A QUANTUM KIRWAN MAP, I: FREDHOLM THEORY

FABIAN ZILTENER

Consider a Hamiltonian action of a compact connected Lie
group G on an aspherical symplectic manifold (M, w). Under
some assumptions on (M,w) and the action, D. A. Salamon
conjectured that counting gauge equivalence classes of sym-
plectic vortices on the plane R? gives rise to a quantum de-
formation Qk¢g of the Kirwan map. This article is the first of
three, whose goal is to define Qkg rigorously. Its main result
is that the vertical differential of the vortex equations over R?
(at the level of gauge equivalence) is a Fredholm operator of a
specified index. Potentially, the map Qxg can be used to com-
pute the quantum cohomology of many symplectic quotients.
Conjecturally it also gives rise to quantum generalizations of
non-abelian localization and abelianization (see [WZ]).
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1. Main result and motivation

Let (M,w) be a symplectic manifold without boundary, and G a compact
connected Lie group with Lie algebra g. We fix a Hamiltonian action of G
on M and an (equivariant) moment map u : M — g*. Assume that the
following hypothesis is satisfied:

(H) G acts freely on p~*(0) and the moment map y is proper.
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Then the symplectic quotient (M = u~1(0)/G, (D) is well-defined, smooth
and closed. We denote by HE (M, Z) (H% (M, Z)) the equivariant (co-)homology
of M with integer coefficients (equipped with the cup product —), HE (M) :=
HE(M,Z)/torsion etc., by kg : Hi(M) — H*(M) the Kirwan map, and
by [w—u]¢ € HE(M) the class of w — p in the Cartan model. We define A
to be the set of maps A : HY'(M) — Z such that

{B e H§ (M) |AX(B) #0,(w—p B) <C}| <00, VCER,

we equip AL, with the convolution product -, and call the triple (A, +,-) the
equivariant Novikov ring. We denote by (QH(M,®), ¥) the (small) quantum
cohomology of (M,®) with coefficients in A", and by J¢(M,w) the space of
G-invariant and w-compatible almost complex structures on M. For x € M
we denote by L, : g — T, M the infinitesimal action. We call (M,w) equiv-
ariantly convez at 0o iff there exists a proper G-invariant f € C*°(M, [0, 00)),
J € J% M,w) and C € [0,00) such that

w(V,Vf(x),Jv) —w(V5Vf(x),v) >0, df(x)JLyu(x) >0,

for every x € f71([C,00)) and 0 # v € T, M. Here V denotes the Levi-
Civita connection of the metric w(-,J-). A symplectic manifold (X, o) is
called semi-positive iff for every B € mo(X) the conditions ([w], B) > 0 and
c1(X,0) > 3 — dim X/2 imply that ¢;(X,0) > 0 (see [MS2]). Note that
this holds for example if (X, o) is weakly monotone or dim X < 6. We call
(X, o) aspherical iff [u*o =0 for every u € C*°(S?, X).

1. Conjecture. Assume that (H) holds, (M,w) is equivariantly convexr at
oo and aspherical, and (M,®) is semi-positive (see [MS2]). Then there
exists a Al -algebra homomorphism

(1) ¢ Hy(M) @ Ay — QH (M, @)
of the form ¢ = kg ®id + 207&3 ©P @ ePb-.

This conjecture (without specification of the quantum coefficient ring in-
volved) was formulated by D. A. Salamon. The idea of proof outlined below
is also due to him. The present article is part of a project whose goal is
to make this idea rigorous and hence prove the conjecture. As an exam-
ple, consider M := R?" with the standard structure w := wg, and a linear
action of G. Then (M,w) is equivariantly convex at oo (see Example 2.8
in [CGMS]) and aspherical. Assume that G is the torus R*/Z* and let
wh, ... w™ € g* = (RF)* be the weights of the action and p : R?" = C"* — RF
be given by u(z) :== 7—n >, |2*|*w’, for some 7 € g*. Then y is proper if and
only if there exists ¢ € g such that w'(¢) > 0, for i = 1,...,n := dim M/2
(see Proposition 4.14 in [GGK]). The action of G on p~1(0) is free if and
only if for every subset I C {1,...,n} the following holds. If there exist
a; > 0, for 4 € I, such that »,; a;w' = 0 then w', for i € I, generate
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the integral lattice in g* (see Lemma 5.20 in [GGK]). The quotient (M)
is semi-positive if for every ¢ € g the conditions (3.7, w', &) > 3 —n + k,
(1,€) > 0 imply (31, w', &) > 0. Assume that the hypotheses of Conjec-
ture 1 are satisfied, the action of G on M is monotone (and hence (M,)
is monotone), and H} (M) is generated by classes of degree less than twice
the minimal Maslov number of this action. With these hypotheses R. Gaio
and D. A. Salamon [GS] proved a version of the conjecture involving the
Novikov ring of (M,®). This was used by K. Cieliebak and D. A. Salamon
[CS] to compute QH* (M, ) for monotone torus actions on R?" with Maslov
number at least 2. A potential application of Conjecture 1 is to extend these
computations to the more general setting of this conjecture.

