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The main part of the thesis is applications of the Strong Artin conjecture to num-
ber theory. We have two applications. One is generating number fields with extreme
class numbers. The other is generating extreme positive and negative values of Euler-
Kronecker constants.

For each number field K of degree n, there is the Artin L-function L(s,p) =

attached to K. When L(s, p) is an entire function and has a zero-free region [a, 1] x
[—(log N)?2, (log N)?] where N is the conductor of L(s, p), we can estimate log L(1, p) and

/ .
Lf(l, p) as a sum over small primes:

logL(1,p) = Y AP+ Okall)

p<(log N)F

L A(p)logp

f(lap) == Z — + Opza(1).
p<x?

where 0 < k < % and (log N )1% < 2 < Ni. With these approximations, we can study
extreme values of class numbers and Euler-Kronecker constants.

Let R(n,G,ry,ry) be the set of number fields of degree n with signature (r1,79) whose
normal clousres are Galois G extension over Q. Let f(z,t) € Z[t][x] be a parametric
polynomial whose splitting field over Q(¢) is a regular G extension. By Cohen’s theo-
rem, most specialization ¢ € Z corresponds to a number field K; in K(n,G,r,re) with

signature (r1,r2) and hence we have a family of Artin L-functions L(s, p,t). By counting
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zeros of L-functions over this family, we can obtain L-functions with the zero-free region
above.

In Chapter 1, we collect the known cases for the Strong Artin conjecture and prove
it for the cases of G = A4 and S;. We explain how to obtain the approximations of
log(1, p) and %(1, p) as a sum over small primes in detail. We review the theorem of
Kowalski-Michel on counting zeros of automorphic L-functions in a family.

In Chapter 2, we exhibit many parametric polynomials giving rise to regular exten-
sions. They contain the cases when G = C,,, 3 <n <6, D,, 3 <n <5, Ay, A5, 54, S5
and S, n > 2.

In Chapter 3, we construct number fields with extreme class numbers using the para-
metric polynomials in Chapter 2.

In Chapter 4, We construct number fields with extreme Euler-Kronecker constants
also using the parametric polynomials in Chapter 2.

In Chapter 5, we state the refinement of Weil’s theorem on rational points of algebraic
curves and prove it.

The second topic in the thesis is about simple zeros of Maass L-functions. We consider
a Hecke Maass form f for SL(2,Z). In Chapter 6, we show that if the L-function L(s, f)
has a non-trivial simple zero, it has infinitely many simple zeros. This result is an

extension of the result of Conrey and Ghosh [14].
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Chapter 1

Artin L-functions

1.1 The strong Artin Conjecture

Let p be an n-dimensional irreducible representation of G = Gal(K/Q) for an Galois
extension K/Q. Artin conjectured that the Artin L-function L(s,p) is a holomorphic
function on the complex plane and it is called the Artin Conjecutre. Langlands conjec-
tured that L(s, p) actually is automorphic, i.e. L(s, p) = L(s, ) for a cuspidal automor-
phic representation m of GL(n)/Q. Since a cuspidal automorphic L-function is entire,
Langlands’s prediction implies the Artin Conjecutre so it is called the strong Artin Con-
jecture.

For several cases, the strong Artin Conjecture is known to be true. For the one-
dimensional representations, the strong Artin conjecture is true. By Langlands and
Tunnell, the strong Artin Conjecture is true for 2-dimensional representations of solvable
groups. When the projective image of two-dimensional odd representation p is isomorphic

to As, then L(s, p) is automorphic by the recent work of Khare and Wintenberger [35].

Here we prove that the strong Artin Conjecture is true for the three-dimensional

representations for Gal(K/Q) = Sy and Ay.

Proposition 1.1. Let K be a number field such that G = Gal(K/Q) is isomorphic
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to Syor Ay. Then, for any irreducible representation p of G = Gal(K/Q), its Artin
L-function L(s, K/Q,p) is automorphic. Especially, the strong Artin Conjecture for

Syand Ay case is true.

Before proving Proposition 1.1, we introduce another proposition. We find an idea of

this proof from Wang [69].

Proposition 1.2. Let ¢ be an octahedral (resp, a tetrahedral) representation of Gg
and let G denote ¢(Gg). Then G is isomorphic to (GL(2, F3) x Cyy,,)/{£(I,1)},(resp,
(SL(2, F3) x Cop) /{E(1,1)}) where Z(G) = Cyyy, the cyclic group of order 2m.

Hence each irreducible representation ® of G can be expressed uniquely as (P, 1),
where g = @ |gr(e,m) i an irreducible representation of GL(2, F3) (resp, SL(2,F3) )
and 1 = P |¢,,. is a character of Cyy,, and such that ®o(—1) = pu(—1)I. Furthermore,

each such pair (®o, ) gives an irreducible representation of G.

Proof. First Sy case.
We consider the 2-dimensional representation W of GL(2, F3) = SL(2,F3)x < a >

defined by

-1 1 -1 1 1 -1 1 -1
\Ij — ’\If =

~1 0 10 11 V2 -1+ 2
This induces an embedding ¥ of PGL(2, F3) = PSL(2, F3)x < @ > into PGL(2,C),

where @ is the projective image of a in PGL(2, F}).

Now let ¢ be the projective representation from an octahedral representation ¢. Then
¢ factors through a Galois group isomorphic to PGL(2, F3). Via isomorphisms, we
identify it with PGL(2, F3) and ¢(PGL(2, Fy)) with S(PGL(2, Fy)).

The image of G’ = [G, G|, a commutator subgroup of G, in PGL(2,C) is X(PSL(2, F3))
because [Sy, S4| = A4. Since det(G’) = 1 and A4 has no irreducible 2-dimensional repre-
sentation, we have Z(G') = {£I}. So G’ is ¥(SL(2, F3)) which is isomorphic to the cen-
tral extension SL(2, F3) of PSL(2, F3) by {£1}. Then {G’ x Cs,,}/£(1,1), where Cy,, is
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Z(G), is the pre-image of X(PSL(2, F3)) and it becomes a normal subgroup of G with in-
dex 2. Since PGL(2, F3) = PSL(2, F3)x < a >, X(PGL(2, F3)) = 3(PSL(2, F3)) x X(<
@ >). Since the image in PGL(2,C) is determined by modulo Z(G) = Cyy,, G also
contains V(< a >). So finally we have G = {G' x Cy,}/ £ (I,1) X U(< a >) =
{(W(PGL(2, F3)) x V(< a>)) x Com}/ £ (1,1) = (GL(2, F5) x Com) /{£(I, 1)}

Second A, case.
If det(g) = 1 for all g € G, then we have G = SL(2, F3). If not, we claim that G’ = Qs,
where Qg is a quaternion group. To see this, its image in PGL(2,C) is isomorphic to V/,
the Klein 4-group. Since V' can not be embedded into GL(2,C) with property det = 1,
G’ is isomorphic to a central extension of V' by Z/27Z. There are 3 non-split central
extensions of V' by Z/2Z: Cy x Cy, Dg and Q)g. Since Cy x Cy is abelian, it should be
excluded. And if Dg = {r* = 1,5 = 1,srs = 13} is embedded into GL(2,C) with
property det = 1, it induce a contradiction. Because det(s) = 1,s% = I implies s = —1,
we have r? = I. So it is a contradiction.

Since SL(2, F3) = H x K where H = Qg and K =< b > for some b of order 3, by
the similar argument above, we have G = (SL(2, F3) x Cap)/{£(I,1)}

The other part of the proposition is easily followed. O

Proof of Proposition 1.1:

Since Gal(K/Q) = Sy, using an embedding of Sy into PGL(2, C), we have a projective
representation @ : Gg — PGL(2,C). Since H*(Gg,C*) = {1}, there exists a lifting
w of @. Then by Proposition 4, w factor through Gal(K/Q) which is isomorphic to
(GL(2, F3) x Cop,)/{x£(I,1)} for some m > 1.

By Proposition 1.2, the irreducible representations of Gal(K /Q) are suitable twists
of irreducible representations of GL(2,F3). Since every irreducible representation of
GL(2, F3) is automorphic (See Kim [37] for relevant references), so is that of Gal(K /Q).
Since (x1,1), (x1,1), (X2, 1), (x3,1),(x3, 1) are irreducible representations of Gal([?/@)

which factor through Sy, Proposition 1.1 follows. The proof of A, case is essentially the
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salne.

Remark 1.3. Proposition 1.1 is well-known to the experts, at least implicitly, under
the assumption of the existence of the double cover K /K where Gal(K /Q) is GL(2, F)
and it is stated in Kim ([37], p.100). What is new is the observation that K always has
a central extension K such that Gal(K/Q) = (GL(2, F3) x Cap)/%(I,1) and so every
3-dimensional representation attached to K is equivalent to a twist of a symmetric square

of 2 dimensional representation of GL(2, F3).

Recently, Calegari obtained the modularity of S5 Galois representations for a special

case.

Theorem 1.4 (Calegari [5)). Let K/Q be a quintic extension with Gal(K/Q) = Ss.

Furthermore, we assume that
1. Complex conjugation in Gal(K Q) = S5 has conjugacy class (12)(34).
2. The extension [A(/@ 18 unramified at 5 and the Frobenius element Frobs has con-
Jugacy class (12)(34).
If p: Gal(ff/@) — GL,(C) be an irreducible representation of dimension 4 or 6, then

p 18 modular.

Remark 1.5. The modularity of the 4 dimensional representation p is considered by Y.
Zhang [71] in his PhD thesis. He observed that p is equivalent to a character twist of
Asai lift of o, where o is an icosahedral representation over F', the quadratic subextension
over Q. Calegari also proved it and used the result of S. Sasaki [57] on the muldarity of

o to prove the modularity of p.

1.2 Approximation of log L(1, p) and %(1, p)

When an Artin L-function L(s, p) has a zero-free region, we can approximate log L(1, p)

and %(1, p) as a summation over small primes. The following proposition by Daileda is
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crucial for these two approximations.

Proposition 1.6 (Daileda, Corolloary 4 in [18]). Let F'/Q be a finite Galois exten-
sion and let p be an l-dimensional complex representation of Gal(F/Q) of conductor
N. Let 6/7T < a < 1. If L(s,p) is entire and is free from zeros in the rectangle
[, 1] x [—(log N)?, (log N)?] and N is sufficiently large, then

1 L L x? (log N)?

— I Sds — —
2mi ) L (S + u7p) (S)x S L (u’ p) <<l (1 . Oé)z\/N (1 _ 05)33:(17(1)/8

for1 <wu<3/2and x> 1.

As an application of Proposition 1.6, Daileda approximates log L(1, p). We copy the

proof in [18] for the sake of completeness. Let

HL 5.0)yp ZA - LGy = ] ] = astpip™) 7

Then A(p) = X0, ai<p>, and [A(p)| < n.

By Mellin inversion of I'(s) and logarithmic derivative of L(s, p),

1 L/ S l - —RUu ,— k x
5 | s +upl(s)a’ds =~ > Y logp > aip)p e
(2) i=1 p k=1

Substitute this to Proposition 1.6 and integrate from u = 1 to u = 3/2. Then we

have
7 N (log N)?
(1-— a)zx/ﬁ (1 — )3g-o)/8

Here we used the fact that the terms for £ > 2 converge absolutely.

> Ap)pte " —log L(1, p) + log L(3/2, p) <
p

If y < x then,
21
Ep 1—6_”/‘” <1, g ple™P" < 1 and g pleP/T = log( ng)—l—O(l).
logy
p<y p>x2 y<p<z?

Take z = (log N)!/(=%) and y = (log N)* with 0 < k& < 16/(1 — «). Since

log L(3/2, p) < 1, we have

log L(1, p) = Z AP)p~" 4 Oppa(l)

p<(log N)F

and it is summarized as follows.
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Proposition 1.7 (Daileda, Proposition 2 in [18]). Let L(s,p) and N be as above. Let
S < < 1. Suppose that L(s, p) is zero-free in the rectangle [ov, 1] x [—(log N')2, (log N)?].
If N is sufficiently large, then for any 0 < k < 11—6

logL(Lp)= > App" + Ourall).

p<(log N)*

Now we want to approximate %(1, p). Set uw =1 in Proposition 1.6. Then

L 1 L z? (log N)?
1 — 1 *T'(s)d . 1.8
L( L 2mi /(2) L (s 41, p)a"T(s)ds < (1 —a)2V/N * (1 — a)3z(i-o)/8 (1.8)

By taking logarithmic derivative of L(s, p) and the Mellin inversion of I'(s), we have

1

/
~5 ()2(5—1—1 p)L(s)x ds—ZZIngZaZ “kemp"/x,

Since the terms for £ > 2 converge absolutely, we only need to estimate

Z)‘ logp

)

Let = be a constant with (log N)% <z < Ni.

Then the error term in (1.8) is
Oi3,0(1). On the other hand,

logp B logp _
—L(1—-eP7) <1, —Le v« 1.
>, >

p<z p>x2

. . . / . . .
Hence we obtain an approximation of %(1, p) as a sum over a short interval and it is

summarized as follows:

Proposition 1.9. Suppose that L(s,p) is entire and free from zeros in the rectangle
[, 1] x [~(log N)?, (log N)?]. If N is sufficiently large, then for any constant x with
(log N)™== <z < N,

L A(p) log p

Z1p) == ST AROED L 5 ().

L( 710) Z P =+ lz, ( )

p<a?
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Due to lack of GRH, we cannot use Proposition 1.7 and 1.9 directly. We extend the
result of Kowalski-Michel [39] to isobaric automorphic representations of GL(n).

Let n =nq+---+n,, and let S(q) be a set of (71, ..., 7,), where 7; is a cuspidal auto-
morphic representation of GL(n;)/Q which satisfies the Ramanujan-Petersson conjecture
at the finite places for each 7, such that

(1) There exists e > 0 such that for (7, ...,m.) € S(q), Cond(m) - - - Cond(m,) < ¢

(2) There exists d > 0 such that |S(q)| < ¢%.

(3) The I' factors of 7; are of the form [[j*, I'(5 + a;), where a; € R.

Note that for (mq,...,m.) € S(q), 7 = m B --- B, is an isobaric automorphic repre-
sentation of GL(n)/Q, and Cond(r) = Cond(m,) - -- Cond(w,). So we can think of S(q)
as a finite set of isobaric automorphic representations of GL(n)/Q.

Let, for a > 73@ T>2,
N(ma,T)=|{p: L(p,m) =0, Re(p) > o, [Im(p)| < T}|.
Then clearly, N(m;a,T) = N(m1;,T) + -+ -+ N(m; 0, T).
Theorem 1.10. For some B > 0,

Z N(ma,T) < TBqCO%.
meS(q)

__ bnle

One can choose any cy > ¢, where ¢y = 3¢ +d and n' = max{n;}1<i<,.

Proof. Let S(q); be the set of the cuspidal automorphic representation m; of GL(n;)/Q
such that there exist 7y, ..., 1, Tix1, ..., T and (7w, ..., 71, T, Tig1, ..., ©) € S(q). Then
clearly, Cond(m;) < ¢° and |S(q);] < ¢%. So

T

Z N(m;a,T) :Z N(mi;a,T).

w€S(q) =1 m;€5(q);

(
Now we apply the result of Kowalski-Michel [39] to the inner sum. They assumed that

the Gamma factors of m; are the same. However, the assumption is used only to obtain
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the convexity bound (Lemma 10 of [39]), and our I'-factors provide the same convexity

bound. Hence our result follows. O

In the following, we apply the above result to a family of Artin L-functions. In this

case, the I-factors are a product of I'($) and ['(231).



Chapter 2

Regular extensions and Parametric

polynomials

This chapter is based on [6], [7] and [8]. We follow closely [6], [7] and [8].

A finite extension E of the rational function field Q(#) is called regular if Q N E = Q.
Suppose f(z,t) is an irreducible polynomial of degree n, and gives rise to a regular Galois
extension over Q(¢) with the Galois group G. Let K be a field obtained by adjoining to
Q aroot of f(x,t) with a specialization t € Z and let K, be the Galois closure of K. Let
C be any conjugacy class of GG. Serre observed the following important fact, regarding

distribution of Frobenius elements in a regular Galois extension ([63], page 45).

Theorem 2.1. There is a constant k > 0 depending on f(x,t) such that for any prime
p >k, there is tc € Z so that for any t = tc (mod p), p is unramified in f(\t/@, and
Frob, € C.

We want to construct regular extensions E over Q(t) as a splitting field of f(z,t) €
Z[t][z] over Q(t). Let R(n, G, r1,72) be the set of number fields of degree n with signature
(r1,72) whose normal closures are G Galois extension over Q. Assume that f(z,t) of
degree n gives rise to an G Galois extension over Q(¢) which is also regular. By Hilbert’s

irreducibility theorem, for infinitely many specialization ¢ € Z, we have number fields
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of degree n whose normal closures are G Galois extensions over (). Moreover, Cohen
obtained a quantitative version of Hilbert’s irreducibility theorem. His theorem is valid
in a very general setting. We paraphrase it into our special case. For f(x,t) € Z[t][z], we
define the height | f| of f to be the maximum of absolute values of the integral coefficients

unless this quantity is less than 8, in which case put |f| = 8 and let || f|| = log | f]|.

Theorem 2.2 (Cohen [12], Theorem 2.1 ). Let f(x,t) € Z[t][x] be a non-zero polynomial
of total degree not exceeding n in the indeterminate x with Galois group G over Q(t).
Then, provided N > |f|°, the number of a € {t € Z|[t| < N} for which G(«), the Galois

group of f(x,a) over Q, differs from G does not exceed
|f|/*N?1og N

where ¢ = c(n). Indeed, if actually N > exp(c||f]|?), then the number of exceptional a

does not exceed cN'/?1og N.

By Cohen’s theorem, once we find a polynomial f(z,t) giving rise to a regular G Galois
extension, we also have number fields K € 8(n,G,r,15) for some suitable signature
(r1,7m3).

Remark 2.3. To apply Theorem 2.2, the total degree of f(z,t) should not exceed the
degree of x. In section 2.1.3, the total degree of the simplest quintic polynomial is 6
which is bigger than 5. However, we don’t need Theorem 2.2 in the case because the

Galois group of f(z,«) is C; for all a € Z.

Also we have to compute an upper bound of regulators of number fields we constructed
when we estimate the class numbers. In many cases, it is crucial to know the locations
of roots of the polynomial f(z,t) to determine independence of units and find an upper
bound of regulators. We introduce the following lemma from [52],[60].

Lemma 2.4. Let f be a polynomial of degree m and f(a) # 0, f'(a) # 0. Then for

every circle C' passing through o, o — %(5), at least one root of f is inside of C', and

one root outside of C.
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2.1 Cyeclic groups

Let f(z,t) = 2" + a;(t)x" ' + -+ + a,_1(t)x & 1 be an irreducible polynomial over Q(t)
such that a;(t) € Z[t]. Suppose f(z,t) gives rise to a cyclic extension over Q(¢), and if
t € 7, it gives rise to a totally real extension over Q. For each integer ¢t > 0, let K; be the
cyclic extension over Q. Let Gal(K;/Q) = {1,0,0%,...,0" '}. Let 6 be a root of f(x,t).
Then 0,0(0), ...,0™" () are roots of f(x,t).

We show that if n = p is a prime, o(f), ..., (f) form independent units, and the

regulator of K is small. By definition, the regulator of Z[#] is
= | det(log 0" (0)])1<ij<p1 .
Theorem 2.5. (1) R # 0, and (2) R < (logt)P~!

Proof. By Lemma 5.26 in [70], we have
I (S weestoon).
x#l
where the product runs over the nontrivial characters of Gal(K;/Q).
Since t=¢ < o%(#) < t¢ for some ¢,d > 0 depending only on f(z,t), |log|c*(9)|] <
logt. Hence (2) follows.

Since 6 - o(0) - - aP71(0) = £1,
log |0] +log |o(8)| + - - - + log |[o”~(6)] = 0.

Hence we write

p—1 p—1
X(o')log|a*(0)] = > (x(0") — 1) log|o*(0)].
i=0 i=1
Since p is a prime, by [19], o(f), ..., o~ (#) are multiplicatively independent. Hence
log|a(6)],...,log|o?~1(0)| are linearly independent over Q. By Baker’s theorem [2], they

are linearly independent over Q.
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Since x(c*) are roots of unity and x # 1, one of x(o%) — 1 is not zero. Hence

p—1

Y (x(e") ~ 1) loglo(8)] # 0.

