Mat 247 - Definitions and results on group theory

Definition: Let G be nonempty set together with a binary operation (usually called mul-
tiplication) that assigns to each pair of elements g;, go € G an element in G, denoted
by g192 or g1 - go. We say that GG is a group under this operation if the following three
properties are satisfied:
Associativity: (g192)93 = g1(g293) for all g1, g2, and g3 € G.
Existence of identity element: There exists an element e (called an identity) in G such
that g-e=e-g=g for all g € G.
Existence of inverses: Let e be an identity element in G. For each element g € G,
there is an element g~! € G (called an inverse of g) such that g- g~ ' =g '-g=e.
Examples: (details omitted)
(1) If F'is a field and n is a postive integer, let GL,,(F) = { A € My xn(F) | det(A) #0}.
Then GL,,(F) is a group under the operation of matrix multiplication.
(2) Let V be a finite-dimensional vector space over a field F'. Let G = {T € L(V) | T is invertible }.
Then GL(V) is a group under the operation of composition of linear transformations.

(3) Let n be a positive integer. The set U,, of (complex) unitary n x n matrices is a group
under the operation of matrix multiplication.

(4) The set Z of integers is a group under the operation of addition of integers. (Note:
e = 0; the inverse of m € Z is —m.)

(5) The set Z\{0} of nonzero integers is not a group under the operation of multiplication
of integers. The operation is associative and 1 is an identity, but the only nonzero
integers that have inverses in Z\{0} are 1 and —1.

Definition: If G is a group, we say that G is abelian (or commutative) if g1g2 = g2g1 for
all g1 and g5 € G. If G is not abelian, we say that G is nonabelian (or noncommutative).

Definition: The order of a group G is the number of elements in G. If the order of G is
finite, we say that G is a finite group. Otherwise, we say that G is an infinite group.

If G is an abelian group, the group operation may be written with a plus sign: g; + g-
instead of g1¢-.
Examples. If F' is a finite field, then GL,,(F) is a finite group. If F' is an infinite field, then
GL,(F) is an infinite group. If n > 2, then GL, (F') is a nonabelian group. The notation
F* is often used for the group GL;(F) of nonzero elements in F' (with the operation of
multiplication in F'). The group F'* is abelian.

Lemma. If G is a group, there is a unique identity element in G. If g € G, there is a
unique inverse g~ of g in G.

Proof. If e and €’ are identity elements in G, we have e - ¢/ = €’ - ¢ = e, using that ¢’ is
an identity element, and we also have e - ¢’ = ¢’ - e = €/, since e is an identity element.
Therefore e - ¢/ = e = €’. The second part is left as an exercise.

Definition. If H is a (nonempty) subset of a group G and H is itself a group under the
operation on GG, we say that H is a subgroup of G.

The subset {e} of a group G is a subgroup of G. Clearly, G is a subgroup of G. The
proof of the following lemma was discussed in class.
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Lemma. (Subgroup test) A nonempty subset H of a group G is a subgroup of G if and
only if hihy* € H for all hy, hy € H.

Examples:

(1) Let G = GLy(F), n > 2,and let H ={A € G| Aj;, =0 whenever j > k}. Then H
is a subgroup of G. (Details omitted.)

(2) Let V be a vector space of dimension n > 2, let G = GL(V), and let H = {T €
G | nullity(T—1Iy) > 0}. Let 8 ={z1,...,2, } be an ordered basis for V. There exists
a unique T' € L(V) such that T'(x1) = 21 and T'(z;) = —x;, 2 < j < n. Check that T’
is invertible, nullity(T — Iy) = 1, —T is invertible, and nullity(—T — Iy) = n — 1 (left
as an exercise). This implies that 7', =T € H. But (T o (-T))(x;) = —T?*(x;) = z;
for 1 < j <mn,soTo(-T)= —Iy, and nullity(—Iy — Iy) = nullity(-2 - Iyy) = 0.
That is, T o (—=T') ¢ H. This implies that H is not a subgroup of G.

(3) Let G = GL,(F'), n > 2. Let D,, be the set of diagonal matrices in G. Then D, is a
subgroup of G, and D,, is abelian. (This example shows that there can be nontrivial
abelian subgroups of nonabelian groups.)

Defintion. A subgroup H of a group G is said to be normal in G if ghg~' € H for all
geGand h e H.