The idea of proof of Conjecture 1 is to define ¢ by counting symplectic vor-
tices on the plane. To explain this, we fix a G-invariant inner product (-,-)q4
on g and identify g* with g via (-, -)4. Let (X, wy, j) be a real surface equipped
with an area form and a compatible complex structure, and 7 : P — X a
principal G-bundle. We denote by Cg (P, M) the space of smooth equivari-
ant maps from P to M, and by A(P) the space of smooth connections on
P. A (symplectic) vortex is a solution (u, A) € CZ (P, M) x A(P) of

(2) O5a(u) =0, Fa+ (uou)ws=0.

Here 0 7.4(u) denotes the complex anti-linear part of dqu := du+ L, A, which
we think of as a one-form on X with values in the complex vector bundle
TM" := (u*'TM)/G — X. Similarly, we view the curvature F4 of A as a
two-form on ¥ with values in the adjoint bundle gp := (P x g)/G — X.
Finally, we view p o wu as a section of gp. The vortex equations (2) were
discovered by K. Cieliebak, A. R. Gaio and D. A. Salamon [CGS], and
independently by I. Mundet i Riera [Mul, Mu2].

The energy density and energy of a w := (u, A) € CF (P, M) x A(P) are
given by e, := 1 (|daul®> + |[Fal*> + |poul?) and E(w) := [y, eywy. Consider
¥ := R?, equipped with the standard area form wg2 := wy and complex
structure j := 4, and P :=R? x G. Let B € H§(M). The group G := G(P)
of smooth gauge transformations on P acts on the set of solutions of (2). We
denote by Mp the set of gauge (equivalence) classes of vortices w := (u, A)
on P for which F(w) < oo, u(P) C M is compact and w represent the
equivariant homology class B (see [Zil]). We denote by EG a contractible
topological space on which G acts continuously and freely. There are natural
evaluation maps ev, : Mp — (M xEG)/G (at z € R?) and &V, : Mp — M
(at 0o € R U {oo}) (see again [Zil]). Heuristically, for a € H} (M) and
B € H*(M), we define

(3) QrE(a, B) = /M evpa — eva 3.
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We fix dual bases (€;)i=1,..n and (€])j=1,. .y of H*(M), in the sense that
[ & — e; = 6ij. The idea is now to define a map ¢ := Qr¢ as in (1) by

Qral):= Y Qubloe)e @,

i=1,...,N, BEHS (M)

The goal of the present and two subsequent papers [Zi3, Zi4] is to make
this definition rigorous: In the present article I introduce weighted Sobolev
spaces Xf)’)‘ and y{:ﬂ that will serve as model spaces for a Banach manifold
B§ of gauge classes of pairs (u, A) and the fiber of a Banach bundle €§ — Bg.
Furthermore, I show that the vertical differential of the equations (2) (viewed
as a section S of 55) is a Fredholm map between Xf,’)‘ and yw“. In [Zi3] the
notion of a stable map of vortices on R? and (pseudo-)holomorphic spheres
in M is defined, and a bubbling result for vortices over R? is proven. The
hypotheses of equivariant convexity and asphericity are needed here. The
former forces vortices on R? to stay in a fixed compact subset of M, and
the latter rules out bubbling of holomorphic spheres in M. The present
paper and [Zi3] are based on my Ph.D.-thesis [Zil]. In [Zi4], I define an
atlas for B§ consisting of charts with targets open subsets of the spaces xPA
(and a similar atlas for £5). The charts are based on the choice of a G-
invariant Riemannian metric on M whose exponential map along p~1(0) is
compatible with the moment map p. (This is needed to make the transition
maps well-defined.) Furthermore, I show how to perturb S in order to make
it transverse to the zero section. Combining all these results, it follows that
S710) C BY is a smooth finite dimensional submanifold, and the evaluation
map evg X@V, is a pseudo-cycles. Here the semi-positivity of (M,@) is
needed. The formula (3) is then made rigorous as an intersection number of
pseudo-cycles.