]

Remark 2.6. If n is not a prime, we still have R < (logt)"~'. However, R = 0 for a

composite number n. We show this for simplest quartic and sextic fields.

2.1.1 Simplest Cubic Fields

It was Shanks [64] who introduced Simplest cubic fields parameterized by
flz,t) = 2® —ta* — (t +3)z — 1,

for t € Z*. Tts discriminant is ¢(t)? with g(t) = t* + 3t + 9.

2.1.2 Simplest Quartic Fields

Consider totally real cyclic quartic fields K; generated by a root of
flzt) =a* —ta® —62* +tx +1, t € Z7.

Here Disc(f(z,t)) = 4(t* + 16)3. This polynomial is studied by Lazarus. We refer to his
PhD thesis [41] for the detail.

We can express the 4 roots of f(z,t) explicitly.

Vt2 + 160/ V2 +16+t V2 4+16 ¢t
91,2,374:{/ + Vit N Ak + -, t#£0,3
2v/2 4 4

where the second and third ambiguous signs agree.
Let 6, be the largest root by choosing + for all signs. The Galois group action on the
roots is given by

1
0:0-»—)9]

- =0, 1 =1,2,3,4.
J Qj_l_l G415 J y Ly Iy



CHAPTER 2. REGULAR EXTENSIONS AND PARAMETRIC POLYNOMIALS 13

Now 01,60, = o(0;) and 63 = ¢%(6;) are not multiplicatively independent. The regu-

lator

M (zx Jlog o >|>

X;él =0

vanishes because the term corresponding to x (o) = ™ is zero.
It is known that 61, > and ¢, are independent units where ¢, is the fundamental units

of Q(v12 + 16) (See p.10 in [41]). When t is even, we can find €.

Proposition 2.7 (Lazarus). When t is even, € is given by

t/2+/(8/2)2+4 t =9 mod 4

2 Y

€ = %57 t=38

(t/4) ++/(t/4)2 + 1, otherwise.

Hence by Proposition 2.7 and the value of #; and 6,, for even ¢ the regulator R, is
Rk, = O(log®t) for even t. (2.8)

Also we can determine the discriminant dg, with 2-adic valuation v»(t) of ¢ and it is at

t (t2+16)3

. So the simplest quartic fields are distinct and the regulator is O((log dg;, )*)

leas
for even t.
From the root formula for f(x,t), it is clear that f(z,t) gives rise to a Cy regular

extension over Q(%).

2.1.3 Simplest Quintic Fields
Emma Lehmer [42] introduced a family of quintic polynomials f(z,t) for ¢t € Z:
f(z,t) = P +22* — (22462 +10t4+-10) 2+ (t* +5t >+ 112+ 15¢4+-5) 2% 4 (£° + 42 +10t+10) 2+1.

Here disc(f(z,t)) = (3 + 5t% + 10t + 7)2(t* + 5¢3 + 15t + 25t + 25)*.
It is easy to show that f(x,t) is irreducible for all ¢ € Z when we observe it modulo

2. And it is also known that the zeros of f(x,t) generate a cyclic extension K; of degree
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5 over Q. Let G = Gal(K,;/Q) be the Galois group and ¢ be a generator of G given by

(t+2)+t0 — 6

0 At wriy ey

for a root @ of f(x,t). For the detail, we refer to [59]. Also it is obvious that the Galois
groups of f(x,t) over Q(t) and over Q(t) are both Cs generated by o. Hence f(z,t) gives
rise to a regular C5 extension over Q(t). Also, Smith [67] showed that f(z,t) gives rise
to a (5 regular extension.

Schoof and Washington studied these simplest quintic fields when P, = t* + 5¢% +
15t2 4 25t + 25 is a prime number. When P is a prime, then the zeros of f(z,t) form a
fundamental system of units in K;. Gaal and Pohst extended this result for square-free
P, (see the proof of Theorem 3.5 in [59]).

In this case, by Theorem 2.5, Rk, < (logt)*. Tt also follows from [59]: Let U denote
the group of units generated by the zeros modulo {£1}. Define iy = [O%,/{£1} : U].
Schoof and Washington [59] showed that iy < 11 if |t 4+ 1| > 20 and

36

B — ldet(] i+i(p y < |71+ ——-
|det(log |o ()’)1§,J§4|—( Jr10g|75+1|

> log" [t + 1.
Jeannin [33] found the prime factorization of P;.

Theorem 2.9 (Jeannin). The number P, is written in a unique way: P, = 5°¢° [[}, pi', c €

{0,2},q € N, p; distinct primes,z; € [1,4]. So the conductor of Ky is fy = 5[\, pi-
Especially if P, is cubic-free, then P, = 5[], pi" and 2 = 1 or 2 and
t' < P <5 [ p)? < (Di,)*

=1

Hence for cubic-free P;, when we combine all these arguments, we have

Rk, < log*(Dg,) (2.10)
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2.1.4 Simplest Sextic Fields

It was Gras [22] who introduced the simplest sextic polynomial f(x,t) first, given by

t—6 t+6 t—6 t+6
f(:v,t):$6—7$5—5%$4—20$3+5 1 z* + —g r+1

and discriminant of f(z,t) is 2 (2 + 108)°.

Let K; = Q(0), where 0 is a root of f(x,t). She showed the following properties:

1. If t € Z — {0,£6,4+26}, then f(x,t) is irreducible in Q[X], and K is a real cyclic
sextic field; a generator o of its Galois group is characterized by the relation o(6) =
(0 —1)/(0 +2). We have K_, = K, for all t € Z, and we can suppose that

teN-—{0,6,26).
2. The quadratic subfield of K; is ks = Q(v/12 + 108).

3. The cubic field of K, is k3 = Q(¢), where

3 20 4+ 1
:9—1—0 - _
¢ 0(0 +2)
and
t—06 t+6
Irr(gb,@):xS— 1 2 — Z x—1;

the discriminant of this polynomial is ((¢* + 108)/16)2. If ¢ = 2 (mod 4), ks is the

simplest cubic field.

4. The conductor f of K; is given by the following procedure: Let m be the product of
primes, difference from 2 and 3, dividing #* + 108 with an exponent not congruent

to 0 modulo 6; then f = 4*3!m, where

k=0ift =1 mod 2 ort =46 mod 16, k=1 if not.

l=0ift=1mod3 [=1ift=0mod 27, [ =2ifnot.
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As in the case of simplest quartic fields, 8,0(0),c2(6),03(0) and o*() do not form

independent units. The regulator
IS weeeioon)
x#l =0

vanishes because the term corresponding to x(o) = €™ is zero.

We need to find a set of 5 independent units in K; to compute an upper bound of the
regulator of K;. Let F be the group of units in K;. A unit in K; is called a relative unit
if its norm is £1 over ko and k3. The group of the relative units in K; is < £1 > @ F,
where

E,={ueE|u" =1}

and there is a unit ¢ such that every unit u € F, may be written
u = MM for some A,y € Z.

When ¢ is of some specific form, Gras [22] found a generator ¢ of E,. Define S(X) be

a finite set of positive numbers.
S(X) = {O <r <X |3r*+3r+1and 12r* 4+ 12r + 7square-free } )

For all r € S(X), let t = (6r + 3)(36r% + 36r + 18) and we consider fields L, = K; =

Q(w) where w = 07" = 9(3?:;1 Then there exits a unit v such that w = v'77. Hence

p = oy ;wH)ng. Then v is a generator £ of E,. Gras also shows that if r € S(X),

then the conductor of ks is fo = 3672 + 367 + 21, and the fundamental unit of & is

(12r% + 127 + 5) + (2r + 1)v/367r2 + 361 + 21
5 :

€y —

Since t = (6r+3)(36r%+36r +18) = 2 mod 4, the field k3 is a simplest cubic field. Hence

for r € S, we have an explicit set of independent units:

{EQa T, 7—027 v, UJ}
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where 7 is a root of 23 — =022 — &6, 1. Hence, for t = (6r + 3)(36r2 + 36r + 18) with
1 4

re S(X).

Rg, < (logdg,)® (2.11)

Now we show that f(z, (6r + 3)(36r% + 36r + 18)) gives rise to a regular C extension
over Q(r). If 6, is a root of f(x, (6r+ 3)(36r*+ 36r + 18)), then it is clear Q(r)(f,) is the
splitting field of f(x, (6r + 3)(36r% + 36r + 18) over Q(r) with Galois group Cs =< o >.
By the same argument, the Galois group of f(z, (6 + 3)(36r% + 36r + 18)) over Q(t) is

also Cg =< o >. Hence the claim follows.

2.2 Dihedral groups

2.2.1 Dj extensions with signature (1,1)

Consider a cubic polynomial
flz,t) =2 +tx -1
with disc(f(x,t) = —(4t> 4+ 27). This polynomial was studied by Ishida [31] first.

Theorem 2.12 (Ishida). Let K; = Q(n) be the cubic field of signature (1,1), where n is

the real root of the cubic equation
234t —1=0, (te€Z,t>2).

If 4¢3 + 27 is square-free or t = 3m and 4m? + 1 is square-free, then n is the fundamental
unit of K.

1+e€

It is easy to show that the real root 7 is located between —=* and —% for any € > 0.

Hence for ¢ with square-free 4t> + 27, the regulator Ry, is

logt < Rk, < (1+¢€)logt.
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Since dg, = — (43 + 27),

Rk, < log|dg,|. (2.13)

It is obvious that f(=,t) is irreducible over Q(¢) and its discriminant is not a square

in Q(t). Hence f(x,t) gives rise to a D3 regular extension.

2.2.2 D, extensions

Nakamula [51] constructed quartic fields with small regulators whose Galois closures have

D, as the Galois group. Nakamula uses a polynomial with 3 parameters
f=a"—sz®+ (t +2u)r* —usx + 1

where (s,t,u) € N x Z x {£1}, (s,t,u) # (1,—1,1).

The discriminant Dy of f is given by
D = DDy with Dy = s> — 4t, Dy = (t + 4u)* — 4us®.
For a zero € of f with |¢| > 1, we define a := ¢ + ue~!. Put

K =Q(e), F =Q(v/Dy), L=0Q(v/Ds), M =Q(/D1Dy)
Then F = Q(a) C K = F(e) = F(vVa? — 4u).

With signs of D; and Dy we can determine the signature of K. More precisely,

Lemma 2.14. [51] Assume F # Q and L # Q. Then K is a non-CM quartic field with
a quadratic subfield F', and |¢| > 1. If F' = L, then K is cyclic over Q. If F # L, then
K is non-Galois over Q, and the composite MK s dihedral over Q and cyclic over M.

Moreover
(T’l,TQ) = (0, 2) lf D1 < O

(7’1,7’2) = (27 1) Zf D2 <0
(r1,r2) = (4,0) otherwise.

Moreover, if F'# L, Dp = Dy and Dy, = Dy, then Dk = Dy.

Note that if K is not totally complex, the quadratic subfield F is real.
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D, extension with signature (0,2)
We specify that s = u = 1. Then we have, for positive integer t,
flx,t)=a* =2 + (t+2)2* — 2+ 1

with Dy = 1 — 4t, Dy = t*> + 8t + 12. If Dy, D, are square-free for odd integer ¢, Dy
equals (1 — 4t)2(t + 2)(t + 6). For a positive integer ¢, D; is negative, by Lemma 2.14,
(r1,72) = (0,2) and MK/Q is a D, Galois extension.

Nakamula estimated the regulator Rp of the field F'.

1 D
Rk = Zlogl—g +o0(1) as Dg — oc. (2.15)

To show that f(z,t) gives rise to a regular D, extension, we briefly recall how to
determine the Galois group of a quartic polynomial over an arbitrary field F in [11], page

358. We write a quartic polynomial f in the form
f=a"—cr*+cr? —cr+a
and we define the Ferrari resolvent of f to be
Qf(y) = y3 - 62y2 + (6163 - 404)y — C?), — 0304 + 4eocy.

Theorem 2.16. Let F' have characteristic # 2, and f € Flz] be monic and irreducible
of degree 4. Then Galois group of f over F' is determined as follows:
(a) If 64(y) is irreducible over F, then

Sy, if disc(f) ¢ F?
Ay, if disc(f) € F?

G:

(b) If O¢(y) splits completely over F, then G ~ Z /27 x Z]2Z.
(c) If O¢(y) has a unique root B in F', then
Dy, if4B +c —4ey # 0 and disc(f)(46 + ¢ — 4ey) ¢ (F*)?
G s isomorphic to or 48 + 2 — dey = 0 and disc(f)(8% — 4cy) ¢ (F*)?

Cy, otherwise.
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The Ferrari resolvent of f(x,t) is
Yy — (t+2)y* — 3y +4t+6=(y—2)(y* —ty — (2t +3)).

Then disc(f(z,t))(48 + ¢ — 4cy) = (1 — 4t)3(t +2)(t +6) ¢ (Q(t)*)? and (Q(t)*)%. By
Theorem 2.16, the Galois group of f(z,t) over both Q(¢) and Q(t) is D,. Hence f(x,t)

gives rise to a D, regular extension over Q(t).

D, extension with signature (2,1)

We specify that v = 1, = 1. Then we have f(z,s) = 2* — sz + 322 — sx + 1 and
Dy = s> —4 and Dy = 25 — 4s? = (5 + 25)(5 — 2s). Assume that D; and D, are
square-free for odd integers s. Then Dp = Dy, D;, = D, and by Lemma 2.14 we have
Dx = Dy = (s* —4)%(5 + 2s)(5 — 2s). For a positive integer s bigger than 3, D; is
positive and Ds is negative, by Lemma 2.14, (r1,7r2) = (2,1) and M F/Q is a D, Galois
extension.

Nakamula showed for the field generated by f(z,1t),

|Dk|

QR _ %log e+ o(1)

Rp
Rp = 3log Dp + o(1)

as |Dk| and Dp — oco. Here @ is 1 or 2 depending on K and F. Hence
Ry < (log |Dg|)2. (2.17)
The Ferrari resolvent of f(z,s) is
Yy =3yt + (T =)y —2(s" = 6) = (y — 2)(y" —y + (5" = 6)).

Then disc(f(z,s))(48 4+ ¢ — 4cy) = (s> — 4)3(5 + 25)(5 — 2s) ¢ (Q(s)*)? and (Q(s)*)%.

Hence f(z,s) gives rise to a D, regular extension over Q(s).
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D, extension with signature (4,0)

We specify that u = —1,# = 1 and s > 6. Then we have f(z,s) = 2* — sz® — 22 + sz + 1
and D, = s>—4 and Dy = 9+4s2. Assume that D; and D, are square-free for odd integer
s. Then Dp = Dy, Dj, = Dy and by Lemma 2.14 we have Dx = Dy = (s* —4)%(9 + 4s?).
For square-free s> — 4 and 4s? + 9, K, L are always distinct. Hence, by Lemma 2.14,
(r1,72) = (4,0) and M K/Q is a D, Galois extension.

Nakamula showed for the field generated by f(z, s)

Q}i"{ = Llog 2 log 25 + o(1)

Rp = log Dp + 0(1)

as Dg and Dp — oo. Here @) is 1 or 2 depending on K and F.
Hence

Ry < (log|Dgl)?. (2.18)
The Ferrari resolvent of f(z, s) is
Yyt = ()Y =2t +2) = (Y +2)(y" —y — (57 +2)).
Then disc(f(z,5))(48 4 ¢ — 4cy) = (5% — 4)3(9 + 45%) ¢ (Q(s)*)? and (Q(s)*)2. Hence

f(zx,s) gives rise to a D4 regular extension over Q(s).

2.2.3 D; extensions

Consider the polynomial in [60] for the case of D5 extension;
flz,t) =2° —ta* + (2t — )a® — (t — 2)2* — 22 + 1.

Its discriminant is (4¢3 — 28¢? + 24t — 47)? and the signature is (1,2) for ¢t < 6 and
(5,0) for n > 7. We claim that f(z,t) gives rise to a regular Dj extension over Q(%),

i.e., if we consider f(z,t) as a polynomial over Q(¢) and FE is the splitting field, then
ENQ = Q. This is equivalent to the fact that Gal(EQ/Q(t)) ~ Gal(E/Q(t)).
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By [34], page 41, the Weber sextic resolvent of f(z,t) is
G(2) = (2% + by2® + byz + by)? — 210(4t3 — 28t% 4- 24t — 47)%2,

where by = —4t? — 4t + 37, by = 6413 — 312t% + 328t + 115, by = 64t3 — 28842 + 4348t — 249.

It factors as

G(z) = (z — 4% + 12t — 9)(2° — (41> + 20t — 83)2* + (128® — 368t — 816t + 2346)2°
—(1024t* — 7040t + 16536t + 3448t — 29126)2>
+(2048t* + 51072% — 201328% 4 18640t + 256933) 2

—(1024¢* — 89216¢* + 1948548t* — 231404t + 6889)).

Therefore, the Galois group of f(x,t) over Q(¢) and Q(t) is either D5 or Cs. In order
to distinguish it, we use the criterion in [34], page 42. Namely, the Galois group is Cj
if and only if the resolvent R(z; — 9, f(x,t))(X) factors into irreducible polynomials of

degree 5. Here

R(xy — @a, f(2,4))(X) = X "Res(f(Y — X, 1), f(Y.1))

= (X" + XP(—262 4+ 12t — 8) + XO(t" — 12° + 46t — 56t — 4)
+ X2t + 161° — 8% — 112t + 127) + X2 (t* — 60t + 128 + 6) — 4t® 4 28t> — 24t + 47)
(X104 X8(—262 4+ 8t — 2) + XO(t* — 83 + 20t* — 4t + 7) + X*(—2t* + 361> — 4t + 41)

+X2(t" — 4?4 66t% — 36t + 103) — 4> + 28t — 24t + 47)

It is clear that the above factors cannot be factored into irreducible polynomials of
degree 5. Hence the Galois group of f(z,t) over both Q(t) and Q(¢) is Ds.
Let 0, be a root of f(x,t). Schopp found the fundamental units in the equation order

Z[0;] for t < 6. More precisely, he shows

Theorem 2.19 (Schépp). The elements 0y, 0, — 1 form a system of independent units in

the order Z[0;). Moreover, they are fundamental units in Z[6;] fort <6.
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However, Schépp could not show that Z[f;] is the maximal order of Q(6;). Lavallee,
Spearman, Williams and Yang [40] found a parametric family of quintics with a power

integral basis. The parametric polynomial Fy(x) is given by
Fy(z) = 2" — 22" + (b+2)2® — (2b+ D)2® + bz + 1,b € Z.

and its discriminant is (4b° + 28b* + 24b + 47)%.

They showed that when 4b® + 280% + 24b + 47 is square-free, then the field Q(6;)
generated by a root 6, of Fy(x) has a power integral basis Z[6]. Since 2°F_, (1) = f(z,1),
this implies that 6;,0; — 1 are fundamental units of Q(6;) when 4¢3 — 282 4 24t — 47 is

square-free.

Schépp found the locations of roots of f(z,t).

Lemma 2.20 (Schépp). Let Ht(l) be the real root and let Qt(Q) = Gt(3), 9§4) = Ht(5) be the pairs

of complex roots of f(x,t). Then we have the following approzimations:

(i)  —t+2+2<|0V]<—t+2+L for t<-—4
(i) —t+3+2<g) —1]<—t+3+1 for t<—4

(i) = <107 < & for t<-—4

(i) J1-2<|6P 1< \/1-8  for t<—144
(v) \/1+%<|9§4)|<,/1—ti2 for t< —174
(v) Vs < — 1< /-4 for t < —139.

Let K; be the quintic field by adjoining 9,51) to Q. Since we know the absolute value

of roots, it is easy to show that the regulator Rk, of a quintic field K.

Lemma 2.21. For t with 4t3 — 28t + 24t — 47 square-free,

RKz < (IOg th)Q‘
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2.3 Alternating groups

2.3.1 A, extensions

Let

fz,t) = x* — 8ta® + 18t%2% + 1.

