
MAT 247S - Problem Set 6
Due Thursday March 19

Questions 3b), 4c), 4d), and 6 will be marked.
1. Let V be a finite-dimensional vector space and let T ∈ L(V ). Suppose that γ is a cycle of

generalized eigenvectors corresponding to an eigenvalue λ of T . Let ` be the length of γ and
let W = span(γ).
a) Prove that W is T -invariant.
b) Prove that the characteristic polynomial of the restriction TW of T to W is equal to

(−1)`(t− λ)`.
c) Prove that the minimal polynomial of TW is (t− λ)`.

2. Let V be a vector space and let T ∈ L(V ). Suppose that γ1 and γ2 are two cycles of generalized
eigenvectors of T corresponding to an eigenvalue λ of T . Let x1 and x2 be the initial vectors
of γ1 and γ2, respectively. Prove that if x1 6= x2, then γ1 ∩ γ2 = ∅.

3. Suppose that V is a finite-dimensional vector space over a field F , T ∈ L(V ), and λ ∈ F is an
eigenvalue of T . Let Kλ be the generalized eigenspace of T corresponding to the eigenvalue λ.
Let g(t) = adtd + ad−1t

d−1 + · · ·+ a1t + a0 ∈ P (F ).
a) Show that Kλ is g(T )-invariant.
b) Let U = g(T )Kλ

be the restriction of g(T ) to the subspace Kλ. Prove that U is invertible
if and only if g(λ) 6= 0. Do not assume that g(t) splits over F . (Hint: One implication
can be proved by generalizing the argument used in the proof of Theorem 7.1, part (b).)

4. Suppose that V is an n-dimensional vector space over a field F , T ∈ L(V ), and the character-
istic polynomial f(t) of T and the minimal polynimial p(t) of T are given by:

f(t) = (−1)n(t− λ1)m1(t− λ2)m2 · · · (t− λk)mk

p(t) = (t− λ1)`1(t− λ2)`2 · · · (t− λk)`k ,

where λ1, . . . , λk ∈ F are such that λi 6= λj if 1 ≤ i 6= j ≤ k, and 1 ≤ `j ≤ mj , 1 ≤ j ≤ k. Let
Kλj be the generalized eigenspace for T corresponding to the eigenvalue λj , 1 ≤ j ≤ k. As
shown in class (see also §7.1 of the text),
(i) V = Kλ1 ⊕Kλ2 ⊕ · · · ⊕Kλk

.
(ii) Kλj = N((T − λjIV )mj ), dim Kλj = mj , and Kλj is T -invariant, 1 ≤ j ≤ k.
(iii) If c ∈ F and c 6= λj , then the restriction of T − c · IV to Kλj is invertible.

a) Suppose that h(t) ∈ P (F ) (that is, h(t) is a polynomial with coefficients in F ). Prove
that each subspace Kλj

is h(T )-invariant, and then show that h(T ) = T0 if and only if
the restriction of h(T ) to every Kλj is the zero operator.

b) Prove that Kλj = N((T − λj · IV )`j ),
c) Prove that the minimal polynomial of the restriction TKλj

of T to Kλj is equal to (t−λj)`j .

d) Prove that any cycle of generalized eigenvectors of T corresponding to the eigenvalue λj

has length at most `j . Show that at least one such cycle has length `j .



5. Let V be an n-dimensional vector space over a field F . Assume that n ≥ 2. Suppose that
c ∈ F .
a) Suppose that d is an integer and 1 ≤ d ≤ n. Prove that there exists T ∈ L(V ) such that

the minimal polynomial p(t) of T is equal to (t− c)d.
b) Suppose that T ∈ L(V ) has minimal polynomial p(t) = (t − c)n−1. Prove that the

characteristic polynomial of T is equal to (−1)n(t− c)n. (Note: As a first step, show that
the characteristic polynomial of T must split over F .)

c) Suppose that T1 and T2 ∈ L(V ) both have minimal polynomial p(t) = (t − c)n−1. Prove
that there exists an invertible U ∈ L(V ) such that T2 = UT1U

−1.
d) Show by example that it is possible for T1 and T2 ∈ L(V ) to have the same minimal

polynomial when T2 is not of the form UT1U
−1 for any choice of invertible U ∈ L(V ).

6. Let β be the standard basis for C4. Suppose that T ∈ L(V ) and

[T ]β =


0 i 1 −1
i 0 1 −1
0 0 0 −i
0 0 −i 0

 .

In each part below, please explain your answer fully and show all of your work.
a) Find the characteristic polynomial and all eigenvalues of T .
b) Compute rank(T − λ IV ) for every eigenvalue λ of T .
c) Find the minimal polynomial of T .
d) Find the Jordan canonical form of T .
e) For one eigenvalue λ of T , find a basis for the generalized eigenspace Kλ made up of cycles

of generalized eigenvectors of T corresponding to λ.

7. Let V = P3(R) and let β = {x3, x2, x, 1 }. Suppose that T ∈ L(V ) and

[T ]β =


2 1 0 0
0 2 1 0
0 0 3 0
0 1 −1 3

 .

Find a Jordan canonical basis for T and find the Jordan canonical form of T .

8. Suppose that V is a 3-dimensional real vector space and T ∈ L(V ) has Jordan canonical form

A =

 2 1 0
0 2 1
0 0 2

 .

Find the Jordan canonical form of T 2 + T − IV .