In order to show that Qkg intertwines — with %, it suffices to prove that

(4) (Qrg(on — a),a) = {(Qre(an)* Qra(a2)) g, a),

for every B € HS (M), aj,a0 € HY(M) and a € H.(M). The idea for
proving this is the following. We choose “oriented submanifolds” X7, Xo C
(M x EG)/G that are “Poincaré dual” to a; and ag, and an oriented sub-
manifold X C M representing a@. (To make this rigorous one has to pass to
some finite dimensional approximation of EG, a compact submanifold of M
with boundary and rational multiples of a1, ag and @.) Consider the marked
points 25 = +v, z3° ;= oo, and a sequence of gauge classes of vortices
W, € Mp, such that evzj(Wy) € X1, evz;(W,,) € X, and &V (W,) € X.
By the main result of [Zi3] a subsequence of W, converges to a stable map
of (gauge classes of) vortices on R? and holomorphic spheres in M. In the
transverse case, this map consists of two classes W' and W? of vortices on
R?, each equipped with a marked point z; € C, and a holomorphic map
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@ :S? — M, equipped with a marked point zo, € S?. W' is attached to @
at the nodal point co € R? U {cc}, for i = 1,2. The total homology class of
the stable map equals B, ev,,(W?) € X;, for i = 1,2, and ii(20) € X. The
number of such stable maps equals the right hand side of (4).

Consider now the marked points sz = +1/v, 23° := 00, and a sequence
W, € Mg, such that evzj(Wu) e X1, eVZ;(W,,) € X5 and v (W,) € X.
Using [Zi3] again, a subsequence of W, converges to a stable map of vortices
on R? and spheres in M. In the transverse case, this stable map consists
of a single class W € Mgp, satisfying ev. (W) € X, and a ghost bubble
u = pt € X1 N X, that is attached to W at some point in R? and contains
two marked points. The number of such stable maps equals the left hand
side of (4). Equality (4) follows by combining this with the argument of the
last paragraph and a gluing argument for vortices on R? and spheres in M.
The gluing result is part of my future research.

A similar argument involving an adiabatic limit in the vortex equations
over S? will show that Qrg intertwines the genus 0 symplectic vortex in-
variants with the Gromov-Witten invariants of (M,©). The idea of proof
of Conjecture 1 presented here is different from the construction used by
Gaio and Salamon in [GS]. They use an adiabatic limit argument, which
fails in the more general situation considered here, because of bubbling off
of vortices on R2.

Assume now just that (H) holds and (M,w) is equivariantly convex at
0o. We denote by GWg(M,w) the G-equivariant Gromov-Witten theory
of (M,w). In joint work with Christopher Woodward [WZ] we interpret
Qrg as a morphism of cohomological field theories between GW¢ (M, w)
and GW(M,®). We formulate “functoriality” for GW, under reduction in
stages. We also conjecture quantum generalizations involving Qrg of non-
abelian localization and abelianization.

For a vector bundle £ — X and k € NU{0} we denote by I'(E) the space
of its smooth sections and by A¥(E) the bundle of k-forms on X with values
in E. For an almost complex manifold X and a complex vector bundle
E — X is we denote by A>!(E) — X the bundle of anti-linear one-forms on
X with values in E. We equip the bundle TM* = (v*TM)/G — R? with
the complex structure induced by J. We define

B:=C(P,M) x A(P),
&= {(w;¢)|weB, ¢ e T(NH(TMY) x N(TMY))},
S:B—E S(uA):= (9rau),Fa+ (pouws).
The group G acts naturally on B agd E. We denote by B = E/g and
& = £/G the quotients. The map S is G-equivariant, and hence induces

amap S : B — £. Note that S71(0) C B is the set of gauge classes of
vortices. Assume that the action of G on B is free. (This is satisfied for
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Y = R? wy := wg2 and j := i under hypothesis (H), see Lemma 29 below.)
Then heuristically, B is an infinite dimensional manifold, £ is an infinite
dimensional vector bundle over B, and S is a smooth section of £.

Assume that W € S71(0). Then formally, there is a canonical map T :
Twn€ — Ew, where &y C & denotes the fiber over W. The vertical
differential of S at W is given by d"S(W) = TdS(W) : TwB — Ew. Let
w := (u, A) € W be a representative. We denote by Ly, : Lie(G) — T,B
the infinitesimal action of G on B. Formally, T,,B = D(TM" & A(g P)),
Lie(g) = P(QP)7 %nd L& = (Lufa _dAg)'

Assume that B and Lie(G) are equipped with a G-invariant Riemannian
metric and G-invariant inner product respectively. For w € B we denote by
L} : T,,B — Lie(G) the adjoint of L,,. Then formally, the tangent space
Tw B is the quotient of the disjoint union of ker L} , with w ranging over all
representatives of W, by the linearized action of G. We now equip M with
the Riemannian metric w(-, J-), and TM" with the induced bundle metric.
The bundle gp inherits a bundle metric from (-,-)g. We equip Lie(G) and
T wg with the corresponding L? inner products. Then L7 is given by