Its discriminant is 16%(1+ 27t*)%. We claim that the splitting field of f(x,t) over Q(t)
is a regular extension with Galois group A4. We have to show that the Galois groups of
f(z,t) over Q(t) and Q(t) are both Ay.

First, we have to show that f(x,t) is irreducible over Q(t). By Gauss Lemma, it is
enough to check the irreducibility of f(x,t) over Q[t]. It is easy to check that f(x,t) has
no root in Q[t]. If f(x,t) is decomposed into a product of two quadratic polynomials, we

have

ot — 8ta® +18t%2% + 1 = (2 + br + ¢)(2® + dz + 1/c)

for some b, d € Q[t] and ¢ € Q and we can induce a contradiction easily. Hence f(x,t) is
irreducible over QJt].

Its Ferrari resolvent 0(y) equals 3® — 18t%y? — 4y + 8t and it is irreducible over Q[t].
Since the discriminant of f(x,t) is a square in Q(t) and Q(#), the Galois groups over Q(¢)
and Q(t) are both Ay.

Let 6; be a root of f(x,t), and K; = Q(6;). Then 6, is a unit in Zg,. We prove
that K; has the smallest possible regulator. We can see easily that f(x,t) has 4 complex

roots.
Proposition 2.22. The regulator Rk, satisfies Ry, < logt.

Proof. By considering o = 6t in Lemma 2.4, we can see that

2t ! < |6, < 6t
543 K '
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Therefore

Reg(Z[6;]) < log|6y| < logt.

Lemma 2.23. If 27t* + 1 is cubic-free, then dg, > t*>. Hence Ry, < log(dg,).

Proof. First note that f(z,t) = (z +t)(z — 3t)3 + 27t* + 1. Take ¢ such that 27t* + 1 is
cubic-free. Let p| (27t* 4+ 1), p > 3. Then p{t and f(x,t) = (z +t)(z — 3t)> mod p. The
vertices of the Newton polygon with respect to x — 3t are (0,0), (1,0), (4,4) with i = 1, 2.

By Cohen [11], page 315, Newton polygon argument shows that

Ply, = 131133

with prime ideals py, po. Hence p|Disc(K;).
2

Therefore, dg, > H p. But 27t* +1 < H p| . Hence di, > t2. O
p| (27t441),p#£3 p| (27t4+1)

Consider a quartic polynomial for positive integers ¢t € Z*,
fi(z) = x* + 182% — 4tx + t* + 81.

with disc(fi(x)) = 28¢*(¢t*+108)?. This polynomial is studied by Spearman [40] first. Let
K; be the quartic field obtained by adjoining a root #; of fi(x) to the rational numbers.
It is easy to check that the signature of K, is (0,2). Spearman showed, under some

square-free condition, that K; is monogenic. Hence they are distinct. More precisely;

Theorem 2.24 (Spearman). Suppose that t is a positive integer and that t(t* + 108) is
square-free. Then K; is a monogenic Ay quartic extensions of Q. Moreover the fields K,

are distinct.

We claim that the Galois group of f,(z) over Q(¢) and Q(t) are both A,. i.e, the
splitting field E of f(z,t) over Q() is a regular extension. It is enough to show that the

Galois group of f;(x) over Q(t) is A4. First we have to show that f,(z) is irreducible over
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QIt]. This can be shown by checking that f(x,t) has no root in Q[t] and it can not be a
product of two quadratic polynomials.

The Ferrari resolvent of f;(z) is
y® — 18y — (4t + 324)y + (56t + 1296).

Since disc(f;(z)) is a square in Q[t], if the Ferrai resolvent has no root in Q[t], the

)

Galois group of f(x) is A4. The only possibilities for a root are of the forms a, b(t+iy/ =2

and c(t? + 162) for some a,b,c € Q. We can check that they are not a root of the Ferrai

resolvent. Hence we showed that f;(x) gives rise to an A4 regular extension.

2.3.2 Aj extensions

Consider the polynomial f(z,t) = 2° + 5(5t* — 1)x — 4(5t*> — 1), where 5t* — 1 is square
free. Here disc(f(z,t)) = 285%%(5t* — 1)*.

For a non-zero integer ¢, f(z,t) has one real root and four complex roots. Let K; be
the quintic field obtained by adjoining the real root 6, of f(z,1).

We claim that the Galois groups of f(z,t) over Q(¢) and Q(t) are both As. First we
have to check that f(x,t) is irreducible over Q(¢) and Q(¢). This is true because f(z,t)
is an Eisenstein polynomial with respect to 5t> — 1 (resp. v/5t + 1) as a polynomial over
Q(t) (resp. Q(t)). Since the discriminant is a square in Q(¢) and Q(t), the Galois group
is a subgroup of As. It is enough to show that the below sextic resolvent of f(z,t) has

no root in Q(¢).
0(y) = (y° + boy? + bay + bs)? — 2%isc(f(x,t))y

where by = —100(5¢% — 1),b4 = 6000(5t* — 1)? and bs = 4000(5¢* — 1)3. If A(y) has a root

a in Q(t) which is a divisor of b2, then we have

(0 4+ boa® + by + bg)* = 2'%isc(f(x,1))a (2.25)
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Hence « should be a square. The possible degrees of a are 0,2,4,6. When the degree is
0, then such « can not be a root of #(y). If the degree is 4 or 6, then the degree of LHS

and the degree of RHS in (2.25) does not match. Hence the only possible forms of « are
a(v/5t +1)2 or a(v/5t — 1)

for some algeraic number a € Q. By the help of computer algebra such as PARI, we can

check that they can not be a root of f(y). Hence, we have
Lemma 2.26. f(x,t) gives rise to an As reqular extension.

Assume that 5t% — 1 is square-free. For every odd prime divisor p of 5t* — 1, f(x,t)
is an Eisenstein polynomial with respect to p and p does not divide the index of #;,. This

N
implies dg, is at least divided by (5t* — 1)* or <%) :

Lemma 2.27. For square-free 5t — 1,

log di, > log [t].

2.4 Symmetric groups

2.4.1 S, extensions
S, extensions with signature (2,1)

Let t > 1 be a positive square-free integer and f(z,t) = 2*(z — 10t)(x — 18t)+¢. Then the
discriminant Disc(f(z,t)) of f(x,t) is —256¢3(12¢ + 1)(15¢ — 1)(144¢* — 12t + 1)(225¢? +
15t +1) < 0. Since f(z,t) is an Eisenstein polynomial for each prime divisor of ¢,
Disc(f(x,t)) is divided by t3. (See [51], page 60.)

Consider f(x,t) = 2*(x — 10t)(x — 18t) + t over Q(t). It is easy to see that the
cubic resolvent y> — 180t%y? — 4ty — 6413, is irreducible over Q[t]. By Gauss Lemma, it
is irreducible over Q(t). Hence the Galois group of f(z,t) over Q(t) is Sy. Therefore,

f(z,t) gives rise to a regular Galois extension over Q(t).
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Note that f'(z,t) = 4z(x — 6t)(z — 15t), and we can see easily that f(z,t) has two
real roots 61,6, and two complex roots 65,6, = 05. For sufficiently large t, we can see
that 10t+ % < 6; < 10t+ 5,18t — & < 6, < 18t — . Also by taking o = } and applying
Lemma 2.4, we can see that #3 and its conjugate 6, are inside of the circle of radius 1/9
centered at the origin.

Let K; = Q[f;]. Then we can find two independent units in Zg,.

Lemma 2.28. ? and w are independent units in Ly, .

Proof. Since 0] —28t03 +180t%63 +t = 0, ? = 2803 — 180t6? — 1. Hence ? is an algebraic

integer. Also

— 2 _ 2 2 _ _ 2 4
(6, = 100) t(el 18)° _ t(%il 1800)) :971—29%(2891—180t)2+t(2891—180t)2.

9o (61—10t)2t(91—18t)2

is an algebraic integer. Now we have

01 (01 —10t)%(6; — 18t)*

1 1.
t t

Hence ? is a unit. By considering y = x — 10t or y = x — 18t, we can see that w

and w are algebraic integers. We have

12 t t

07 (6, —100)* (6, —18t)* .

(91 —10t)%
t

Hence is a unit.

01— 10t)4

Assume that ? and ¢ . are dependent. Then

() - (2

for some integers k and m. Without the loss of generality, we can assume that k is
positive. When we consider the size of #;, m should be a negative integer. But when we

replace 01 by 0y, m should be a positive integer and it induces a contradiction. n

Lemma 2.29. For positive square-free t, Ry, < (log |dx,|)?.
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Proof. By definition,

94 94
log [ 2| log | 2|

10g| (61— 10t) ‘ ’(Gg—tlot)‘l’

By the above estimates on 0y, 65, it is clear that Rg, < (logt)?. Since t® | dg,, we prove

the claim. O

S, extensions with signature (0, 2)

Let t > 1 be a positive square-free integer and f(x,t) = 2* + ta2? + tz + t. Then the
discriminant Disc(f(x,t)) of f(x,t) is t3(12t% — 11t 4 256). Since f(z,t) is an Eisenstein
polynomial for each prime divisor of ¢, Disc(f(z,t)) is divided by ¢*. (See [51], page 60.)

The cubic resolvent y3 — ty? — 4ty + 3t* of f(x,t) has three real roots. One of them is
located between t+ 1 and ¢+ 2 hence it is not an integer. So if the cubic resolvent has an
integer root, we can show that the integer root should be divided by ¢. Since £t, £3t, £¢>
and +3t? are not a root of the cubic resolvent, the cubic resolvent is irreducible. Hence
f(z,t) gives rise to an S, Galois extension for each positive square-free integer t.

Consider f(x,t) = x* +t2® +tx +t over Q(t). It is easy to see that the cubic resolvent
y® —ty? — 4ty + 3%, is irreducible over Q[t]. By Gauss Lemma, it is irreducible over Q(t).
Hence the Galois group of f(z,t) over Q(t) is Sy. Therefore, f(z,t) gives rise to a regular
Galois extension over Q().

Note that f’(z,t) = 42 + 2tx + t has only one real root zgy, and we can easily check
that f(xg) > 0. Hence f(x,t) has four complex roots 6;,0;, = 6,,05 and 6, = 05. For
sufficiently large ¢, when we apply Lemma 2.4 with o = iv/t, we can see that one root
lies inside of the circle of radius 1 centered at 1 + iv/t. Let 6 be the root.

Let K; = Q[f]. Then since % —(6% + 6+ 1), 74 is an algebraic integer. Here

Nk, /0(0) = t. Hence ? has norm 1, and it is a unit in Zg,.

Since 0] < V/t, log |?| < logt. Since t3|dg,, we have
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Lemma 2.30. For positive square-free t, Rk, < logdk,.

2.4.2 S5 extensions

Consider a quintic polynomial for positive square-free integers ¢t € Z* with t = 1 (mod
5),

flz,t) =a° +tx +t

with the discriminant disc(f(z,t)) = t*(256t + 3125). We claim that the Galois groups
of f(x,t) over Q(t) and Q(t) are both Ss. Since f;(x) is an Eisenstein polynomial for an
irreducible element ¢, it is irreducible over Q(¢) and Q(¢) and it is clear that disc(f(z,t))
is not an square in Q(¢) and Q(t). If the sextic resolvent has no root in Q(t) and Q(t),
then the Galois group is S5 over both fields.

The sextic resolvent of f(x,t) is given by

0,(y) = (y* + boy® + bay + bg)?* — 2%isc(f,(z))y

where by = —20t, by = 240t?, and bg = 320t3.
We have to show that 6,(y) does not have a root in Q(¢). If o, a divisor of b2, is a

root of 0;(y), then
(o 4 by + by + bg)? = 2¥isc(f(z, 1))

Even though disc(f(z,t)) and bg has a common divisor ¢3, but the other factors are
coprime, it induces a contradiction.

Let K, be a quintic field obtained by adjoining a root of f;(x) to Q. Then the signature
of K; is (1,2). Since f;(z) is an Eisenstein polynomial for a square-free integer ¢, the
field discriminant dg, of K, is divided by ¢*. This polynomial is used to generate extreme
values of logarithmic derivatives of Artin L-functions.

Consider, for a positive square-free integer ¢ with ¢ = 1 (mod 5),

f(x,t) = (z +t)(2® + 5¢t) (2 + 10t) + ¢
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with the discriminant disc(f(z,t)) = ¢*(500000¢'°4-15000000¢°+ 1623500005+ 746700000t +
1234759600t° + 771450085 — 394744t* + 51435003 + 162500t + 3125).

We claim that the Galois groups of f(x,t) over Q(¢t) and Q(¢) are both Ss. Since
f(z,t) is an Eisenstein polynomial for an irreducible element ¢, it is irreducible over Q(t)
and Q(t) and it is clear that disc(f(x,t)) is not an square in Q(t) and Q(¢). If the sextic
resolvent has no root in Q(¢) and Q(t), then the Galois group is S5 over both fields.

The sextic resolvent of f(z,t) is given by

0:(y) = (¥ + bay” + bay + bg)* — 20disc(fi(z))y

where by, = 5t%(24t — 335), by = t3(400t3 — 192000¢* + 661811t — 2400), and bg =
52t3(12400¢° 4 3069000¢* + 17775t% + 168480t* — 64t + 2400). As in the previous case, we
can show that 6,(y) does not have a root in Q(¢). Hence f(z,t) gives rise to a Sy regular
extension over Q(t).

Let Ky = Q(0;) be a quintic field obtained by adjoining the real root 6, of f(z,t) to the
rational numbers Q. Moreover, fi(z) = 2*(x +1)+1= (v +2)(22 + 2z + 1)(2® + 3z + 3)
(mod 5) and the signature of K; is (1,2). Hence the Galois extensions f(\t/@ satisfy

the hypothesis of Theorem 1.4, and Artin L-functions L(s, p,t) = ng(ts()s ) are cuspidal

automorphic L-functions of GL(4)/Q.
We claim that M and (e%j#)s are two independent units in K;: Since fi(x) =

x® + txt + 15ta® + 15t22% + 50t%x + 50t3 + ¢,

6)5
71 = —(07 + 1503 + 15107 + 50t0, + 50t* + 1).
Hence ? is an algebraic integer. From this, it is easy to show that M and (9%?#)5 are

algebraic integers. Now we have

(01 +1)° (67 +5t)° (07 +10t)° )
T T

(61+t)° (62+5¢t)°
; and

-z are units. To show that they are independent, we need to know

Hence

the locations of 5 roots of f;(z). For the case of the real root 0, we have —t—% < 0 < —t.
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For complex roots, we apply Lemma 2.4 to fi(x) with o = iy/5t then we can see that

another root 0y of fi(x) converges to iv/5t as t increases. More precisely,

‘ez—z‘\/ﬁjzo( ! )

s

Put 03 = ;. Apply Lemma 2.4 again to f,(z) with a = iy/10t. Then we can find the
fourth root 6, with
e
and put 65 = 0.
Assume that M and (9%?%)5 are dependent. Then (M)k = <(9%j#)5>l for
some integers k,l. Then it holds when we replace 6; by 6, and when we consider the

size of 61,04, we obtain contradiction. By definition,

log ‘ (91?)5 ’ log ‘—(94?)5
Fr < (02+5t)° (6245t)5
o | 2420 10 220

By the above estimates on 6,0, it is clear that Rg, < (logt)?. Since fi(z) is an
Eisenstein polynomial, dg, is divisible by t* if ¢ is square-free. Hence log dg, > logt. We

have proved

Lemma 2.31. For a square-free positive integer t,

RKt < (lOg th)Q‘

2.4.3 S, extensions with signature (n,0)

Duke [16] considered a polynomial of the form
flz,t) = (x — t)(z — 2°t)(x — 3%*t) - - - (w — n*t) — t.

Let K, is a number field obtained by adjoining a root 6, of f(x,t). He showed that

the regulator of K; is minimal up to a constant.
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Proposition 2.32 (Duke). Let t € Z* be a square-free integer. Then f(x,t) is irre-
ducible. If t is sufficiently large, then K is totally real of degree n and the requlator R,

of K; satisfies Ry, <y (logdg,)"*.
Moreover, he showed

Proposition 2.33 (Duke). Forn > 1, the splitting field of f(x,t) over Q(t) is a regular

S,, extension.



Chapter 3

Number fields with extreme class

numbers

This Chapter is based on Cho [6], Cho and Kim [7] and Cho and Kim [8]. Except two
sections 3.3.2 and 3.3.5, they are the joints works with H. Kim. We follow closely [6],[7]

and [8].

3.1 Upper bound of class numbers

Let R(n,G,ry,12) is the set of number fields of degree n with signature (r1,73) whose
normal closures have G as their Galois group. Then by the class number formula, the

class number hg for K € &(n, G, ry,ry) is given by

hp — — 1K1
K 9r(2m)2 R

L(1, p),

where wg is the number of roots of unity in K, dg is the discriminant of K and R is

its regulator and L(s, p) = Cx(s) is the Artin L-function.

¢(s)

Silverman [66] obtained a lower bound of regulator Ry of number fields K:

Ry > c,(logvy,|dg])™, (3.1)

34
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where ¢, ¥, are positive constant depending on degree n of K and r = r; +ry — 1 and
7o is the maximum of unit ranks of subfields of K.

It is easy to prove that under the Generalized Riemann Hypothesis (GRH) for L(s, p),
L(1, p) < (loglog|dx|)"'. Hence we obtain the upper bound for the class numbers:

(loglog |dg )"

hie < |dk |2
I g

Now the question is whether the upper bound is sharp. Namely, are there number fields

with the largest possible class number of the size

(1og log |dic])" " ,
(log dicl)

|di |2

For real quadratic fields, this is a classical result of Montgomery and Weinberger [47].
Ankeny, Brauer, and Chowla [1] constructed unconditionally, for any n,r, 9, number
fields with arbitrarily large discriminants and hy > |dK|%_€. Under the GRH and Artin
conjecture for L(s, p), Duke [16] constructed totally real fields of degree n whose Galois
closure has the Galois group S, with the largest possible class numbers. Daileda [18]
showed Duke’s result unconditionally when n = 3.

We show that the upper bound is sharp up to a constant for many families K(n, G, ry,72)

of number fields.

3.2 Extreme class numbers

In this section we explain how to generate number fields with extreme class numbers in

a very general setting. Consider an irreducible polynomial f(x,t) with parameter ¢,
flz,t) = 2" + ap_1 ()" + apo()2™ 2 4 -+ ay(t)x + ao(t) € Z[t][2].

Assume that the splitting field E of f(z,t) over Q(t) is regular with Galois group G

for some finite group G. For a specialization t € Z, let K; be a number field of degree n
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obtained by adjoining a root 6, of f(z,t) and f(\t be the Galois closure of K;. Then by
Cohen’s theorem, Gal(f(\t/(@) = (G in most cases.

Assume that the regulator Ry, is minimal up to constant. i.e, Rg, < (log|dk,|)" .
We will show that this is true for the cases we consider. However, we could not find
number fields with minimal regulators in the cases of £(4, Dy, 2,1) and K(4, D4, 4,0) due
to the presense of subfields.

Since f(x,t) gives rise to a G regular extension, by Theorem 2.1, there is a constant
cy depending on f such that for every p > cy, there is a residue class s, modulo p so that

the Frobenius element Frob(p) at p in Gal (f(\t /Q) is trivial for all ¢t = s, (mod p).

log X

Toglog X Let sp; be the residue class

For given X > 0, define M = Hcfgpgyp for y =

modulo M for which sy, = s, mod p for ¢y < p < y. We assume the modularity of the
n — 1 dimensional Galois reprensentation p for which L(s, p,t) = 2t

Then we define a set
X
L(X):{5<t<X|tEstodM}

Each t € L(X) gives rise to an cuspidal automorphic L-functions L(s, p,t) of GL(n—1)/Q.
There is an important question which we may fail to notice. It is possible that two
different t; and ¢, correspond to the same L-function. This is equivalent to the fact that
Ck,, (5) = (i, (s). When (g, (s) = (k,,(s), we say that K;, and Kj, are arithmetically

equivalent. For number fields of small degree, they should be conjugate. More precisely;

Theorem 3.2 (Klingen [38]). Let K|k be an extension of number fields of degree n < 11
and assume there exists some non-conjugate field K' being arithmetically equivalent to K

over k. Then up to conjugacy only the following four cases are possible for G = G(I?]/{:) :

n=8: G=2/STx(Z/SL)*,G = GLy(3)
n=11: G = PSLy(11).
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On the other hand, since the conductor of L(s, p,t) is |dk,|, different discriminant d,
distinguishes the L-functions L(s, p,t). To determine the discriminant or its factor, we
impose some extra conditions on ¢ which depends on f(x,t). Assume that the discrim-
inant of f(x,t) is a polynomial in ¢ of degree D. Then there is a constant C' such that

dg,] < CtP. For A = CYP X, we define a set L(A) of positive integers
X
L(A) = {5 <t < X |t= sy mod M, some condition on ¢}.

