= lim 2va2 —1—-2V3
= o0
Since g(z) > f(z) for z > 2, [~ g(x)dz is also divergent.
—2x —x
0) Lot flo) = oy ale) = Y7
—2 —2
—2x
[t = | e
@ 2x
ST T g
amtoo | (@257
. v = 22 +5
N aEIEloo o ?du where du = 2xdx
1 xz=a
= lim ——
a——00 Ulr=-2
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-2
S0 / f(x)dz is convergent.
oo .,
Since |f(x)] > |g(z)| for all x < =2, / g(z)dx is also convergent.

— 00

19. If p =0, then

/ xpdx:/ dr = lim dr = lim z| = lim(a—1) = o0
1 1

a— 00 1 a— 00 1 a— 00

so it is divergent.

If p=—1, then
o o0 1
/ xpda::/ —dx
1 1 L
= lim Edm = lim ln|x\‘1 = lim (In(a—1)) = o
a— 00 1 a— 00 a—0o0

so it is divergent.
If p#£ 0, —1 then

/ zPdr = lim zPdxr = lim
1

a— o0 1 a— 00

a ap+1 1
= lim < — —)
1 a—oo \ P+ 1 p+ 1

For the limit to be finite, it is required p+1 < 0, or p < —1. We know p # —1, so we

know the integral is convergent if p < —1. If this is the case, then it has the value ——-

p+1

xp+1

p+1

given by the above limit.

20. (a)
' (t) = 1000t(—0.5)e %5 4 1000e -5

= 1000e%%(1 — 0.5t)
The only critical point is t = 2.

' (t) = 500e~%-5%(0.5¢ — 1) — 500e %%
= 500e~4(0.5t — 2)

t = 4 is an inflection point where the concavity changes from negative to positive.

Since r”(2) < 0, the critical point ¢t = 2 is where an absolute maximum occurs.

r(0) = 0.

There are no vertical asymptotes, and a horizontal asymptote is at » = 0. Therefore
the sketch is

17



r(t)

oint of inflection
‘/v\/p\
1 1

t

2 4

The graph shows an absolute maximum occurs when t = 2, so 2 days after the epidemic
began people were getting sick the fastest.

The total number of people who get sick is the number of people per day for each and
every day as t — oo. Therefore, this is given by

/ r(t)dt = / 1000te -5t dt
0 0

Yy
= lim 1000te= 02t dt

Yy—x Jo

= lim —2000te= 9%

Yy—0oo

Y y
+ / 2000e %5t qt
0 0

integrating by parts with
u=1000t dv =95

—0.5t

du=1000 v= =5

Y T
= lim —2000ye "% + 0 — (4000¢ " z)
= lim —2000ye™"" — 4000 " +- 4000
— 4000

4000 people get sick altogether.

We search for the profit function when the new version is bought at a time 7. This is
the revenues less the cost.
Revenues: Before time T, $ R per unit of time was generated. Keeping in mind
that inflation is r compounded continuously, the present value of $ R at any time ¢
is Re™"t. So the total present value of the revenue generated by the early version is
fOT Re~"dt.

Similarly, after time 7" and continuing indefinitely thereafter (by assumption), the
new version will generate a present value revenue of f;o Se~"dt. So the present value
of the revenue is fOT Re~"tdt + [2° Se~"'dt.

18



Cost: At time T, the new version will cost Ce=7T. So the present value of the price
of the new version is Ce~*Te~"T = Ce~("+*®)T  This is the only cost.

Hence the profit function to be maximized is:

T oo
m(T) = Revenue - Cost = / Re‘”dt+/ Se~"tdt — Ce—(rtw)T
0 T

T b
= / Re "'dt + lim ( / Se—”dt> — Ce (rto)T,
0 b—oo \ JT
And by the Fundamental Theorem of Calculus, this is:

= [F(T) — F(0)] + lim [G(b) — G(T)] — Ce~r+w)T

b—oo

= Re ", and dG(z)

— S —TrT
€T dx © )

= F(T) — F(0) 4 [lim G(b)] — G(T) — Ce~(r+w)T"

b—oo
We now look for critical values by finding %W(T) and setting to zero:

dm(T) d

o = Z(F(T) = F(0) + lim G(b) ~ G(T) — Ce™ +I7)

and noticing that F'(0) and lim,_.., G(b) are constants with respect to T', we get:

= Re™™ — Se™ T 4 (r 4 w)Ce™ (Tt
= (R—8)e™ ™" + (r +w)Ce )T

Setting this to zero, we solve for T*:

(S—R)e™™ = (r+w)Ce (rTw)T” multiply both sides by e’ :
= S—R = (r+w)Ce T

= e W7 = 7S_R
- O(r+w)
S—R
—wT* = In[ 22—
- v n(C’(r-i—w))
In C(r_—l—w)
w

Note: if T™ is zero or negative, then upgrade immediately! Also: The Fundamental
Theorem of Calculus, strictly speaking, does not need to be used in solving this problem.
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However, using it allows us to bypass performing an unnecessary integration and also an
unnecessary differentiation.

(b) It is best to measure time in months. To this extent, monthly inflation is 1% (com-
pounded continuously), since e1233) = erm() = =0.1.
R =600 and S = 700. To find C and w, note (if we set t = 0 to be the beginning of
1996), that:

Ce () =5 000 = C = 5, 000.

Then, for the beginning of Feb. '96:

4901 4901
= 1 ~

—w(1) —4 1 —w _ - ~
Ce W= e 5000 " 5000

.02.

5000(.01+.02))

! ( = In (129) 4
So, from our results in part (a), 7" = 700609 _— (360) ~ 055

.02 .02 .02
she should buy the Cat on Sept. 8th, 1997.

= 20.275. So
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