Examples: (details omitted)
(1) Let G = GLy(F) and let H ={A € G| As; =0}. Then H is a subgroup of G but

H is not normal in G. (Note that h = (1 1) € H, Let g = (0 1). Show that

0 1 1 0
g€ G and ghg™t ¢ H.)
(2) Let G =GL,(F);n>2,and let H=SL,(F)={Ac€G| det(A) =1}. Then H is a

normal subgroup of G. (This is easily proved using properties of determinants.)

(3) If G is an abelian group, then any subgroup H of G is normal in G because ghg™! =

h(g-g7')=h-e=hforallhe€ H and g € G.
Definition. If G and G’ are groups, a map ¢ : G — G’ is a homomorphism if p(g1g2) =
©(g1)¢(ge) for all g; and g5 € G.
Examples. (details omitted)
(1) Then det : GL,(F) — F* = GLy(F) is a homomorphism.
(2) If G is a nonabelian group, the map ¢ : G — G defined by p(g) = ¢° is not a
homomorphism. (Here, > =g-g, g € G.)
Notation. If G is a group, g € G, and n € Z, define ¢ = e, g" =¢g-¢" ', n > 1, and
g" = (971)771’ n < —1.
Lemma. Let G and G’ be groups and let ¢ : G — G’ be a homomorphism.

(1) Let e and €’ be identity elements in G and G’, respectively. Then ¢(e) = ¢€’.
(2) If g € G and n € Z, then ¢(g"™) = (p(g))".

Definition: Let G and G’ be groups and let ¢ : G — G’ be a homomorphism.

(1) The kernel of ¢ is defined to be { g € G | p(g) =€’ }. Here, € is the identity element
in G'.

(2) The image of ¢ is defined to be p(G) = {¢(g) | g € G }.
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Theorem. Let ¢ : G — G’ be a homomorphism. Then

(1) The kernel of ¢ is a normal subgroup of G.

(2) ¢ is one-to-one if and only if the kernel of ¢ is equal to {e}.
(3) The image ¢(G) of ¢ is a subgroup of G'.

Examples.
(1) The kernel of det : GL,,(F') — F* is SL,,(F'). Therefore SL,,(F) is a normal subgroup
of GL,(F).

(2) The map ¢ : Z — Z defined by ¢(m) = 3m is a homomorphism. (Here, the operation
on Z is addition of integers and we use additive notation for this operation.) The kernel
of ¢ is equal to {e} = {0}, so ¢ is one-to-one. Note that p(Z) ={3m |m € Z} # Z.
The homomorphism ¢ is one-to-one, but it is not onto.

Definition. Suppose that G is a group and g € G.

(1) we say that g has finite order if g™ = e for some positive integer n. In this case, the
smallest positive integer such that ¢" = e is called the order of g.

(2) If g™ # e for all positive integers n, we say that g has infinite order.

Definition. Suppose that S is a nonempty subset of a group G. The subgroup generated
by S, written (S'), is defined to be the smallest subgroup of G that contains the set S.
If (S) = G, we say that S is a set of generators for the group G. If G = (g) for some
element g € G, we say that G is a cyclic group.

Lemma. If S is a subset of a group G and G = (S), then G is abelian if and only if
9192 = g2g1 for all g; and go € S.

Examples.
(1) If g € G has order n, then (g) = {e,g,9%,...,9" 1 }.

(2) Let G = GL3(R) and

A=

o = O
— o O

1
0], B=
0

S O =
S =
— = O

The matrix A has order 3 because A3 = I,,, A? # I,, and A # I,,. The matrix B has
infinite order because B" # I,, for any positive integer m.

(3) If g € G has infinite order, then
(9)={e.9,97 0% 97 %% 97 ...d" 977, .. ).

(4) If G = Z, with group operation given by addition of integers, (1) = Z, so Z is an
infinite cyclic group.

Lemma. Suppose that G is a group and g € G.

(1) If n is a positive integer such that g" = e, then the order of g divides n.

(2) Suppose that the order of g is equal ton. If m > 1, let gcd(m,n) be the largest positive
integer that divides both m and n. Then the order of g™ is equal to n/ged(m,n).



Lemma. Suppose that G and G are groups and ¢ : G — G’ is a homomorphism.

(1) If G is abelian, then ¢(QG) is abelian.

(2) If G is nonabelian and p(G) is abelian, then ¢ is not one-to-one.

(3) If S = {g1,...,91 } is a set of generators for the group G, then ¢(S) is a set of
generators for p(G). Furthermore, ¢(G) is abelian if and only if p(g;9:;) = ¥(9i9;)
whenever 1 < i,7 < k and i # j.

(4) If g € G has finite order n, then the order of p(g) divides n.