In the cases in consideration, we will show that |L(A)| > X'7¢ for any € > 0.

5(n—1)

Let ¢ = == D11, Or we may replace (n — 1) in ¢ by a smaller constant if p is

not irreducible. Choose o with ¢y3—% < £%. By applying Theorem 1.10 to L(A) with
e=D,d=1and T = (log AP)?, every automorphic L-function excluding exceptional
O(A%/190) [functions has a zero-free region [a, 1] x [—(log |dx,|)?, (log |dk,|)?]. Let us

denote by E(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.6 to this L-function L(s, p,t) in Z(A), we have

Ap, t
log L(1,p,t) = > (p.1) + Ona(1) (3.3)
p<4/logldk,|
1
= (n—1) Z ; + Opo(1) = (n — 1)logloglog |dx,| + Opna(1).
Cfgpg\/ IOglth|

where we use the fact that \/log|dg,| <y = log’i?X for large X.

By the class number formula and the size of regulator Rg,, we have the required

result
172 (loglog |d, )" !

th > |th| (10g ’th Dr,m

3.3 Symmetric Groups

3.3.1 S5 Quintic Extensions with signature (1,2)

In section 2.4.2, we showed that

f(z,t) = (v +5) (2% + 5t)(z* + 10t) + ¢t
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gives rise to an S5 regular extension. Since disc(f(x,t)) is a polynomial of degree 14,
there is a constant C with disc(f(x,t)) < Ct'*. For given X > 0, let A = CV/MX. We

define a set L(A) of square-free integers
X —
L(A) = {5 <t< X |t: square-free t =1 mod 5,¢ = sy mod M, Gal(K,;/Q) = S5}
where sp; and M are defined as in section 3.2. Then we have
6 2 X .
_ = _ - /2
LA = =3 H( 2) o7 T O log X).

Crey (s

(s)
an cuspidal automorphic L-function of GL(4)/Q since p is modular by Theorem 1.4.

Every ¢ in L(A) corresponds an Artin L-function L(s, p,t) = ) which is actually

We claim that every L(s,p,t) for t € L(A) is distinct. It follows from the fact that
K, are not conjugate each other.

Lemma 3.4. For a square-free t with t =1 mod 5,
p totally ramifies in K, if and only if p divides t.

Proof. Since f(z,t) is an Eisenstein polynomial, if p | £, p ramifies totally. See Corollary
6.2.4 in [11]. If p = 5, then f(x,t) = (z + 1) mod 5. However, by Newton polygon
method, 50k, = pips.

Now assume that p ramifies totally and does not divide 5 and t. Then
f(z,t) = (z + a)® mod p.

By comparing coefficients of f(x,t) and (x + a)® mod p, we can induce a contradiction
and we finish the proof.
[l

Let ¢o = 141. Choose a with ¢y < 25

By applying Theorem 1.10 to L(A) with

e=14,d =1 and T = (log A1)?, every automorphic L-function excluding exceptional
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O(A%/190) [_functions has a zero-free region [a, 1] x [—(log |dk,|)?, (log |dxk,|)?]. Let us

~

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in Z(A), we have

Ap, t
osL(lpt) = 3 22040 ) (3.5)
p<4/logldk,|
1
— 4 Y =+ 0,4(1) = 4logloglog|dx, | + Ona(1).
cy<p<y/log|dx, | P
By the class number formula and Lemma 2.31,
log log dg, )*
h d 1/2( t
1 logd,)?

We summarize as follows:

Theorem 3.6. There is a constant ¢ > 0 such that there exist K € R(5, S5, 1,2) with

arbitrary large discriminant dg for which

1/2 (loglog dg)*
> U o i)

3.3.2 S, Quartic Extensions with signature (4,0)
In section 2.4.3, we stated the fact that
flz,t) = (x —t)(z — 2%t) (2 — 3*t)(x — 4°t) — t

gives rise to an Sy regular extension. Since disc(f(z,t)) is a polynomial of degree 12,
there is a constant C with disc(f(z,t)) < Ct'2. For given X > 0, let A = C'/12X. We

define a set L(A) of square-free integers
X —
L(A) = {5 <t < X |t: square-free ,t = sy mod M,Gal(K;/Q) = Sy}

where s and M are defined as in section 3.2. Then we have

1 X

L) =11 (1 - E) S+ O(Xlog X).
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Every ¢ in L(A) corresponds an Artin L-function L(s, p,t) = ng(ts()s )

an cuspidal automorphic L-function of GL(3)/Q since p is modular by Proposition 1.1.

which is actually

We claim that every L(s, p,t) for t € L(A) is distinct. It follows from the fact that

K, are not conjugate each other.
Lemma 3.7. For a square-free t,
p totally ramifies in K; if and only if p divides t.

Proof. Since f(x,t) is an Eisenstein polynomial, if p | ¢, p ramifies totally. See Corollary
6.2.4 in [11]. Now assume that p ramifies totally and does not divide ¢. If ¢ is even, then p
is not equal to 2. If ¢ is odd, then p can be even. However, if p = 2, then fi(z) = (x +a)?
( mod 2 ) and we have 6a? = 273t3 mod 2 hence it induces a contradiction. So we can
assume that p # 2. Also we can see easily that a Z 0 mod p for totally ramified p.

If p =3, we have a = 0 mod p, hence 3 should be excluded. Since p # 2,3, we have
the following system of equations mod p.

15 91
a= —?t, a’ = ?tQ, a® = —205¢3 mod p

and we can check that this system is inconsistent and we finish the proof.

]

Let ¢ = 91. Choose a with ¢y 21a__°‘1 < 19—()%. By applying Theorem 1.10 to L(A) with

e=12,d=1and T = (log A'?)?, every automorphic L-function excluding exceptional
O(A%/190) [_functions has a zero-free region |a, 1] x [—(logdg,)?, (logdg,)?]. Let us

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in Z(A), we have

Ap, 1)

+ On.a(1) (3.8)
p<4/logdk,
= 3
cy<p<,/logdk,

log L(1,p,t) = Z
2

1
=+ Ona(1) = 3logloglog dk, + O, (1).
p
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By the class number formula and Lemma 2.32,

log log d, ) 5

h d 1/2
K > CK, ( log dp,

We summarize as follows:

Theorem 3.9. There is a constant ¢ > 0 such that there exist K € £(4,S4,4,0) with

arbitrary large discriminant dg for which

log log dK)3

hg > CdK1/2 ( lOgd
K

3.3.3 S5, Quartic Extensions with signature (2,1)

In section 2.4.1, we showed that
fz,t) = 2*(x — 10t)(z — 18t) + ¢

gives rise to an S, regular extension. Since disc(f(z,t)) is a polynomial of degree 9, there
is a constant C' with |disc(f(x,t))] < Ct°. For given X > 0, let A = C'/1X. We define

a set L(A) of square-free integers
X —~
L(A) = {5 <t< X |t: square-free t =1 mod 2, t = sy mod M, Gal(K,;/Q) = S,}

where sp; and M are defined as in section 3.2. Then we have

6 4 1\ ' X
L(A)| = == 1- =) =——+0(X"*ogX).
sl = 53TT (1) 5y + 0L 10s )
pIM
Every ¢ in L(A) corresponds an Artin L-function L(s, p,t) = Qg(ts()s ) which is actually

an cuspidal automorphic L-function of GL(3)/Q since p is modular by Proposition 1.1.
We claim that every L(s,p,t) for t € L(A) is distinct. It follows from the fact that

K, are not conjugate to each other.

Lemma 3.10. For a square-free t,

p totally ramifies in Ky if and only if p divides t or p = 2.
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Proof. Since f(x,t) is an Eisenstein polynomial, if p | ¢, p ramifies totally. See Corollary
6.2.4 in [11]. When p = 2, we can not determine the prime decomposition of 2 in K.
Now assume that p ramifies totally and does not divide 2 and ¢.

Then

f(z,t) = (z + a)* mod p.

By comparing coefficients of f(z,t) and (z + a)* mod p, we can induce a contradiction

and we finish the proof.

]

@ < B By applying Theorem 1.10 to L(A) with

Let cg = 68. Choose o with ¢ 216;1 00

e=09,d=1and T = (log A%)?, every automorphic L-function excluding exceptional
O(A%/1%0) [functions has a zero-free region [a, 1] x [—(log |dk,|)?, (log |dk,|)?]. Let us
denote by E(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in Z(A), we have

p.t
log L(1,p,t) = (v 1)

Z + Ona(1) (3.11)
PS \/ 10g |th‘
1
=3 Y~ 40,a(1) = 3logloglog |di| + Opa(l).
Y%
CfSpS\/ 10g|th|

By the class number formula and Lemma 2.29,

1/2 (loglog |dx, |)®

hic, > |dr,| (log |dx, |)2

We summarize as follows:

Theorem 3.12. There is a constant ¢ > 0 such that there exist K € £(4,54,2,1) with

arbitrary large discriminant dg for which

(loglog |dk|)?

h d M2 .
i > el g k)
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3.3.4 S, Quartic Extensions with signature (0, 2)

In section 2.4.1, we showed that
fa,t) =a' +ta® +tw +t

gives rise to an S, regular extension. Since disc(f(z,t)) is a polynomial of degree 5, there
is a constant C with disc(f(z,t)) < Ct°. For given X > 0, let A = C'/5X. We define a

set L(A) of square-free integers
X —~
L(A) = {3 <t< X |t: square-free ,t = sy mod M,Gal(K;/Q) = Sy}

where sp; and M are defined as in section 3.2. Then we have

6 1\ ' X 12
|L(A)|:PH 1_? 1 T O(X P log X).
p|M

Every ¢ in L(A) corresponds an Artin L-function L(s, p,t) = ngs()s )

which is actually
an cuspidal automorphic L-function of GL(3)/Q since p is modular by Proposition 1.1.
We claim that every L(s,p,t) for t € L(A) is distinct. It follows from the fact that

K, are not conjugate to each other.

Lemma 3.13. For a square-free t,
p totally ramifies in K, if and only if p divides t.

Proof. Since f(z,t) is an Eisenstein polynomial, if p | £, p ramifies totally. See Corollary
6.2.4 in [11].

Now assume that p ramifies totally and does not divide t.

Then

f(z,t) = (z + a)* mod p.

By comparing coefficients of f(z,t) and (z+a)* mod p, we can see that the only possibility
is p =3 and t = 1 mod 3. However, 2* + 22 + 1 is irreducible mod 3, this case is also

excluded and we finish the proof. O
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Let ¢y = 39. Choose a with ¢ 21a_—al < f’—(i]. By applying Theorem 1.10 to L(A) with

e=25 d=1and T = (log A%)?, every automorphic L-function excluding exceptional
O(A%/190) [_functions has a zero-free region [a, 1] x [—(log |dk,|)?, (log |dxk,|)?]. Let us

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in E(A), we have

Ap, )

logL(Lp,t) = ),
p<4/logdk,
1
_ 3 Z — 4 Op(1) = 3logloglog dk, + O, 4(1).
cr<p<,/logdk, b

By the class number formula and Lemma 2.30,

+ Opa(1) (3.14)

1/2 (loglog dg, )

h d
0 Z S logd)

We summarize as follows:

Theorem 3.15. There is a constant ¢ > 0 such that there exist K € £(4,5,,0,2) with

arbitrary large discriminant dg for which

1/2 (loglog dg)?
hig > CdK —(logdK)

3.3.5 S, number fields of degree n with (n,0)
In section 2.4.3, we stated the fact that
filx) = (z —t)(x — 2°t)(zx — 3*t) - - - (w — n*t) — t

gives rise to an S, regular extension. Since disc(f;(x)) = t"1g(¢) is a polynomial of
degree n? — n, there is a constant C' with disc(fy(z)) < Ct**~". For given X > 0, let
A=C7=X.

We define a set L(A) of square-free integers

X —~
L(A) = {? <t < X |t:square-free, v(t) < 2, t = spy mod M, Gal(K;/Q) = S,,}
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where v(t) is the number of distinct prime divisors of ¢.

Here the reason why we impose the extra condition v(t) < 2 in L(A) is to distinguish
L(s, p,t) fort € L(A). It would be possible to prove p ramifies totally in K, if and only if p |
t.. However, we don’t know how to prove it. We explain below how to distinguish L(s, p, t)
with the condition v(t) < 2 in detail.

The following Proposition makes us able to estimate |L(A)|.

Proposition 3.16. Let x be sufficiently large positive integer and | be a positive integer

of the size of x* for some real number 0 < u < 0.3. For any integer b with (b,1) =1,

| {0 <n < x| n:square-free n = b mod l,v(n) < 2} |>>1 °

og z¢(1)

where ¢ is the Euler phi-function.

The proof of Proposition 3.16 can be found in the appendix.

By Theorem 2.2, we have
X — X
{5 <t<X|Gal(K,/Q =8} [= 5+ O(X?1og X).
By Proposition 3.16, we have
X 1—e
| {5 <t < X |t:square-free,v(t) < 2,t =t)y mod M} > X ¢

hence we have that | L(A) [> X!~
We must assume that the n — 1 dimensional representation p is modular because we
don’t have the modularity theorem for S,, with n > 5 except some special cases in Ss.
Now there is possibility that different square-free integers in L(A) may correspond
to an same automorphic L-function. Since the conductor of L(s, p,t) is the discriminant
of a number field K, distinct discriminants distinguish L-functions in L(A). Recall
that disc(fi(s)) = t"'g(t). Assume that K;, and K;, have the same discriminant for

t1,ty € L(A). If they are co-prime, g(t;) is divided by ¢33, If they have a common prime

3
divisor, then g¢(t1) is divided by ((tfth)) . The number of all possible repetition of the
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same L-function in L(A) is at most < v(g(¢1))?. This means that K; has at most v(g(t))?
number fields which have the same discriminant. It is well-known that v(n) < logn. (See
p. 167 in [56]) Hence v(g(t))? = O(log® X) for all t in L(A). Hence L(A) has at least
> X'=¢ distinct L-functions. Let L(A) be the set of distinct L-functions coming from

L(A).

Let ¢ = w + 1. Choose « with cp3—% < +&. By applying Theorem
1.10 to Z(A) with e = n2 —n, d = 1 and T = (log A"’ ~")%, every automorphic L-
function excluding exceptional O(A%/1%0) L-functions has a zero-free region [a, 1] x

[—(log dg,)?, (log dg,)?]. Let us denote by Z(A), the set of the automorphic L-functions

with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in Z(A), we have

Ap,t)

+ On.a(1) (3.17)
p<4/logdk,

1
= (n—1 Z ; + Opna(1) = (n—1)logloglog dy, + O, a(1).

cy<p<,/logdk,

log L(1,p,t) = Z
)

By the class number formula and Lemma 2.32,

log log d, ) nl

h d 1/2
K. > 0K, < log dr,

We summarize as follows:

Theorem 3.18. Assume the Strong Artin conjecture for S,, n > 5 is true. Fix n.
There is a constant ¢ > 0 such that there exist K € 8&(n,S,,n,0) with arbitrary large
discriminant dy for which

log log dx ) el

hK > CdK1/2 ( logd
K
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3.4 Alternating Groups

3.4.1 A, quartic extension with (0, 2)

In section 2.3.1, we showed that
flz,t) = a* — 8ta® + 18122 + 1

gives rise to an A4 regular extension. Since disc(f(z,t)) is a polynomial of degree 8,
there is a constant C' with disc(f(x,t)) < Ct5. For given X > 0, let A = CY/8X. We

define a set L(A) of cubic-free integers:
L(A) = {0 <t < X : 27t* + 1 cubic-free and ¢t = sy mod M}.
We prove the following lemma, which is a direct consequence of [28], page 69.

Lemma 3.19. Let f(x) be an irreducible polynomial of degree d > 3 in Zlx]. Let M be
a positive integer and ged(a, M) = 1. Suppose that if p|M, then f(a) # 0 (mod p). Let
N(X, f, M) be the number of integers 1 <n < X andn = a (mod M ), with the property

that f(n) is (d — 1)-free. Then

N(X7 f: M) - O(M)% +O (%(10g %)ﬁ71> ,

d—l)

where C(M) = [T, (1 ol

P —1
P*).

), and p(p*) is the number of solutions for f(xz) =0 (mod

Proof. Let n = Mm + a, and g(m) = f(Mm + a). Then 1 < m < &, and g(z) is

an irreducible polynomial of degree d. Hooley [28], page 69 showed that the number of

1 <m < < with the property that g(m) is (d — 1)-free, is

o0 +0 (e )

d—l)

where C(M) = [],(1 - ”/;’;,1 ), and p/(p®~1) is the number of solutions for g(m) = 0

(mod p?=1). If p|M, g(m) = f(a) £ 0 (mod p). Hence p'(p?~1) = 0. If pt M, then since
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d=1) . Our result

= p(p")

follows. O

Mm +a =0 (mod p?~!) has a unique solution mod p?=1, p/(p

Note that by the definition of M, ty,, if p|M, then ¢ < p <y, tyy =t, (mod p), and
p splits completely in K; Then 27(Mm + ta)* +1 = 27t; +1 # 0 (mod p). Hence

p(p) = 0. This implies p(p*) = 0. If p+ M, by Nagell [49], page 87, p(p*) = p(p) < 4. So

[Ta- p(]f)) >T[a-47%) > [0 -p7%)°>¢B3)™"
ptM ptM

pIA p

Hence by the above lemma, |L(A)| = C’(M)% +0 <ﬁ)’ and |L(A)] > % In

X8
the remark below, we use the recent result of Heath—Brown]TQ?] to obtain a better error
term in |L(A)].

Here different ¢;,t, € L(A) may give rise to a same L-function. We claim that at
most 32 different ¢’s correspond to the same L-function. We owe Ankeny, Brauer and
Chowla [1] for this idea.

First, we need to know the locations of the roots more precisely. By applying Lemma

2.4 with o = 4t + 1.4ti, for sufficiently large ¢, we find a complex root inside of the

circle of radius 0.03v/2t centered at 4.015¢ + 1.385ti. Again by applying Lemma 2.4 with

0.2
t

0.0115
t

a = 923 for sufficiently large ¢, we find a complex root inside of the circle of radius

centered at . Here we use PARI to choose a suitable a.

0.24151

We need to order the roots of f(z,t) in the following way. Let 6} be the root near
the origin whose imaginary part is positive and 62 = 61. Let 62 be the other root whose
imaginary part is positive and 0} = H_E’ Let p be the complex embedding of K; which
maps 6} to 03.

If t1,t5 € L(A) correspond to the same L-function, Q(6},) and Q(6;,) are isomorphic,
since they are quartic fields ([38], page 93). Hence Q(6;) = Q(#7,) for some 1 < j < 4.
Assume that 33 different 1, ¢, - -, t33 give rise to the same L-function. Then we can see
that there are at least nine t;,,;,,- -, t;, with Q(GZI) = Q(Gfb) == Q(Hfig) for some

1 < k < 4. Without the loss of the generality, we assume & = 1. Then there are at
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least two ¢;,,;, such that p : Qgil — Qf’il; p:0, — 60 . Now we further assume that

0.55X <t < X. Then

0.253 \?
N(b;, 0, )< (M) X (4.2896X — 4.204 x 0.55X)% ~ 0.82737943 < 1.

Since Htlil —0;,  # 0, it induces a contraction. So there are at most 32 ¢’s corresponding
to the same L-function.

Let L(A) be the set of distinct L-functions coming from L(A). Then, we have

A <| L(A) |< A.

