Solutions to Supplementary Questions for HP Chapter 10
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2. (a) Let a =0, f(z) =1, and g(z) = —1.
(b) Let a =0, f(x) = sgn(z), and g(x) = sgn (z), where

1 x>0
sgn(z):=¢ 0 x=0.
-1 <0

3. (a) If ¢ =0 then lim,_,o 37”2”_1 = lim, 02 = 0 = £. Otherwise,
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4. (a) Not possible to find with the given information.
(b) L



(c) Not possible to find with the given information.

(d) Not possible to find, — L, not possible to find.

5. (a)
i) When z > 1, [t —1| =x—1, and so lim,_,+ F(x) = lim,_,1+ % =
lim, 4+2x+1=2
ii) When z < 1, |[z—1| = —(z—1), and so lim,_,;- F'(z) = lim,_,;- %

=lim, ;- —(z+1)= -2

(b) No. lim, .1+ F(z) =2 # —2 = lim,_,;- F(x), so the left-hand limit is not the same
as the right-hand limit and thus lim,_,; F'(z) does not exist.

(¢) (i) When = > 1, F(z) = x + 1 (from (a) 1)), and (ii) When = < 1, F(z) = —(z + 1)
(from (a) ii)), (iii) When z = 1, F'(x) does not exist, so we have:
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6. (a) The slope of the line is % = ln(zaﬁg)__hll(l) = ln(ljﬁ) =2In(1+ ).
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(b) Writing h = =, we have h — 0 as n — 00 so
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n—oo 1 n h—0 h
— lim In(1+h) —1In(1)
h—0 h

=g'(1) (where g = Inx)
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=g (D) since the function e” is continuous and we

know lim nln(1 + Z) =rg'(1)
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7. (a) For a principal amount of money, P, P(1 + Z)" is the sum of money resulting
from compound interest, compounded n times at the interest rate r, so we should have

P(1+ Z)" < P(1+ 7%5)" " which implies (1 + £)" < (14 25)"+.

(b) In the graph of y = Inz we can see that 21 In(1 + ) > 2 1n(1 + 1), the slopes of

the lines A and B respectively.
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y=Inx

slope A > slope B
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Therefore (n +1)In(1 + 25) > nin(1 + ) and et IA+357) 5 enn(43) g6 (1 +
L)t > (14 L),
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8. (a) f(x) = {(1)’ 2;:316 <1 , so f(z) is discontinuous at x = 1.
: <
(b) f(x) = {(1)’ 2;? <1 , f(x) is undefined at z = 1. Thus f(x) is discontinuous at

9. For m < 0, the function is undefined at x = 0 and is therefore not continuous there.
For m = 0, f(x) = 1 and is therefore continuous everywhere. For m > 0, lim,_,oz™ =
0 = f(0), so f(z) is continuous at x = 0. Therefore, it is required that m > 0 for f(x) to

be continuous at x = 0.



10. (a) f(z) = (z — @)™ fi(z), where fi(a) # 0 g(z) = (z — a)"g1(z), where g1(a) # 0
and m >n > 1.
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(b) W) = —5m

11. (a) When 22 — 1 = 0, then f(x) is not defined. So we need only consider
i) when 22 — 1 > 0. Here f(z) = ;2:} = 1 is continuous everywhere where
> —1>0.
ii) when 22 —1 < 0. Similarly, f(z) = % =

where 22 — 1 < 0.

—1 is continuous everywhere

(b) f(x) is not defined when 2% — 1 =0, i.e., when x 4 1
i) If z = 1, then since
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B) xlinqur o —Ili)I{l+ o =1, then

no matter what our choice for f(1), f cannot be continuous at x = 1 since the
left-hand and right-hand limits differ.
ii) Similarly, if x = —1, then
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hence, no value of f can be found at —1 to make f continuous at —1.