Definition. A map ¢ : G — G’ is said to be an isomorphism (of groups) if ¢ is a homo-
morphism, ¢ is one-to-one, and ¢ is onto. In this case, we say that the groups G and G’
are isomorphic.

Lemma. Let G and G’ be groups. If ¢ : G — G’ is an isomorphism, then the inverse
function ¢=! : G’ — @ is an isomorphism of groups.

Examples:(details omitted)
(1) If G is abelian and G’ is nonabelian, then G and G’ are not isomorphic.

(2) Let V be an n-dimensional vector space over a field F. Then GL(V) and GL,,(F') are
isomorphic groups. Let § be an ordered basis for V. Define ¢ : GL(V) — GL,,(F) by
©(T) = [T]p. As explained in class, results from Mat 240 can be used to prove that ¢
is a homomorphism and ¢ is one-to-one and onto.

(3) Let G be a group. Fix an element g € G. Define p(x) = grg™*

isomorphism. Note that

, x € G. Then ¢ is an

Tt =gz(9 9)yg " = (9z9 ) (gyg ") = e(x)e(y), =z, y€G.

p(zy) = g(zy)g
This shows that ¢ is a homomorphism. To see that ¢ is an isomorphism, show that
x +— g lzg is the inverse function.

Lagrange’s Theorem. Let H be a subgroup of a finite group GG. Then the order of H
divides the order of G.

If g € G has finite order, then the order of the subgroup (g) is equal to the order of
the element g.

Corollary. If G is a group of finite order and g € GG, then the order of g divides the order
of G.

Lemma. Let T € L(R3). Make R? into an inner product space using the standard inner
product. Assume that T is orthogonal. Let (3 be an orthonormal basis for R3. Let A = [Ts.
(Because (3 is orthonormal and T is orthogonal, we know that A is an orthogonal matrix:
AA' = A'A=13.)

(1) If det(A) = 1, then 1 is an eigenvalue of T' and T is a rotation.

(2) If det(A) = —1, then T is the composition of a rotation and a reflection.



Dihedral groups

For each integer n > 3, let D, be the set of symmetries of a regular n-gon. A
symmetry is obtained by taking a copy of the n-gon and then placing the copy back on
the original n-gon so that it exactly covers it. We can describe the symmetries by first
choosing a labelling of the n-vertices. We label the vertices consecutively from 1 to n,
moving counterclockwise at the numbers increase. Each symmetry is determine uniquely
by where it sends the vertices. For example, if r is a rotation 27 /n radians clockwise about
the centre of the n-gon, then r moves vertex ¢ to the place where vertex ¢ + 1 was located
before the n-gon was moved. For convenience, we place the n-gon in R? so that the centre
lies at the origin and reflection about the z-axis belongs to D,,. We denote this reflection
by s. Relative to the standard basis 8 = {e1,es } for R?, [s]g = <(1] _01 ) (Note that
if we idenfity R? with the subspace Span({ e1,es } of R3, we find that s is the restriction
to Span({ ey, ea }) of the rotation of R3 about the axis Span{e; }- this rotation has matrix

1 0 O

0 —1 0 | relative to the basis { e1, €2, e3 }. This is an example of rotation of R? that

0O 0 -1
becomes a reflection upon restriction to a particular 2-dimensional invariant subspace.) We
make D,, into a group by defining xy for =, y € D,, to be the symmetry obtained by first
applying y and then applying = to the n-gon. The subgroup (r) = {e,r,...,7" 1} has
order n, and 77 is rotation counterclockwise about the centre through 27j/n radians. The
other elements in D,, consist of reflections about axes of symmetry of the n-gon. If n is
even, there are n/2 axes of symmetry that pass through opposite vertices and n/2 axes of
symmetry that perpendicularly bisect two opposite sides of the n-gon, giving a total of n
reflections. If n is odd, each axis of symmetry passes through a vertex and the midpoint
of the opposite side, giving a total of n reflections. Thus D,, has order 2n. The following
are some basic properties of D,,:

e, r, 2, ..., "1 are distinct and r" = e.

r7s has order 2 for 1 < j < n.

rs = sr—1. (Note that, since r # r~!, this implies that D,, is nonabelian.)

D, = (r,s) ={e,r,...,r" L s rsris,...,r" ls}.

Lemma. If G is a group and ¢ : D,, — G is a function, then ¢ is a homomorphism if

p(r)" = ¢(s)* = eq, p(17) = (p(r))?, and p(17s) = p(17)p(s) = @(s)p(17) ™" = p(sr7)
for1 <j<n-—1.