Let ¢ = 61. Choose a with ¢y 21a—_a1 < f)—(i). By applying Theorem 1.10 to Z(A) with
e=28,d=1and T = (log A%)?, every automorphic L-function excluding exceptional
O(A%/190) [_functions has a zero-free region [a, 1] x [—(logdg,)?, (logdg,)?]. Let us

denote by E(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in E(A), we have

Ap, )

logL(1,p,t) = >
pS \/ 1Og |th‘

1
=3 > +0u(1) =3logloglogdic| + Ora(D)
cy<p<4/log|dr,|

By the class number formula and Lemma 2.23,

+ Op.a(1) (3.20)

1/2 (loglog dg, )

h d
2 logd)

We summarize as follows:

Theorem 3.21. There is a constant ¢ > 0 such that there exist K € R(4, A4,0,2) with

arbitrary large discriminant dg for which

loglog dg)?
h g2 10108 dic)”
7K  log di)
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Remark 3.22. Let M ~ X with 0 < § < §, where § is the constant in [27]. Then we

have

LA =] (1 — p?) % +0 (X'79).

pIM
where p(p?) is the number of solutions to 27t* + 1 = 0 (mod p?).

Proof. We have

L(A) = NGt M) = S ()N (b: X, g, M)
b, (b,M)=1

with N(b; X, ty, M) = #{0 <t < X : b* | 27t* + 1 and t = tjy mod M}. Note that if

p|M, by the definition of ¢y, 27t* + 1 = 27t3, + 1 #Z 0 (mod p).

Denote the solutions to 27t* +1 = 0 (mod %) by ny,ny, -+, n,. Then

N(b; X ta, M) = > #{0<t <X :t=n; mod b’ and t =ty mod M}

i<r

= Y (e 4 0(1) = 2 e67) + O(E).

i<r
It is easy to show

Z M(b)bg(b?’) _ H (1 . :O(pg)) + O(X—l-i-e)

b<x1/2 ptM
(b,M)=1

and
> p(b*) = O(X ).
b<X1/2
Hence
3
X
b<x1/2 pIM D M
(b,M)=1

Note that 27t* + 1 = (27)73((27t)* 4 27%). Hence by [27], we obtain

> sz W(O)N(b; X, tar, M) = O (X'7?), where 4 is the constant in [27]. This proves

our assertion.

O
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3.5 Dihedral Groups

3.5.1 Representations of Dihedral Groups

Let’s review irreducible representations of D,: If n is odd, D, =< a,z : a" = 2 =

!'> Let H = {1,z}. Then irreducible representations of D,, are: 2 one-

e,rar = a~
dimensional representations 1,y, and ”T_l two-dimensional representations pq, ey Pt
where Y is the character of H. We have Ind%1=1+p; + -+ + i

If nis even, D, =< a,z : a" = 2?> = e,zar = a ' >. Let H, = {1,2}, Hy =
{1,a2}, H; = {1,a2x} be three order 2 subgroups. Then irreducible representations of
D,, are: 4 one-dimensional representations 1, x1, X2, X3, and ”T_Q two-dimensional repre-
sentations py, vy Pz, where y; is the character of H;. We have, for each i, Ind%_l =
1+xi+p1+---+p%.

Let K/Q be a degree n extension and K /Q be the Galois closure such that Gal(K /Q) ~
D,,. Then if n is odd,

If n is even,
Cr (s)
¢(s)

where H = Gal(K/K) is one of the order 2 subgroup of D, and Y is the non-trivial

= L<S7X>L(Sapl) T L(‘S?p%)a

character of H.

3.5.2 Dj quintic extensions with signature (1,2)
In section 2.2.3, we showed that
flx,t) =2 —ta* + (2t — 1)2® — (t — 2)2° — 22 + 1

gives rise to an Djy regular extension. When ¢ < 6, the signature of K is (1,2). We prefer
that ¢ varies in positive integers, we use f(x,t) = 2°+tz* — (2t +1)23 + (t +2)2? — 2z + 1

from now on. Then its discriminant is (4¢3 + 28¢? + 24t + 47)2. Since disc(f(z,t)) is a
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polynomial of degree 6, there is a constant C' with disc(f;(x)) < Ct5. For given X > 0,
let A= CY°X. We define a set L(A) of square-free integers for A = C'/6X,

X
L(A) = {5 <t < X |43 — 28t* + 24t — 47 square-free, t = sy, mod M }.

By Lemma 3.19, |L(A)| = 857 + O(m) for some constant . Hence |L(A)| >
og 77 ) 2

A'=¢. Note that every ¢ € L(A) corresponds to a distinct automorphic L-function

L(s,pr) =Y 2  A(n)n™* of GL(4)/Q with A\(q) =4 for all k < ¢ <.

Let ¢y = 31. Choose a with ¢ 21a__()‘1 < f’—(i]. By applying Theorem 1.10 to L(A) with

e=26,d=1and T = (log A%)?, every automorphic L-function excluding exceptional
O(A%/190) [_functions has a zero-free region [a, 1] x [—(logdg,)?, (logdg,)?]. Let us

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in Z(A), we have

Apt)

logL(1,pt) = Y.
p<y/logdgk,
1
=4 Y 4 0,a(1) = dlogloglogdi, + Opa(L).
cr<p<y/logdk;, P

By the class number formula and Lemma 2.21,

+ Opa(1) (3.23)

1/2 (loglog th)4

e > e log g2

We summarize as follows:

Theorem 3.24. There is a constant ¢ > 0 such that there exist K € R(5, D5, 1,2) with
arbitrary large discriminant dg for which

1/2 (10g IOg dK)4
M A ogdr

3.5.3 D, quartic extensions with signature (0, 2)

In section 2.2.2, we showed that

flz,t)=a* — 2>+ (t +2)2* —2+1
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gives rise to a Dy regular extension. Since disc(f(x,t)) = (t +2)(t + 6)(1 — 4¢)* is a
polynomial of degree 4, there is a constant C' with disc(f;(z)) < Ct*. For given X > 0,
let A= CY*X. We define a set L(A) of square-free integers for A = C/4X,

X
L(A) = {5 <t < X |1—4t square-free ,t = sy mod M}.

If (1—4t) is square-free, then (1 —4¢) is the discriminant of the unique quadratic subfield
of K;. Hence each t in L(A) corresponds to a distinct L-function L(s,p,t) and dg, is
divided at least by (1 — 4t).

It is well-known that |L(A)| = 5 [ L (1 — #) T x + O(X'/?). Hence |L(A)| >
Al

Let ¢y = 21. Choose a with ¢y 21a_—al < f—(i]. By applying Theorem 1.10 to L(A) with

e=4,d=1and T = (log A*)?, every automorphic L-function excluding exceptional
O(A%/190) [_functions has a zero-free region [a, 1] x [~(logdg,)?, (logdg,)?]. Let us

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in E(A), we have

Ap,t)

ogL(Lpt) = Y
p<y/logdg,
1
_ 3 Z . On,a(l) = 3loglog log th + On,a(l)'
c<p<4/logdr, P

By the class number formula and (2.15),

+ Opa(1) (3.25)

1/2 (loglog dg, )

h d
02 g i)

We summarize as follows:

Theorem 3.26. There is a constant ¢ > 0 such that there exist K € £(4, Dy, 0,2) with

arbitrary large discriminant dy for which

loglog dg)?
h g2 10108 dic)”
7K  log di)
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3.5.4 D, quartic extensions with signature (2, 1)

In section 2.2.2, we showed that
flz,s) =a' —sa® +32° —sx + 1

gives rise to a D, regular extension. Since disc(f(z,s)) = (s* — 4)%(25 — 4s?) is a
polynomial of degree 6, there is a constant C with disc(f(z,s)) < Cs®. For given X > 0,

let A= CY°X. We define a set L(A) of square-free integers
X 2
L(A) = {5 < s < X | s* — 4 square-free , s = spy mod M}.

If (s> —4) is square-free, then (s* —4) is the discriminant of the unique quadratic subfield
of K. Hence each s in L(A) corresponds to a distinct L-function L(s,p,t) and dg, is
divided at least by (s* —4).

To estimate |L(A)|, we introduce Nair’s work.[50]. For an polynomial f(x) € Z[z] of

degree d, we define,
Ni(f,z,h) = Ni(z,h) = |{n:x <n <z +h|f(n): k-free}|.
He showed

Theorem 3.27 (Nair). If

m

flz) = H(aix — b))% and a = max «,

=1

then

S [

p

for h = 2@/2K)* if kb > o and € > 0.

Theorem 3.27 implies

= (- D 5) o) >+

ptM
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Let ¢y = 31. Choose a with ¢y 21a_—al < f’—(i]. By applying Theorem 1.10 to L(A) with

e=26,d=1and T = (log A%)?, every automorphic L-function excluding exceptional
O(A%/190) [_functions has a zero-free region [, 1] x [~ (log |dx, |)?, (log |dx.|)?] L-function

L(s, p, s) in L(A), we have

log L(1, p,s) = Z Ap, 5)

p<y/log ld,|

1
= 3 Z p + Op.a(1) = 3logloglog |dx,

cy<p<y/logldk,|

By the class number formula and (2.17),

+ Op.a(1) (3.28)

+ On.a(1).

1/2 (loglog |dx,

)3
(log |d,[)*

hi, > |dg,

We summarize as follows:
Theorem 3.29. There is a constant ¢ > 0 such that there exist K € £(4, Dy, 2,1) with
arbitrary large discriminant dg for which

1/2 (loglog |dx|)®

e il ogfan

3.5.5 D, quartic extensions with signature (4,0)
In section 2.2.2, we showed that

3

flz,s)=a* —sa® —2® + sz +1

gives rise to a Dy regular extension. Since disc(f(z,s)) = (s*—4)?(4s?+9) is a polynomial
of degree 6, there is a constant C' with disc(f(z,s)) < Cs® For given X > 0, let

A= CY%X. We define a set L(A) of square-free integers

X
L(A) = {5 < s < X | s* — 4 square-free , s = s); mod M}.
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If (s? —4) is square-free, then (s*—4) is the discriminant of the unique quadratic subfield

of K,. Hence each s in L(A) corresponds to a distinct L-function L(s,p,t) and dg, is
divided at least by (s> —4). As in the previous section, we can show that £(4, Dy, 4,0)
has infinitely many number fields with extreme class numbers and it is summarized as

follows:

Theorem 3.30. There is a constant ¢ > 0 such that there exist K € £(4, Dy, 4,0) with

arbitrary large discriminant dg for which

1/2 (loglog d, )?
hK > CdK —(logth)3

3.5.6 Dj; cubic extensions with signature (1,1)

In section 2.2.1, we showed that
flz,t) =2 +tz -1

gives rise to a D regular extension. Since disc(f(x,t)) = —(4t3 + 27) is a polynomial of
degree 3, there is a constant C with |disc(f,(x))| < Ct3. For given X > 0, let A = C'/3X.

We define a set L(A) of square-free integers
X 3
L(A) = {? <t < X | 4t° + 27 square-free ,t = sy mod M}.

Note that each ¢ in L(A) corresponds to a distinct L-function L(s, p,t).

By Lemma 3.19, |L(A)| = B5; + O (ﬁ) for some 3, |[L(A)| > A'~¢.

log %)

Let ¢y = 16. Choose a with ¢y 21a__°‘1 < 19—0%. By applying Theorem 1.10 to L(A) with

e=3,d=1and T = (log A%)?, every automorphic L-function excluding exceptional
O(A%/190) [_functions has a zero-free region |a, 1] x [—(log|dx.|)?, (log|dxk,|)?]. Let us

~

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p, s) in Z(A), we have
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Ap, 1)

lOgL(]-?p?S) - Z +On,a(1) (331)
p<y/log|dx,|
1
=2 3 ~+Ouall) =2logloglog|dic| + Onall).
cy<p<q/log|d, |

By the class number formula and (2.13),

1/2 (log log |d,
(log |dxk.,|)

)’

hKS > ’sz

We summarize as follows:

Theorem 3.32. There is a constant ¢ > 0 such that there exist K € £(3, D3, 1,1) with

arbitrary large discriminant dg for which

1/2 (loglog |dk|)?

h d
> el e )

3.6 Cyclic Groups

3.6.1 Simplest Sextic Fields

For f(z,t) = f(z,t) = 2% — 5025 — 54824 — 2023 4 515827 + 82 + 1, we checked that
f(z, (6r + 3)(3672 + 36r + 18)) gives rise to a Cg regular extension.

Since disc(f(x, (6r 4+ 3)(36r* + 36r + 18)) = 203%1(3r? + 3r + 1)10(12r2 + 12r + 7)°,
there is a constant C' with disc(f(z, (6r + 3)(36r* + 36r + 18)) < Cr*’. Now define a set

L(A) for A= CY/3X.
X 2 2 —
L(A) = 5 <7< X | 3r° +3r 4+ 1 and 12r° + 12r + 7square-free, r = s)y mod M ;.

we can show that A'™¢ <« |L(A)] < A. Note that each r in L(A) corresponds to a

distinct L-function.

Let ¢ = 76. Choose a with ¢ 21a—_a1 < f)—(i). By applying Theorem 1.10 to L(A) with

e=30,d=1and T = (log A*°)2, every automorphic L-function excluding exceptional
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O(A%/100) [_functions has a zero-free region [a,1] x [—(logdg,)?, (logdk,)?]. Let us

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in Z(A), we have

Ap 1)

logL(L,p,t) = ).
p<y/logdr,
1
=5 Y = +0.4(1) =5logloglogdi, + O,a(l).
cy<p<q/logdr, P

By the class number formula and (2.11),

+ Op.a(1) (3.33)

1/2 (loglog dx, )’

e > e log g

We summarize as follows

Theorem 3.34. There is a constant ¢ > 0 such that there exist K € £(6,Cs,6,0) with

arbitrary large discriminant dg for which

1/2 (loglog dg)®
e = i og i)

3.6.2 Simplest Quintic fields

Smith [67] showed that Lehmer’s polynomial f(z,t) = z° + t?2* — (2t3 + 6t> + 10t +
10)23 + (¢* + 53 + 11¢% + 15t + 5)x? + (¢3 + 4t* + 10t + 10)x + 1 generates a Cs regular
extension. Since the discriminant is a polynomial of degree 22, there is a constant C' with
disc(f(x,t)) < Ct*2.

For A = CY?X, let L(A) be a finite set given by

X
L(A) = {5 <t < X |t + 5t 4 15t + 25t + 25 cubic-free and ¢t = ¢y modM }.

Then by Lemma 3.19, we have A'™¢ < L(A) < A.

Let ¢y = 56. Choose o with ¢y 21a—_a1 < f)—(i). By applying Theorem 1.10 to L(A) with

e=22,d=1and T = (log A??)?, every automorphic L-function excluding exceptional
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O(A%/100) [_functions has a zero-free region [a,1] x [—(logdg,)?, (logdk,)?]. Let us

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in L(A), we have

Apt)

logL(1,p,t) = Y. + Opa(1) (3.35)

p<y/logdk,

1
=4 > —+0ua(l) = 4logloglog i, + Opa(1).
CfS;DS\/lOgth p

By the class number formula and (2.10),

1/2 (loglog dx;,)*

th > th (lOg th>4

We summarize as follows

Theorem 3.36. There is a constant ¢ > 0 such that there exist K € R(5,Cs,5,0) with

arbitrary large discriminant dx for which

1/2 (10g IOg dK)4
M A ogdie)t

3.6.3 Simplest Quartic fields

In section 2.1.1,we showed that f(x,t) = x* — tx3 — 62 + tx + 1 generates a Cy regular
extension. Since the discriminant disc(f(z,t)) = 4(t* + 16)3 is a polynomial of degree 6,
there is a constant C' with disc(f(z,t)) < CtS.

For A= CY6X let L(A) be a finite set given by
X
L(A) = {5 <t < X |teven, t =ty mod M}.

Then we have A'™¢ <« L(A) < A. We can determine the discriminant dg, with 2-adic

(t2416)3 (
64 -

valuation () of t and it is at least See [41]) So every t € L(A) corresponds to

a distinct L-function.
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@ < 3B By applying Theorem 1.10 to L(A) with

Let ¢y = 16. Choose a with ¢ 21(1_—1 00"

e=26,d=1and T = (log A%)?, every automorphic L-function excluding exceptional
O(A%/190) [functions has a zero-free region [a, 1] x [—(logdg,)?, (logdg,)?]. Let us

denote by L(A), the set of the automorphic L-functions with the zero-free region.

Applying Proposition 1.7 to this L-function L(s, p,t) in E(A), we have

Ap, 1)

log L(1,p,t) = + Opa(1) (3.37)

p<y/logdg,
1

_ 3 Z — 4+ O,,4(1) = 3logloglog dk, + O, (1).

c<p<y/logdr, P

By the class number formula and (2.8),

1/2 (loglog dg, )

e > A g dig )

We summarize as follows

Theorem 3.38. There is a constant ¢ > 0 such that there exist K € £(4,Cy,4,0) with

arbitrary large discriminant dg for which

1/2 (loglog dg)?
e U g i)



Chapter 4

Logarithmic derivatives of Artin

L-functions

This chapter is written based on the joint work [9] with H. Kim. We follow [9] closely.

4.1 Euler-Kronecker Constants

Let K be a number field of degree n with discriminant dx and (x(s) be the Dedekind

zeta function of K| with the Laurent expansion at s = 1:
Ck(s)=c_1(s—1) "+ eco+eils—1) Fea(s — 1) -

Then v = Ci—ol is called the Euler-Kronecker constant of K. If K = Q, then g is
just the FEuler constant v = 0.57721566 - - -. When K is an imaginary quadratic field, the
Kronecker limit formula express v in terms of special values of the Dedekind n-function.
It was Thara who began a study of Euler-Kronecker constant systematically. We refer to
[29] for the detail.

We can see that %(s) = — 5 +79k + (s —1)h(s), for some holomorphic function h(s)

at s = 1. Let K be the Galois closure of K. Then we have (x(s) = ((s)L(s, p) for some

61
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n — 1 dimensional complex representation p of the Galois group Gal(}? /Q). So we have

I

1K =7+ (1p). (4.1)

This is one of the motivations to study the logarithmic derivatives at s = 1. Thara
[29] found a upper bound and a lower bound for 75 under GRH. The main term of his

upper and lower bound under GRH are

log \/|d
2loglog/|dk|, —2(n—1)log (Og—|11<|> :
n_

In [30], page 260, the authors remarked that in the case of Dirichlet characters, the
coefficient 2 can be replaced by 1 4 o(1). In section 4.7, we prove that under the Artin
conjecture, GRH and certain zero density hypothesis (Conjecture 4.19), the upper and

lower bound are
loglog |di| + O(logloglog |dk|), —(n —1)loglog|dxk|+ O(logloglog|dk|),

resp. The lower bound comes from number fields where almost all small primes split
completely. This agrees with Thara’s observation ([29], page 409) that number fields with
many primes having small norms have the lower bound.

When K is a quadratic field Q(v/d), the value %(1, Xa) determines g, /z where xq is
the Dirichlet character attached to the quadratic field @(\/c_l) Recently, Mourtada and
Murty [48] showed unconditionally that there are infinitely many Dirichlet L-functions
of quadratic characters whose logarithmic derivative at s = 1 have large values. Namely,
there are infinitely many fundamental discriminants d such that |—Lfl (1, Xd)‘ > log log |d].
This implies that ’ny( \/E)‘ > loglog|d| for infinitely many quadratic fields Q(v/d). We
realized that the techniques we used to obtain extreme values of L(1,p) in [6], [7], [8],
can be applied to generalize their result to arbitrary Artin L-functions.

Under several assumptions (the strong Artin Conjecture, Assumptions 4.4 and 4.5),

we show in section 4.2 that there are infinitely many number fields such that

!/

L
f(l,p) > loglog |d| + O(logloglog |dk|), (4.2)
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and infinitely many number fields such that

L/
(L p) < =(n —1)loglog|dk| + O(loglog log d]). (4.3)

4.2 Extreme values of %(1, )

In this section, we describe how to obtain extreme positive or negative values of Lf' (1,p)in
a general setting. Suppose K; € &(n,G,ry,r3). Let p; be the n — 1 dimensional complex
representation of the Galois group Gal([A(/Q) given by (g, (s) = ((s)L(s,p:). Then
the conductor of p; is |dg,|. Now we assume that p; is modular, i.e., an automorphic
representation of GL,_1. The discriminant of f(z,t) is a polynomial in t. We expect that
regular Galois extension property implies that the field discriminant |dg,| will increase

with respect to t.

Assumption 4.4. log|dk,| > log|t|.

4.2.1 Extreme positive values of £(1, p)

Let G be a finite group having property Galr and let f(x,t) € Z[t][x] be an irreducible
polynomial of degree n whose splitting field over Q(t) is a regular extension with Galois
group G. Let K; be the number field obtained by adjoining a root of f(x,t) to the
rational number field Q for a specialization ¢ € Z and let f(\t be its Galois closure. Let

L(s,p,t) = 221 A(l,t)7* be the Artin L-function Qg(ts()s)

Note that the conductor of L(s,p,t) is |dk,|, and for unramified prime p, A(p,t) =
N(p,t) — 1, where N(p,t) is the number of solutions of f(z,t) = 0 (mod p). Hence
—1<Ap,t) <n—1.

The Galois group Gal(f(\t/(@) ~ G acts on the set X = {x1,x9, -+, x,} of roots of
f(z,t) transitively. Let G be the set of g € G with no fixed point. Then Gj is not empty

|Gol

and G > < (see [62], page 430). Choose any gy € Gy and let [go] be the conjugacy class



CHAPTER 4. LOGARITHMIC DERIVATIVES OF ARTIN L-FUNCTIONS 64

of go in G. If the Frobenius element of p belongs to [go], then f(z,t) = 0 (mod p) has no
root and hence A\(p,t) = —1.
Since f(x,t) gives rise to a regular extension, by Theorem 2.1, there is a constant c;

depending on f such that for any prime p > ¢y, there is an integer ¢, so that for any

log X
loglog X

t =1, (mod p), the Frobenius element of p belongs to [go]. For X > 0, let y =

log X
and M =[] p. Note that M < eV = emelosX <, X for any € > 0.

cr<p<y
Let iy be an integer such that iy =i, (mod p) for all ¢; <p <y. Soif t =iy (mod
M), for all ¢y < p <y, p belongs to [go] and A(p,t) = —1.
Assume that the discriminant of f(x,t) is a polynomial in ¢ of degree D. Then there

is a constant C' such that |dg,| < CtP. For A = CYPX, we define a set L(A) of positive

numbers given by
X ) —
L(A) = {3 <t< X |t=ipy (mod M), Gal(K;/Q) ~ G}.

Under the strong Artin Conjecture, every ¢ in L(A) corresponds to an automorphic
L-function of GL(n — 1) over Q. But it is possible that different ¢ € L(A) correspond to

the same automorphic L-function. See Theorem 3.2.

Assumption 4.5. There exists a finite set T C 7Z, depending only on f, such that
L(s, p,t)’s are distinct for all t € L(A)\T.

Let L(A) be the set of automorphic L-functions coming from L(A) after removing
the possible repetition of the same L-functions among them. In sections 4.4 through 4.6,
we consider explicit examples of families of number fields. In those cases, we may have
to put more conditions in L(A) in order to satisfy Assumption 4.5, or replace it by some
other set. In any case, we show that A"~ < |L(A)| < A for any fixed ¢ > 0.

Let ¢g = —5(";1)]3

+ 1. Or we may replace (n — 1) in ¢y by a smaller constant if p is

@ < 98 By applying Theorem 1.10 to Z(A) with

not irreducible. Choose o with ¢ 21a_—1 00

e=D,d=1and T = (log AP)?, every automorphic L-function excluding exceptional



CHAPTER 4. LOGARITHMIC DERIVATIVES OF ARTIN L-FUNCTIONS 65

O(A%/190) [_functions has a zero-free region [a, 1] x [—(log|dx,|)?, log |dx,|)?]. Let us
denote by E(A), the set of the automorphic L-functions with the zero-free region.
Applying Proposition 1.9 to this L-function L(s, p, t) in L(A) with z = (log CXD)%,

we have

L logp
f(l,p,t) = _Z + Onza(1) (4.6)
p<z2
1 Ap,t)1
_ Z ogp Z (p,t) ng+0n’z7a(1>
cy<p<y y<p<z2 p
Alp, 1)1
= loglog X — Z M—FO(logloglogX).
p
y<p<z?

= logy + O(1), and y = 225)

(Here we use the fact that > Tog log X

p<y p
Now we sum the logarithmic derivative £ (1 p,t) over E(A), namely, consider

!/

> T,

L(s,pt)eL(A)

We need to deal with the sum

Sy IR Y g

L(s,p,t)eL(A) y<p<z? y<p<z? L(s,p,t)eL(A)

In the next section, we prove the following proposition:

Proposition 4.7. For all y < p < 22,

L(A L(A
T Ay < LA, 1| (Al
L(s,p,t)€L(A) \/Z_) ( 08 X) :

where the implied constant is independent of p for y < p < z2.

Proposition 4.7 implies

logp ~ logp | |L(4)| log p
> o < LA Y Y
p¥ (log X))z p
L(s,p,t)eL(A) y<p<z? y<p<a? y<p<a?
L(A)] | |E(A)]loglog X
yl/? (log X)z

<
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Hence we have

L - ~
> —(1,p,1) = |L(A)[loglog X + O(|L(A)| log log log X).

L(s,p,t)€L(A)
Now note that |dg,| < CtP and t < X. So if there are only finitely many L-functions
with %(1,p, t) > loglog |dg,| + O(logloglog |dk,|), they cannot reach the average value
loglog X as X increases. Hence we proved the following under the Strong Artin conjecture

and Assumptions 4.4 and 4.5,

Theorem 4.8. There are infinitely many L(s, p,t) in E(A) such that

/

L
f(lv Py t) 2 IOgIOg |th| + O(lOglOg IOg |th|)

4.2.2 Extreme negative values of £ (1, p)

To generate a negative %(1, p,t), but whose absolute value is large, we need to manipulate

A(p,t) so that A(p,t) =n — 1 for all primes p between ¢; and y = 102)53?)( in (4.6).

Since f(x,t) gives rise to a regular Galois extension, by Theorem 2.1, for any prime
p > ¢y, there is an integer s, so that for any ¢t = s, (mod p), the Frobenius element of

p is the identity in G. For X > 0, let M =[] p. Let sp; be an integer such that

cy<p<y

sy =5, (mod p) for all ¢y <p <wy. Soift = sy (mod M), for all ¢; < p <y, p splits
completely in f(\t, and A(p,t) =n — 1.

For A = CYPX, we define a set L(A), L(A) and L(A) as in the previous section.
Then as in (4.6),

/

L Alp, 1) logp
f(l,p, t)=—(n—1)loglog X — Z Er— + O(logloglog X).

y<p<x?
Then by Proposition 4.7,
r ~ ~
> —(pt)=—(n—1)|L(A)|loglog X + O(|L(A)|logloglog X).

L
L(s,p,t)eL(A)

Hence we proved the following under the Strong Artin Conjecture and Assumptions

4.4 and 4.5,
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Theorem 4.9. There are infinitely many L-functions L(s, p,t) in E(A) with

!/

f(]-?p? t) < —(TL - 1) IOgIOg ’thl + O(lOglOglOg |th|>

4.3 Proof of Proposition 4.7

For a fixed prime p, consider the equation f(x,t) =0 (mod p). Now we consider f(z,t)
as a algebraic curve over Z/pZ. Let A; be the number of ¢ (mod p) such that A(p,t) = 1,
i.e., f(z,t) =0 (mod p) has i 4+ 1 roots. Then we have
Z A, =p+0(1),
i=—1
where O(1) is bounded by D, the degree of discriminant of f(z,1).
Recall Weil’s celebrated theorem on rational points of a curve over a finite field. ([58],

page 75):

Theorem 4.10. Let f(z,y) € Fylx,y| be absolutely irreducible and of total degree d > 0.
Let N be the number of zeros of f in I, x F,. Then

IN =pl < (d=1)(d=2)y/p+c(d),
for a constant c(d).

Weil’s theorem implies

n—1

> (i+1)A; =p+O0(Vp).

i=—1

Hence we obtain
n—1

> iA; = 0(\/p). (4.11)

i=—1

Now we define @; = {3X <t < X |t € L(A) and ¢ = i (mod)p} and write

L(A) = QoUQ,U---UQ, ..
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Let R be a finite subset of {0,1,2,---,p — 1} for which & € R if and only if p is

ramified for ¢t € (. Then we prove the following in the examples in sections 4.4 through

4.6:
L(A L(A
|Q:| = cpM +0 Lﬂl for € R (4.12)
p p(log X)2
where ¢, is a constant close to 1, independent of i. (We can show that 1 < ¢, < 2.)
Since Z Ap,t) = Z A(p,t) + O(X*%/1%) "in order to prove Proposi-
L(s,p,t)€L(A) L(s,p,t)EL(A)

tion 4.7, it is enough to show that

L(A L(A
T A(p’t)<<\ ( )|+ |L( )|;-
L(s,p,t)EL(A) VP (log X)2
When k£ € R,
|L(A)|
p

S A < (1)

L(Svpvt)er

If k£ ¢ R, pis unramified for all ¢ € Qy, and \(p,t) = j(k) for a unique j(k). In that case,

+0(1).

L L(A
S ) — (ke >|+O( L >|1>_
(Spt er p p(lOgX)2
Hence
> =3 ) ApH+Y. D A
L(s,p,t)€L(A) kER L(s,p,t)EQk k¢R L(s,p,t)EQk
Here

kER L(s,p,t)€Qx

where the implied constant is independent of p. On the other hand,

L L(A
S Y - Yimed - 6B (%)

k¢R L(s,p,t)EQk k¢R k¢R
L
_ ’2A+o<’”‘1>.
= (log X )2
By (4.11),
L(A L(A
T At < AL LA

1
L(s,p,t)€L(A) VP (log X)2
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4.4 Cyclic and Dihedral extensions

Cyclic and dihedral extensions satisfy Galr property. Hence given GG, a cyclic or dihedral
group, there exists a polynomial f(x,t) € Z[t][x] whose splitting field over Q(¢) is a regular
Galois extension and whose Galois group is G. We give some details for quadratic and

cyclic cubic extensions.

4.4.1 Quadratic extensions
Consider K, = Q[v/#] for ¢ square free and ¢ = 1 (mod 4). Consider, for M = 4 H3§p§y P,

X
L(X) = {3 <t < X| t square-free and t = sy, (mod M)}

X
L(X)y, = {5 <t < X| t square-free and t = iy, (mod M)}.
Then Assumptions 4.4 and 4.5 are clear. We verify (4.12) in the case of L(X),:
X . .
Qi = {5 <t < X|t square free, t = ij; (mod M), t =i (mod p)}.

Since p >y, (p, M) =1 and if i # 0, by [18], page 248,

3 -2 ,1X -2 711 1 |L<X)2| i
|Qi’:FH(1_q ) M(l—p ) 5+O(X2):Cp » +0(X2),
q|M
where ¢, = (1 —p™?)"'and 1 < ¢, < 2. Since p < (logX)%, X2 < % Here we
p(log X)2

considered real quadratic fields. However, the same argument is applicable to imaginary

quadratic fields. So Theorem 4.8 and Theorem 4.9 are now stated as follows:

Theorem 4.13. (1) There are infinitely many real quadratic fields Q(\/t) (resp, imagi-
nary quadratic fields Q(\/t)) with

!/

7 (Lxe) < —loglog [t] + O(loglog log [¢]).

(2) There are infinitely many real quadratic fields Q(\/t) (resp, imaginary quadratic fields

Q(VA) with

/

L
7 (Lxe) 2 loglog|t| + O(logloglog [¢]).
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4.4.2 Cyclic Cubic extensions

Consider

flz,t) = 2® —ta* — (t +3)z — 1,
for t € Z*. Tts discriminant is g(t)* with g(t) = > + 3t + 9. Then K;/Q is a Cj
Galois extension, and L(s,p,t) = L(s,x:)L(s,X¢), where x4, \; are two non-principal

characters of C3. The conductor f,, of x; is g(t) when g¢(t) is square-free. Note also that
%(1,p, t) = 2Re (%(1,)(,5)). Consider, for M =6 H D,

S<p=y

L(A), = {; <t < X| g(t) square-free, t = sy (mod M)}

L(A), = {% <t < X| g(t)square-free, t = iy (mod M)}.
Then Assumptions 4.4 and 4.5 are clear. We verify (4.12) in the case of L(A),:
Qi = {g <t < X|g(t) square free, t =iy, (mod M), t =i (mod p)}.

Define R’ be the set of solutions ¢ (mod p) for g(t) = 0 mod p. Then R’ has at most

2 elements. So it is enough to consider ¢ ¢ R'. Since p >y, (p, M) =1 and for i ¢ R/,

by [17],
o = T (0 () )3 (- (= () ) promeive
= cpwg'%b' +O(X3log X),

where ¢, = (1 — (14 (37))p%) " and 5 < ¢, < 2. Since p < (log X) s, X3log X <

%. So Theorem 4.8 and Theorem 4.9 are now stated as follows:
p(log

Theorem 4.14. (1) There are infinitely many L(s, p,t) with

L L
7 (L,p,t) < —2loglog|dg, [+ O(logloglog |dx,[),  Re (f(LXt)) < —loglog f\,+O(logloglog fy,).

(2) There are infinitely many L(s, p,t) with

/ /

L L 1
f(l,p, t) > loglog |dg,|[+O(logloglog |dk,|), Re (f(LXt)) > 5 loglog fr.+O(logloglog fy,).
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4.4.3 Dihedral and cyclic extensions

For higher degree extensions, we recall the explicit examples from Chapter 2.

£1(6,C6,6,0) : f(z,t) = a5 — 2tx® — 5(t + 3)z* — 202> + 5ta? + 2(t + 3)z + 1
R(5,D5,5,0) : f(z,t) =2° —tz* + (2t — 1)a® — (t = 2)2® —2x + 1, > 7
A(5,D5,1,2) : f(z,t) =a® +tat — (2t + Va3 + (¢t +2)22 - 22+ 1,t >0

(

5,C5,5,0) : f(x,t) = 2° + 22 — (263 + 6t + 10t + 10)23 + (¢* + 5¢3 + 11¢% + 15t + 5)a?

R(4,D4,4,0) : f(z,t) =2 —t2® —2? +tx + 1
R(4,D4,2,1) : f(x,t) = 2% —t2® +32% —tx + 1
R(4,D4,0,2) : f(z,t) =2 — 23+ (t+2)2* —z + 1
R(4,C4,4,0) : f(x,t) =2 —ta® — 62° +tr + 1
R(3,D3,3,0) : f(z,t) = (x —t)(x —4t)(x — 9t) — t
R(3,D3,1,1) : f(z,t) =23 +tx — 1

Here in the case of Cg, we do not need to specialize t as in section 3.6.1 since we do

not need to find units.

The strong Artin conjecture is valid in all of the above cases. We recall the definition

of the sets L(A) in each cases. We only write for the extreme positive value case.
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<t < X |t?+ 3t + 9 square-free, and t = iy (mod M)}

<t < X | 443 — 28t% + 24t — 47 square-free and t = iy, (mod M)}
<t < X | 483 + 281 4 24t + 47 square-free and t = iy, (mod M)}
<t < X | t*+ 53 + 15t% + 25t + 25 cubic-free and ¢ = ip; (mod M)}
<t < X | t? — 4 square-free and ¢t = iy, (mod M)}

<t < X |t*— 4 square-free and t = iy (mod M)}

<t < X |1—4tsquare-free and t =iy (mod M)}

<t<X |t even and t =iy (mod M)}

<t < X | t square-free and ¢t =iy, (mod M)}

<t < X | 4t + 27 square-free and t = iy, (mod M)}

Except the case of &(3, D3, 3,0), Assumptions 4.4 and 4.5 are shown in Chapter 3.

Since f(z,t) = (x — t)(z — 4t)(x — 9t) — ¢t is an Eisenstein polynomial for square-free t,

log dg, > logt. We prove Assumption 4.5 as follows: We claim that p|t if and only if p

is totally ramified in Kj: If p|t, by [11], page 315, p is totally ramified. Conversely, if p

is totally ramified and p t ¢, f(x,t) = (z + a)® (mod p). If we compare the coefficients

of f(z,t) (mod p), we obtain contradiction. Therefore, K;’s are distinct for all t € L(A)

and showed Assumption 4.5.

Now we show that (4.12) holds for these cases. For the cases of Cgs, Dy and Cy, it can

be verified as in the quadratic and cyclic cubic cases. Consider the case of Ds, (1,2):

X
Q= {3 <t < X | 483 + 28t% + 24t + 47 square-free and t = iy, (mod M), and t =i (mod p)}.

Let R’ be the set of solutions ¢ (mod p) for 4¢3 + 28t + 24t + 47 = 0 (mod p). Then R’

has at most 3 elements. Hence it is enough to consider ¢ ¢ R'. For ¢ ¢ R’, by Lemma

3.19,
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L4 X X\ 72
= ¢ » + 0 oAl logpM ,

where p(p?) is the number of solutions for 4¢3 + 28t% + 24t + 47 = 0 (mod p?), and

-1
cp = (1 — &2)) . Here 1 < ¢, < 2. Since (1 —¢)log X < log% < log X for any € > 0,

p2

we have

N[

(105 ) < LD
pM \"*® pM p(log X))z

The cases of Ds, (1,1) and Ds, (5,0) and Ds, (1,2) are similar.
Consider the case of Cs:

X
Q: = {5 <t < X |t 4 5t3 + 152 + 25t + 25 cubic-free and t = ip; (mod M), and ¢t =i (mod p)}.

Let R’ be the set of solutions ¢ (mod p) for t* + 5¢t* + 15t* 4 25¢ + 25 = 0 (mod p). Then
R’ has at most 4 elements. Hence it is enough to consider i ¢ R'. For i ¢ R, by Lemma

3.19,

[SA1[9)

o H(l—p;’f))(1—%@)_1%%”(1%(@%)-

aM
IL(A)| X ( X)i
= ¢——+0| — |log— ,
Pop pM pM

where p(p?) is the number of solutions for t* + 5¢3 4 15t + 25¢ + 25 = 0 (mod p?), and

)

—1
cp = (1 — %f)) . Here 1 < ¢, < 2. Clearly, we have

X (1 X>?<< |L(A)]
— | log — —_—.
pM gPM p(log X )2

Hence Theorem 4.8 and Theorem 4.9 are valid for the above examples.
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4.5 Alternating Groups

4.5.1 A, Galois extensions
Consider from section 2.3.1 and [67]:

R(4,A4,0,2) : f(z,t) = 2t + 182% — 4tz + 1* + 81
R(4,A4,4,0) : f(z,t) = 2 + 182 + (8142 + 2)2? + 2¢(54t? + 1)z + 1
All these polynomials generate regular Galois extensions and the strong Artin con-
jecture is true. In the first case, Assumption 4.4 was verified in 2.3.1. The second case
is similar: Note that disc(f(z,t)) = 16%t*(27t* — 4)*(27t* + 4)%. So if ¢ is square free,
Newton polygon argument shows that t|dg,. (If p|t, then pZg, = p? for a prime ideal p.)

Hence log dg, > log |t|.
R(4,A4,0,2) : L(A) = {3 <t < X : t(t* + 108) square-free and ¢ = ip; (mod M)}
R(4,A4,4,0) : L(A) = {3 <t < X : tissquare free and t = iy (mod M)}
In the case of Ay, (0,2), t(t?+108) is no longer irreducible so we can’t apply Theorem

3.19. We need Nair’s work [50] Here. He showed

Theorem 4.15 (Nair). If
fla) =T (i)™ € Z[a),
i=1
where each f; is irreducible, o = max; o; and deg fi(z) = g;, then

Ni(z,h) =] (1 = ”g)) h+0 ((mg—];)k—l>

p

for h = 2% where 0 < 0 < 1 and k > max;{\gia;}, (A = /2 — 1/2) provided that at least

one g; > 2.

Theorem 4.15 implies that

L4) =] (1 -
pIM

p(r*)\ X X
— 40—
P2 >2M+ M log 5
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For both cases, (4.12) is verified easily. For the first case, Assumption 4.5 is true.
However, for the second polynomial Assumption 4.5 remains to be proved. Hence Theo-

rem 4.8 and Theorem 4.9 are valid modulo Assumption 4.5.

4.5.2 A; Galois extension

Consider the polynomial f(z,t) = 2° + 5(5t* — 1)x — 4(5t*> — 1) from section 2.3.2.

If K; = Q[ay] for t € Z, K, has signature (1,2). Let K, be the Galois closure. Then
G has a subgroup H isomorphic to A, such that f(\tH = K;. Let Ind$ 1y = 1+ p
be the induced representation of G by the trivial representation of H where p is the
4-dimensional representation of A, so that L(s, p,t) = C?ES)

Now by [36], page 498, p is equivalent to a twist of ¢ ® o7 by a character, where

o,0” are the icosahedral 2-dimensional representations of Ay~ S Lo(F5). Since K; is not
totally real, o and o7 are odd. Hence by [35], Corollary 10,2, 0,07 are modular, i.e., they
are attached to cuspidal representations 7, 7™ of GL2/Q. By [53], the functorial product
7 X 77 is a cuspidal representation of GL,/Q. Hence L(s, p,t) is a cuspidal automorphic
L-function of GL,/Q.

Let

X
L(A) = {? <t < X | 5t — 1 square-free, t even, t = iy (mod M)}.

Now we show Asssumption 4.5.

To verify Assumption 4.5, it is enough that K, are not isomorphic for odd square-
free 5t2 — 1. Suppose 5t?> — 1 is square free for even t. Now we prove that the primes
p who ramifies totally in K; are exactly prime divisors of 5t — 1. Since f(z,t) is an
Eisenstein polynomial with respect to each prime divisor of 5t> — 1, p ramifies totally
in K;. Conversely, assume that a prime p ramifies totally and is not a prime divisor of
5t — 1. If p = 2, then f(x,t) = x(z* + 1) mod 2. Hence p does not ramifies totally. Now

assume that p is not 2 and not a prime divisor of 5¢2 — 1. Then we should have that
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f(z,t) = (z + a)® mod p with @ # 0 mod p and it forces that p = 5 and a = 4. However,
by Newton polygon method, 50k, = p1p3.
In this case, (4.12) is verified as in Dy, (4,0) case. So Theorem 4.8 and Theorem 4.9

are valid.

4.6 Symmetric Groups

4.6.1 S, Galois extensions

Consider from section 2.4.1:
R(4,54,4,0) : f(x,t) = (v —t)(x — 4t)(x — 9t)(x — 16t) — t
R(4,54,2,1) : f(z,t) = 2*(x — 10t)(x — 18t) + t
R(4,54,0,2) : f(z,t) =2 +ta® +to + 1
All these polynomials generate regular Galois extensions and the strong Artin con-

jecture is true. We define L(A) as
X .
L(A) = {5 <t < X | tsquare-free, t =iy (mod M)}.

Assumptions 4.4 and 4.5 are shown in Chapters 2 and 3.
In these cases, (4.12) is verified as in the quadratic case.

Hence Theorem 4.8 and Theorem 4.9 are valid unconditionally.

4.6.2 S; Galois extension

Consider from section 2.4.2:
flz,t) =a° +tx +t

Since 5 does not divide disc(f(x,t)) = t*(256t + 3125), 5 is unramified in f(\t/@ In

addition, f(x,t) = 2®+z+1 = (z+3)(2*+z+1)(z*+2+2) (mod 5), the Galois extensions

f(\t /Q satisfy the hypothesis of Theorem 1.4. Hence Artin L-functions L(s, p,t) = Clg(t—s()s)

are cuspidal automorphic L-functions of GL(4)/Q.
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On the other hand, it is easy to check, for square-free t,
p is totally ramified in K; <= p | t.

Hence K; are not isomorphic for all square-free ¢ and this fact implies that L(s, p,t) are
distinct. Hence we verified Assumption 4.5 for this case.

Let

X
L(A) = {5 <t < X | t:square-free and t = iy (mod M)}

Then we can see that (4.12) holds.

So Theorem 4.8 and Theorem 4.9 are valid.

4.7 Conditional result under zero density hypothesis

Until now, we obtained the average value of logarithmic derivatives of Artin L-functions in
a family. In this section, we assume a zero density hypothesis and evaluate the logarithmic
derivative of a single Artin L-function.

We use the same notation as in section 4.2: Let f(z,t) € Z[t][z] be an irreducible
polynomial of degree n whose splitting field over Q(#) is a regular extension with Galois

group G. Let K, f(\t be as in section 4.2. Let L(s, p,t) = > ;2 A(l,t)I™* be the Artin

Ck, ()
G(s) -~

L-function For simplicity of notation, let L(s,p) = L(s, p,t), A(p) = A(p,t), and
N = |dg,|-
If we assume the Artin conjecture and GRH for L(s, p), then by [16],

L Alp) logp
f(lup) - - Z — + On@,a(l)‘
p<(log N)2+e p

We show under certain zero hypothesis (Conjecture 4.19) that if w = (log N)(log log N)?,
z = (log N,

3 % = O(1). (4.16)

w<p<lr
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Proof of (4.16): By partial summation,

> Ap)logp ——ZA logp+éZA(p) 10gp+/m Sz 20 logpd“' (4.17)

2
u
w<p<z p p<w p<z w

Then = > pew Ap) logp = O(1), and %qu A(p)logp = O(1) since }_ _ logp = O(z).
Let o = B + iy run over the zeros of L(s, p) in the critical strip of height up to T,

with 1 < T < w. Then by [32], page 112,

w) =3 Am)A@n) = w=l, O(UIOTg“ log(u""'N)). (4.18)

n<u p=r ¢

Here ¢(p,u) = 3 ,, A(P)10gp + D icy 12 A(p*)logp. Since (1) < d,,_1(l), where
Cs)" =52 dur (D175 and d, 1 (1) < d()", M(p*) < (k+1)"1. Hence

Z Ap*) logp < Z log p Z (k+ )" < Vu(logu)™.

Pk <u, k>2 PSVE kclosu

So this error term contributes to O(1) in the integral in (4.17). Therefore, we can use
¥ (p,u) in the integral in (4.17). We apply (4.18) with T' = (log N)(loglog N)?. The error

term O(*“2% log(u" "' N)) gives rise to

/w (n—1) u(log u)? N ulogu du
w (log N)(loglog N)? ~ (loglog N)? ) u?

which is O(1).
The sum 3 p é is bounded by (log N) Z;‘::l + < log Nlog T and it gives rise to

Y du log N log T

(log N)(logT) E =0(1).

w

Now we assume the following zero density hypothesis for L(s, p). (cf. [55], page 6)

Conjecture 4.19. For u > (log(n — 1)log N)*, and k > 1

’LLQ c d
E N < u ~ (log(n—1)log N)F T(log(nfl)logN)"”

Iy|<T ¢

for some positive constants ¢, d which are independent of L(s, p).
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Remark 4.20. Conjecture 4.19 follows from GRH if u is large. However, if u is small,

of size (log N)® which is under consideration, it does not follow from GRH.

If T = (log N)(loglog N)?,

d

[ Qog(n—1)log N)F — O(l)

Let b= m, then under Conjecture 4]_9,

x 0 T
/ Zu— %(/ u T du < wTt = O(1).

Yo \hiIgT e

Hence under the zero density hypothesis, we proved (4.16). O

Then since
|
Z 8P < logloglog N,
log N <p< p
loglogN—p—w
we have
L Ap)1
—(1,p)=— Z Alp) logp + O(logloglog N). (4.21)
L log N p
¢ SP<Toglog N

Since —1 < A(p) < n — 1, we have

Theorem 4.22. Under the Artin conjecture and GRH and Conjecture 4.19 for L(s, p),

the upper and lower bound for %(1, p,t) are
loglog |dk,| + O(logloglog |dk,|), —(n —1)loglog|dk,|+ O(logloglog |dk,|),
resp.

For X > 0, let y = ﬁlogX and define M, ip7, sy as in section 4.2. So for all
cg <p<uy,ift=sy (mod M), p splits completely in E, and \(p,t) =n—1;if t =iy
(mod M), A(p,t) = —1. Assume that the discriminant of f(x,t) is a polynomial in ¢ of
degree D. Then there is a constant C such that |dg,| < CtP. So log|dk,| < logt. For

A =CYPX we define a set L(A); by

L(A); = {g ct< X |t=iy (mod M), Gal(K:/Q) ~ G}.
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Similarly we define L(A),. Note that for ;X < ¢t < X, % <y = q5log X
for sufficiently large X. Hence we can control A(p) for ¢y < p < log’lgo zgv > namely, for

t € L(A)s, AN(p) =n—1; for t € L(A);, A\(p) = —1. Hence we have proved

Theorem 4.23. Under the Artin conjecture and GRH and Conjecture 4.19 for L(s, p,t),
for all t € L(A);, %(l,p, t) = loglog |dk,| + O(logloglog |dk,|), and for all t € L(A)s,

Let’s assume the strong Artin conjecture for L(s, p,t) instead of the Artin conjecture
and GRH. In addition we assume that Assumptions 4.4 and 4.5 are true. They by
applying Theorem 1.10 to L(A), and L(A);, we obtain sets L(A), and L(A); where
every automorphic L-function excluding possible exceptional O(A%/1%0) [-functions, has

a zero-free region [, 1] x [—(log|dx,|)?, log |dx,|)?]. Then we can prove

Theorem 4.24. Under the strong Artin conjecture, Assumptions 4.4, 4.5 and Conjecture
4.19 for t € L(A),, %(1,p, t) = —(n—1)loglog |dx,|+O(logloglog |dx,|). Fort € L(A);,

%(1, p,t) =loglog |dk,| + O(logloglog |dk,|).



Chapter 5

A refinement of Weil’s Theorem

This chapter is written based on the joint work [10] with H. Kim. We follow [10] closely.

5.1 A refinement of Weil’s Theorem

First, let us recall Weil’s celebrated theorem on rational points of algebraic curves over

finite fields. ([58], page 75):

Theorem 5.1 (Weil). Let f(x,y) € Fylz,y] be absolutely irreducible and of total degree

d> 0. Let N be the number of zeros of f in F, x F,. Then
[N —pl < (d=1)(d—2)y/p+cld),
for a constant c(d).

Let fi(z) = 2" 4+ ai()z" ' + - - + a,(t), where a;(t) € Z[t]. Suppose f; is irreducible
over Q(t). Furthermore, we assume that the splitting field E of f;(x) over Q(t) is regular.
Let p be a prime and N;(p) be the number of solutions fi(z) = 0 (mod p), and let
Mi(p) = Ny(p) — 1. Let G = Gal(f(\t/@). Recall that

L

81
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and p; is the (n — 1)-dimensional representation of G, and M(p) is the value of the
character of p; at the conjugacy class of p. Note that —1 < A\(p) < n — 1 for unramified
primes p.

Let A; be the number of ¢ (mod p) such that \(p) = i, i.e., fi(z) = 0 (mod p) has

1+ 1 roots. Then clearly,

N = nz_:(i +1)4; + O(1).

i=—1

When G is abelian, then A; =0 for i # —1,n —1. So N =nA,_1 + O(1).

Theorem 5.2. Fiz a prime p. Let C; be the union of conjugacy classes such that \(p) =

1. Then

Ci

Proof. This is essentially Chebotarev density theorem for function field, and is proved
by Ree [54]. In [54], Theorem 2, it is stated only for when f(x,¢) (mod p) is irreducible.
(He needs to assume that f(z,t) gives rise to a regular Galois extension E over Q(t).)
But it is straightforward to generalize it. We follow his exposition in [54]. Let k =,
and K be the splitting field of f(x,t) over k(t). Since f(x,t) gives rise to a regular
Galois extension over Q(t), Gal(K/k(t)) ~ Gal(E/Q(t)) for sufficiently large p. Let D
be the set of elements a € k such that the place p, of k() corresponding to ¢ — a does
not ramify in K. Then the conjugacy class C, of the Frobenius at p, in K is the same
as factorization of f(x,a) (mod p). For any conjugacy class C' in G, let N, (C) be the
number of elements a € D such that C, = C'. Then the density theorem of Weil says

that there exists a constant «,, depending only on n, such that

‘Nn(C) G < anvm (5.3)

p
|G|

Hence (5.3) implies our result. O

Remark 5.4. Theorem 5.2 can be thought of a refinement of Theorem 5.1. Indeed,

Theorem 5.2 implies Theorem 5.1: By class equation, S7~", |Ci| = |G|, and so Theorem
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5.2 implies

n—1. ‘_n—ll G|
Z(z+1)Az—Z(z+1)<|G| +O( ) |G|Z@|O|+|G|Z|C|+O

i=—1 i=—1 i=—1

Here 32" i|C;| = 0. We can prove this as follows: Note that y,, is the sum of irreducible
characters x1i, ..., X%, and

n—1 k

D ACT=D xale) =D xi(9)

i=—1 geG j=1 geqG
By orthogonality of characters, > ., x;(g) = 0 for each j = 1, ..., k. Therefore, Z;:_ll(z#
14, = p+ O(yD)

This implies that Z?:__ll iA; = O(y/p). This played a crucial role in the previous
chapter to find the error term of logarithmic derivatives of Artin L-functions in a family.
In the special case f;(z) = 22 — g(t), where g € Z[t] and g is square free, we recover the

t
result of Davenport and Burgess [2] that ), (modp)(§) = O(\/p)-

For the several cyclic polynomials, we determine A; up to a constant in section 5.2.

5.2 Cyclic groups

In the case of cyclic extension, we need to determine only A_; and A,,_;. In the case of
simplest cubic fields, Duke [17] already obtained the result. The simplest cubic fields are

the cubic fields parameterized by the polynomial
filr) =2 —ta®> — (t +3)x — 1, for t € Z7.

For a prime p > 5, Duke computed the number of residue classes ¢t modulo p for which

fi(z) splits completely, remains inert or ramifies respectively.

split | inert | ramified

p=1mod3 | Z* | 222 2
p =2 mod 3 ’%2 @ 0
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This can be paraphrased as

2p — 2
A = p3 , and Ay =

p—4

if p=1mod 3

and

2 2 -2
A= p;— ,andAg:p3 if p =2 mod 3.

With Duke’s idea, we can extend the analogous result to simplest quartic and sextic

fields. The simplest quartic fields are the fields parameterized by
fi(z) = 2* —ta® — 62° +tx + 1

with the discriminant disc(f;(z)) = 4(t*+16). Note that for odd primes p, disc(f;(x)) =
0 mod p has a solution if and only if p = 1 mod 4.
We consider the polynomial f;(x) over a finite field IF, of p elements. Then

=622+ 1

b= x(z?2 —1)

hence = should belong to F,\{0, £1}.
If p = 3 mod 4, disc(fi(z)) has no root mod p, Hence 4 x A3 = p — 3. Hence we

obtain that

3p+3 -3
p+ aIldAgzp—

A= 1

for primes p with p =3 mod 4 and p > 3.

If p =1 mod 4, disc(f,(r)) has two roots +41/—1 mod p. For each t corresponding
a root of disc(fi(z)), fi(x) has at most 3 roots mod p, so there is a constant 0 < ¢, < 6
depending on p with 4 x A3 = p — 3 — ¢,. Since Aj is of integer value, ¢, is 2 or 6. For
example, we can check easily that c; = 2. Hence we obtain that

_3p—=5+¢ pP—3—¢

A 1

and A =

for primes p with p =1 mod 4 and p > 5.

Next, we consider the simplest sextic fields. They are parametrized by

fi(z) = 2% — 2ta® — 5(t + 3)z* — 202 + 5ta® +2(t +3)z + 1
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with the discriminant disc(f;(z)) = 2°3%(¢? + 3t + 9)°. Note that for odd prims p > 5,
disc(fi(x)) = 0 mod p has a solution if and only if p = 1 mod 3.

We consider the polynomial f;(z) over a finite field F, of p elements. Then

28 — 152% — 202% + 62 + 1

@Dt D+ 2)

hence z should belong to F,\{0,+1 — 2, —1/2}.
If p =2 mod 3, disc(f;(z)) has no root mod p, Hence 6 x A5 = p — 5. Hence we

obtain that

5p+5 -5
_ Pt andA5:p—

6 6

Ay

for primes p with p =2 mod 3 and p > 5.

If p =1 mod 3, disc(fi(z)) has two roots % mod p. For each t corresponding
a root of disc(fi(z)), fi(x) has at most 5 roots mod p, so there is a constant 0 < ¢, < 10
with 6 X A5 = p — 5 — ¢,. Since Aj; is of integer value, ¢, must be 2 or 8. Especially we

can check that ¢; = 2. Hence we obtain that
_op—T+¢ pP—5—¢

A 5

and A =

for primes p with p =1 mod 3 and p > 7.



Chapter 6

Simple zeros of Maass L-functions

6.1 Introduction

Many people have had an interest in zeros of various kinds of L-functions. One of the
most famous open question is the Riemann Hypothesis. In 1942 Selberg [61] proved that
a positive proportion of zeros lie on the critical line re(s) = 1/2. Levinson [44] showed
that more than one third of the zeros are on the critical line. Heath-Brown [26] was
the first man who showed that the Riemann zeta function has infinitely simple zeros by
observing the work of Levinson. Montgomery [46], assuming the Riemann Hypothesis,
showed that more than two thirds of the zeros are simple and lie on the critical line.
Unconditionally, Conrey [15] showed that more than two fifths of zeros are simple and

lie on the critical line.

In 1983 Hafner [23] showed that L-functions attached to Hecke cusp form for SL(2,Z)
has a positive proportion of zeros with odd multiplicity on the critical line. Later he [24]

obtained the same conclusion for the L-functions attached to even Maass forms.

Except the case of the Riemann zeta function, people did not know about simple zeros
of L-functions. In 1986, Conrey, Ghosh and Gonek [13] showed that the zeta function

of a quadratic field has infinitely many simple zeros. In 1988, Conrey and Ghosh [14]

86
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got a breakthrough about simple zeros of modular L-functions. They showed that the
L-function attached to Ramanujan tau-function has infinitely many simple zeros. In fact,
they showed that one simple zero of a Heck cusp L-function implies infinitely many simple
zeros if it has no non-trivial real zero.

The purpose of this article is to extend Conrey and Ghosh [14] to Maass L-functions.
First, we recall a Maass form and its L-function briefly.

Let I' = PSL(2,Z) act on the upper half-plane $ = {z : Imz > 0} by linear
fractional transformations. The Maass cusp forms which are also eigenfunctions of the

Hecke operators is functions f in L?(T'\$) satisyfing

(1) Af = (G +7r2)f, A =—y*0; +0)),
(2) f(yz) = f(2) for all y € T,
(3) fo z)dx = 0,
(4) T f = Auf forn>1
where T, is the nth Hecke operator for I'.

Then we have the Fourier-Whittaker expansion of f(z),

o0

f(z)= Z any? Ky (2mny) e
n#0

Since f is an eigenfunction of the T},’s, it follows that if we normalize a; = 1, then

a, = A\, ,which is real, and

Ay Q. = E Apm/d2 -

d|(n,m)
The L-function attached to f is defined by

o
= E anpn”°.
n=1

and it satisfies the functional equation

Af(s) = 7T (3 + Z* ") r <3 + — ”) Li(s) = (—1)A;(1—s)

where € = 0 if f is even and e = —1 if f is odd.
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Strombergsson [68] found simple zeros of three different L-functions attached to even
Maass forms on SL(2,7Z). He considered three even Hecke eigenforms corresponding to
r=13.779751351891, 17.738563381058 and 125.313840177018. He showed that there are
156, 157 and 170 nontrivial zeros under height ¢ = 200 in the three respective cases. The
zeros are all found to be simple and to lie on the critical line Re(s) = 1/2. We will show
that at least these three Maass L-functions have infinitely many simple zeros.

Throughout this article, we assume that our Maass form is even except in section
6.5. This is because a minor modification of the proof is required when the form is odd.
Another reason is that Strombergsson [68] found simple zeros of even Maass L-function.
In section 5, we explain about the difference when the form is odd in detail.

We imitate Conrey and Ghosh [14] and Booker [3]. In case of Conrey and Ghosh
[14], the gamma factor of a Hecke modular L-function consists of one gamma function.
On the other hand, the gamma factor of a Maass L-function is the product of 2 gamma

functions, that is H(s) = 7T (£2) I (5£2).

Via Stirling’s formula, we can see

7T <8 j;”’) r (S _2”) (s —1/2)

— V8 (2m) T (s + 1/2) + b(2m) T (s — 1/2) + (20) T (s — 1/2) Eq1.9(5)

where b is some constant constants and £ ,)(s) is holomorphic and O(1/s) in Re(s) > 1.

First we consider the difference of two integrals,

1 L L

207 Jupy T I TOHOLE) s — 12000
1 L L i(m/2—0)s
o - f(l - S)Z(S)H(S)L(S)(S —1/2)e!"/2=9s

And this equals, by the functional equation ,

1 L L
— f(l - s)f(S)H(S)L(S)(S —1/2)f(s,6)ds (6.1)

21 J (14¢)
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where f(s,d) = e!(7/279)s 1 ¢i(7/2=0)(1=5)  The integral is ,via Cauchy’s theorem, expressed
as the following sum over zeros together with O(1) term.

= Y. L(pH(p)(p—1/2)e*7 4+ 0(1)

0<re(p)<1

where O(1) is contributed by trivial zeros 1+ir of L(1 —s) and simple poles +ir of H(s).
We show that, in Section 6.2, this integral is very large if there is a simple zero of

L(s). This implies the infinity of the number of simple zeros of a Maass L-function.

6.2 Estimates of integrals

Define X (s) be Hg(;)s). Then we have an asymmetric functional equation L(s) = X (s)L(1—
s). If we replace H(s) by the above linear combination of Gamma functions, the integral

(6.1) equals

/

[ Hareenremienis [ Seree o ©2)
(1+€) (14¢)

where Gy (s) = (V8rT (s +1/2) + bI' (s — 1/2) + T (s — 1/2) B (s)).
We divide (6.2) into 4 integrals. We estimate the value of each integral. For this

purpose, we need the following Lemma.

Lemma 6.3. Suppose that

o f(n)
F(s) =2 75
n=1 n
where the sum is absolutely convergent for o > 09 >0 and 0 < § < 7/2.

Then forl > o¢ and |+ c >0,

1 .
327, PR (s ) 72020
1 ; —ST+C
“ori F(s)(2m)™°T (s +¢) (2sin(6/2)) "¢ (eius/Q) + (i)°ds.
T (l)

Proof. The proof is almost identical with the proof of Lemma 1 in Conrey and Ghosh
[14] or Lemma 2 in Booker [3]. For the sake of completeness, we re-write the proof. First

recall that z°e™* = [ I'(z 4+ ¢)z~* for re(z) > 0 and I + ¢ > 0.
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The integral equals

[e.9]

= Z f(n)L /(l) ['(s+c) (qZZWineiw)_s ds

271
n=1

f(n) (:F27rin€ﬂ:i6>ceﬁ:27rm(eiia_1)

NE

n=1

f(n) (:':27m'nej:i6)ce—27m(2 sin(8/2))etid/2

hE

Il
—_

= (Fi)“(2sin(6/2)) " (=) Z F(n)(2mn(2sin(5/2))etid/2)ee2m(2sin(3/2)e* /2
= (F4)° (2 Sln(5/2)) ‘(e jE“5/2)
x Z i / fn (s +c)(2m) (/%) 7(25in(5/2)) *ds

which equals the rlght hand side. O]

Let’s consider the following integral.

1 v, .
37 Jpyo T OFOCTTT (5+1/2) (5, 0)ds.

By Lemma 6.3, this integral is equal to
1 L

i L( $)L'(s)(2m) ~°T (s + 1/2) (2sin(5/2)) "2 g(s, 6)ds
(1+e)

where ¢(s,d) = [(€i5/2)—s+1/2 (_2.)1/2 + im/2-9) (e—i(s/g)—s-i-l/Q (i)l/g]‘

Let’s assume that L(s) has a simple zero p = f+it for 0 < 5 < 1. From the functional
equation H(s)L(s) = H(1 — s)L(1 — s), we may assume that § > 1/2. Since zeros of

g(s,0) are 2 LH for n € Z, the integrand has a simple pole at s = 3 + it.

Lemma 6.4 (Booker [3]). Let ¢(s) be meromorphic in the complex plane, and holomor-
phic for o > o and of rapid decay in vertical strips in a right hand plane. If 1 (s) has a

pole at s = B + it, then for |l > oy

1

o “ W(s)r™*ds = Q. (x_(ﬁ_g)) asx — 0

for all e > 0.
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Hence by Lemma 6.4,

L. L’( VL' (s)(2m) T (s + 1/2) f(s,0)ds = Q. (57(ﬁ+1/276))
2710 J (140 L

as 0 — 0.

Let’s consider the integral

i. LL'( VL' (s)(27)~* (br (s—1/2)+T(s—1/2) E(l,r)(s)) £(s,0)ds

21 (1+¢)
The value of this integral is dominated by the value of the integral

1 L .
- I/ 27T —1/2 z(7r/2—5)(—s)d
| FereEn a1 ;

and this integral is equal to, by Lemma 6.3,

L U -s (s— —3 —s—1/2
3t oy, T VF @M (5~ 1/2) (25in(3/2)) 707 (e702) 7T ) s
+e
Then, the value of this integral is O <(§)1/2+€)'
Nextly, let’s consider the integral
1 X’ ) .
i (14 X< s)L'(s)(2m) ™ (bT (s = 1/2) + T (s = 1/2) Ean(s)) f(s,0)ds
+e€
which is dominated by
1 )&
577 Jsy X LD (s = 1/2) 0 s
+e€

If shift the contour of the integral to 1/2 + €, then

| X/ |

— L 27) 5T (s — 1/2) i(7/2-0)(=5) g5

o [ R OTEEN T (- 172)

= L A ) en) T (s — 1/2) 79 1 0(1).
21 J1jare X

Meurman [45] showed that L(1/2+it) < t'/3*¢. Hence the integrand is O ([¢|>/6T<1e~°)
and this integral is O ((1/5)5/6+€>.

Lastly, the remaining integral is
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]- X/ / —s
=3 (5L (3)(2m) T (s +1/2) £ (5, 0)ds ()

The estimate of the integral () is the most difficult part. In section 6.3, we show

Lemma 6.5.

1 X/ 1 5/64€
— = (s)L'(s)(27) T (s + 1/2) f(s,6)d -
o [ L@ T (1172 S < (5)
for any e > 0.
Our estimates of the 4 integrals show that

1 r r 1\

— 21— 8)=(s)H(s)L(s)(s — 1/2 ds = Q. ( =

s [ T LWL~ 12 0,0 = ()

as 0 — 0.

6.3 An estimate of the integral ()

Recall that H(s) = m—*T (552) T' (55£). By Stirling’s formula, we have

H(s) = ()T (s ) Ban)

2
where E(9,)(s) is holomorphic in the complex plane except when s = =Zir — 2n for
n=0,1,2,- and E@,(s) = V8r + O(1/s).
Then
X(s) = H(1—s) (2m)21 ['(1/2 —s)E@rn(l - s)

H(s)

(3/2 = 5)(s = 1/2)E@,)(1 - s)
[(s+1/2)(1/2 = s)E@,)(s)

[(s = 1/2) (2 (s)

(3/2 = 5)En (L = 5)
L(s+1/2)E@n(s)

_ (27T)2571F _ —(27?)287111

Hence we have,

X'(s) I’ I Ely Elom
=2log2mr — —(3/2—58) — —=(s+1/2) — (1 —3s) — (s).
o) = 210827~ (/2= 8) — s+ 1/2) = B2 —5) — 20
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Since £(2) = logz — & + O(1/z?), it is easy to see that 2:;( s) = O(1/s). Then,
the contribution of (2 ’"; (1—35)+ Ezz 22 (s) to the integral () is O <(1/5)5/6+6> when we
move the contour of integral from ¢ =1+ € to ¢ =1/2.

We plug in the remaining part of ))‘;'((5))

into the integral (<)), we have

/(1+ ) L'(s)Gs(s)f(s,0)ds
where Gy(s) = 2log 2T (s + 1/2) — £(3/2 — s)['(s + 1/2) — I'(s + 1/2).
By Lemma 6.3,
/ L'(s)(2m)"°T'(s + 1/2)e /271235
(1+¢)

= /(1+ ) L' (s)(2m)°T(s + 1/2)(2sin(5/2)) /2 (6i5/2)—s+1/2 (i) 2ds

—s+1/2

o L'(s)(2m)°T'(s + 1/2)(2sin(5/2)) * 2 (€"7?)
=0 ((1/6)"/**)

(—i)Y2ds

Secondly,

/ L'(s)(2m)~°T (s + 1/2)e! /271235

8

/ 5 X o amine ) (2m) (s + 1/2) (25in(3/2)) 7 (¢92) " ds

n=1
[eS)

/ b(n (log(n) + log(—2mie®))
1+€) =1 ne

% (2m) 7T (s + 1/2) (2sin(6/2))*"* (/%) " ds = O ((1/8)"/**)

where L'(s) = =3 > aylog (n)n™5 =32 b(n)n~*.

The remaining integral to estimate is

/ L’(s)(Qﬂ)SFFI(B/Q—s) (54 1/2)e'™/2=93(s,
(1<)

For this purpose, we needs analogous lemmas of Lemma 2 and Lemma 3 in [14].

Lemma 6.6. Assume that |arg(z)| < 7/2, then 5 f(1+e (3/2 = s)I'(s +1/2)2~

M2 (%’(2) . t)dt) .



CHAPTER 6. SIMPLE ZEROS OF MAASS L-FUNCTIONS 94

Proof. T'(s+1/2) has a simple pole at s = —1/2—n for n = 0,1,2, - - - with residue (—n1!)"'

Hence the integral equals
n 1/2+n T’/

—Z (2+n)

Since sI'(s) ='(s + 1), we have

/ / n—1
F24+n) =R+ 1%2

i 1 _
= %(2) + fo it

Then the integral is equal to

/ —1 nzn 1 1—¢"
= %(2)21/2 24 212 Zn 0 ( 71! fo t((l—tt))dt

= %(2)2’1/26*2 + 21/2 01 (e —e?)dt

and when we change ¢t by 1 — ¢, we obtain the right hand side.

Lemma 6.7. Suppose v > 1/2. Define

1 I
9 _ 1/2)(2 Sy~S z(7r/2 d)s
o00) =5z [ B2+ 1720 ds.

Then
w(v,0) < ! 1+ ‘{11}
w(v v'? (e log = + min{l, —
&5 " a2
where x = 2mvsind. Moreover, we have

1

B 111 1,1
wv+1/2,0) +w(v,d) <e <5log + /logé)+(5mm{1,?}+mmm{l,;}.

J
Proof. Since the process of the proof is identical with Lemma 3 in [14], we skip some

detail and refer to [14].

By Lemma 6.6, w(v,d) = 2% <FF/(2) - fol =11 - t)dt) = ¢ *G(z) where z =

—2mvie® = 2usind — 2micos§ = x — iy.

Since fo o —L(1 — t)dt < log = 4 e “min{1, x~%}, the first statement follows.

Next, w(v +1/2,6) + w(v,6) = e~ (G (2 4+ 1) — G(2)) + G(2)(e™* + e~ G+M) where
n = —mie”. We have

27,6 1

e Bt Lot g et e 4 | = el — € | < de®
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Also we have

G(z+n)—G(z) = ( / e 1—t)dt)

N

95

1
< \2]1/2’ ‘e "min{l,z7'} + — E ’1/2 (logé + e"min{l, 2})

Then the second statement follows.

Now we are ready to estimate the integral

8) = fupo L()(2m) "5 (3/2 = 5)[ (s + 1/2)e!7/2Dsds = — 37

By Proposition 1.1 in [21] and partial summation, we have
Lemma 6.8. Let S, = Y.""  a,logn. Then S,, < m'/3*e,

We notice that by Lemma 6.7,

n=1

a, log nw(n, d).

wn+1,0) —w(n,d) = (wn+1,§) + win + 1/2,5)) — (w(n+1/2,0) +w(n,d))

1 1 1 1 1
< < (nd) (510g6 +— Yo log (5) + dmin{1, n ) }—|— mln{l né})

Since by Lemma 6.7 and Lemma 6.8, S,w(n + 1,0) — 0 as n — oo and the series

Zs (n+1,8) —w(n,d))
converges absolutely. Hence we rewrite F'(0) as
Zs (n+1,0) — w(n,d)).
Finally, we have, by Lemma 6.8,

F(6) <) 0" w(n+1,6) — w(n, d)|

n=1

1/3+e —né '
<<;n/+ (e (6log5+ 1/210g5)+6m1n{1’W}+m

min{1, %})

e 1 1 4/3+6+ | 1 1 5/6+e+ 1 1/3+E+ 1 5/6+¢€ - 1 5/6+2¢
%5 )\ ©5)\s 5 5 5 '

Hence Lemma 6.5 follows.
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6.4 Main Theorem and its Corollary
Now we state the main Theorem and its Corollary.

Theorem 6.9. Let L(s) is the L-function attached to a Maass Hecke eigenform on
SL(2,7Z) and we assume that L(s) has a simple zero p = +it for 0 < f < 1. Then, there

is an arbitrary large T' so that L(s) has >, TYV%=¢ simple zeros in the region 0 <t < T.

Corollary 6.10. There are at least three L-functions attached to even Maass Hecke

eigenforms for SL(2,7) which have infinitely many simple zeros.

Meurman [45] showed that L(1/2 + it) <, t'/3*¢. By Pharagmen-Lindel6f argument,

we have

’L(U + Zt)‘ <. |t|72/3a+2/3+e
for % <o <1.
Now let By = sup{B|p =  + it is a simple zero of L(s)}.
Let’s return to our original sum

> Lp)H(p)(p—1/2)e™> 1 0(1)

O<re(p)<1

For any € > 0, we have H(s)L'(s) <. e~ 2ll[¢|5o- 5% Let £ =T and for sufficiently
large T, the sum is

<, Z T%ﬁo-&-%—l—e

[t|<T,p=B+it simple
By the calculation in Section 6.2, there is an arbitrary large T for which this sum is

>, TPo+3-< Hence we finish the proof.

6.5 In case of an odd Maass form

When a Maass form is odd, we need some modifications in our arguments.
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We consider the integral

1 L , .
% f(l . S)L/(S)H(S)(S . 1/2>2<61(7r/276)s . ez(w/275)(lfs))d8
(1+e¢)

where H(s) =7~ (=4H2) I (5=1=). Via Stirling’s formula, we also see

7T (—3 - 12+ ”) r (—5 - 12_ '”) (s —1/2)2

= V87 (2m) *T'(54+1/2)+by (27) *T(s—1/2)+by(27) ~*T'(s—3/2)+(27) *T(s—3/2) E(1 ) (5)

where by, by are some constants and E(;,(s) is holomorphic and O(1/s) in Re(s) > 1.

Define X (s) = Z0=5) Then X(s) equals
H(s)

(2m)21 P(=1/2 = s)Epn(l —s) (2m)2e-! [(3/2—s)(s —3/2)Epp(1 — s)
[(s—3/2)Eqm(s) D(s4+1/2)(s+1/2)E@(s)

Then, we have

X' I I
Y(S) = 2log 27 — F(S/Q —5) — F(l/2 + )
/ /
i ]. . 1 B E(Z,T‘) (1 o S) _ E(zvr) (S)
s—=3/2 s—1/2 Equy Ea)

Except these differences, all calculations work similarly as in the case of an even

Maass form.
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Appendix

7.1 Proof of Proposition 3.16

This proposition is a linear sieve problem and it is well-known, at least, to those familiar
with sieve method. However, for the sake of completeness, we provide the proof of
Proposition 3.16. We refer to Halberstam and Richert [25] for unexplained notations.

Let A be a finite sequence of integers. The for a square-free integer d, we define
As:={alae A a=0mod d}.

Let X be a convenient approximation to | A |. For example, we put X = Li(x) =
f5 & for | A |=m(z). For each prime p, we choose wy(p) so that WOT(p)X approximates
to | A, |

and write the remainders as

wo(p)

rp =l A, | — X for all p.

With these choices of X and wy(p), we define, for each square-free integer d,

wo(1) =1, wo(d) = [ Jwo(p)-

pld

98
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so that wy(d) is a multiplicative function. Then we introduce for each square-free integer

d,
wo(d)

re = Aq | — .

X.

Let B = {p} be a set of primes and 9 denotes the complement of 8 with respect to

the set of all primes. After our choice of B, we define

wo(p), peEP
0, pe ‘]_3

w(p) =

and it is extended to the set of all square-free integers by
w(1) =1, w(d) = [J ).
pld

Correspondingly we introduce for a square-free integer d,

d
fﬂ1?=|¢4d|-—&%iz)(

With the new function w we form the product
W(z) :H( —%)
p<z
Theorems in sieve method are formulated subject to certain basic conditions and they
are expressed as symbols. We need to introduce some conditions and their symbols nec-
essary for our purpose. Here Ay, Ay, A and L are some constants bigger than or equal to
1 and k is a positive constant. Especially, if & = 1, then the corresponding sieve problem

is called a linear sieve.

(Q0) w(p) < Ay for all p.
1
() Ogﬁgl—fl—lforaﬂp._
(R) |Ra| < w(d) if p(d) # 0, (d,B) = 1.
1 .
(Qu(k)) y ngbggﬂmfzgwgz.

w<p<z
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log P z
Qo(k, L —L< —klog— < Ayif2<w < z.
(Qa(k. L) Z 52 < Aif2<us
Then, our main interest is evaluatmg the sifting function

S(A;P,2) =|{a|ac A (a,P(2)) =1} .
We quote a lower bound theorem of a linear sieve necessary to prove Proposition 3.16.

Theorem 7.1 (Halberstam and Richert). (€21),(22(1, L)) : For £ > z, we have

log &2 L
S(A;‘B,Z)ZXW(z){f(looggi)_BW}_ Z 34 | R, |

d<€2,d|P(z)

where f(u) is a positive function for u > 2 and monotonically increasing toward 1, v(d)

15 the number of distinct prime divisors of d and B is a positive constant.

For given positive integer [ of the size of 2" with 0 < u < 0.3, let define a finite set A
to be

A={0<n<z|n=bmodl}

for any co-prime integers b to . Put B = {p | p : prime and p { I} and z = z'/3+¢ for
some € > 0. If n € A and (n, P(z)) = 1, then the number of prime divisors of n is at

most 2. Hence we have
S(A;%B,2) + O(Vr) <[ {0 <n < x| n:square-free, n=b mod [,v(n) <2} | .

It is easy to check that w(p) = 1 if p € P. Hence our sieve problem satisfies €y
condition with A4; = 2.

()

Since, for 2 <w < z

1 1 !
3 w(p)logp _ T logp S inzlog%JrOz(l),

wp<z p wp<z w<p<z,p|l

e}

1
Sﬁgl——forallp.
p Ay

our sieve problem satisfies (£22(1, L)). So we can apply Theorem 7.1 to our problem. We

1—u—4

—1y
choose X to be ¥ = '™ and we have W(z) = W Now we put &% = 5.
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Then, for large x and very small € and 6,

log&® (1 —wu—d)loga —4(loglogx + log(1/3 +¢€))

= 2.
log 2 (1/3 +¢€)logx ”

Since, for > 2 we have

-
H<1—1) S <1+0
P log

p<w

()

with Euler constant v, we obtain the main term of Proposition 3.16.

Now we should show that the error term is smaller than the main term. We have
that | Ry |< w(d) <1 for all square-free d and especially Ry = 0 if d is not co-prime to
[. Then,

v(d) v(d) 2 v(d) W (d)
Yoo 3@ Ry > 3 Ww(d) <¢ 2)3 —

d<&2,d|P(z) d<&2?,d|P(z) d|P(z

wip)) o€
<¢ I1 (1+57) =gy semees'

where in the last inequality we used the fact that % = O(log z) under (€2;) and (£22(1))

conditions. By choice of &2, the error term is ignorable compared with the main term.

Since there are at most x'/? squares in A, we finish the proof.
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