(5) L} (v,a) = Liv — dya.
Here we view L,, as a map from gp to TM", and we denote by L} : TM" —
gp the adjoint of L,, and d = — * da*, where * denotes the Hodge-star

operator on sections of gp with respect to the metric wx(-,j-).
The Levi-Civita connection V of w(-,J-) and A induce a connection V4

on TM* (see Section 2). For w € B consider the operator Dy, : ker L, — &,,
A 01 _ 1 ,
(6) Dy(v, ) := (VAv + Lya) ™ = 3J(VoJ)(dau)"0 ;
daa + wys dp(u)v

For W € S71(0) the map dVS(W) : Ty B — & is given by dV S(W)G* (v, a) =
G*Dy (v, ). (This follows for example from [CGMS], formula (23), p. 27.)

Consider now the case ¥ := R? wg2 := wp and j := i. The purpose of
this article is to find a Banach space setup in which the vertical differential

dVS(W) is Fredholm. To this end, let n € N, p € [1,00], A € R, and
[+ R" — R be a measurable function. We denote ||f|l, := [|f[|zr@n) €

[0,00], and define |||l = [[f(1+ |- \2)%“17. Assume now that p > 2.
We denote by Wli’f (P, M) and .Allo’lc’ (P) the spaces of G-equivariant maps
from P — M and connections on P, of class locally WP, We abbreviate
B = I/Ifli’é’jG(P, M) x AP(P), and we define

loc loc
(7) gﬁ = {(u, 4) € gﬁm | u(P) compact, ||, /€ ) llpr < 00}

Furthermore, we denote by 9120’5 (P) the group of locally W?2P gauge trans-
formations on P, and we define B := B /GEP(P).
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Let w := (u,A) € gg be a smooth pair. V, A and the Levi-Civita con-
nection of the standard metric ggz on R? induce a linear connection V4 on
TM" & N(gp). For ¢ := (v,a) € Wi ’p(TM“ ) /\l(gp)) we define

(8) 1Sl px 2= (1€ oo + [1IVAC] + Idp(u)ol + ol , € [0,00].

Here the pointwise norms are taken with respect to the metrics w(-, J-) and
gr2, and (-, -)q. We define

9 A= {Ce W (TM & N (ar) | Li¢ = 0, [Cllupn < o0,

loc

(10) A ={l'e LIOC(/\ ! (TC, TM") & /\ (gpP)) [ I¢"Ipx < o0}

Here L7, is as in (5). In [Zi4], the set BY will be equipped with a Banach
manifold structure, such that for every W € B§ admitting a smooth rep-
resentative w € Bg, the tangent space TWB§ can be identified with XD

Furthermore, the spaces VA will be identified with the fibers of a Banach
bundle £} — BY.

From now on throughout this article, we assume that hypothesis
(H) is satisfied.

We denote by m(w) the Maslov index of w, see Section 2. The main result
of this article is the following.

2. Theorem.flssume that dim M > 2dim G. Let p > 2, A >1—2/p and
w = (u, A) € BY be a smooth pair. Then the following statements hold.

(i) The normed vector spaces X£’>‘ and ygﬁ’* are complete.

(i) If 1 —2/p < A < 2—2/p then the operator DA L AP — ypt given by
the formula (6) is well-defined and Fredholm of real index indDE? =
dim M — 2dim G + 2m(w).

The condition 1—2/p < A < 2—2/p in this theorem captures the geometry

of finite energy vortices. More precisely, let w := (u, A) € Bl be a finite

energy vortex such that m C M is compact. Then for every € > 0 there
exists a constant C such that e, (z) < C|z|74t¢, for every z € R?\ By (see
[Zi2], Corollary 4). It follows that w € g§ if A < 2—2/p. This bound is
sharp. To see this, let A > 2 —2/p, let M := S? w := wy, G := {e} and
J =i, and consider the inclusion u : R? — $%? =2 R2 U {cc}.

On the other hand, every w € gf\ satisfies F(w) < oo if p > 2 and
A > 1—2/p. The latter condition is sharp. Namely, let A < 1 — 2/p, and
consider M := S? with the standard symplectic form wg, complex structure
J := i and the action of the trivial group G := {e}. We choose a number
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2<a<3-2/p—Xand asmooth map u : R? — S = C U {co} such that
u(z) = |2]%, for z € R?\ B;. Then (u,0) € gg and E(u,0) = oco.

The condition A < 2 — 2/p is also needed for D to have the right
Fredholm index. Namely, let A > 1 — 2/p be such that A +2/p ¢ Z, and
w € g§ Then the proof of Theorem 2 shows that DL is Fredholm with
index equal to (2 — k)(dim M — 2dim G) + 2m(w), where k is the largest
integer less than A + 2/p. In particular, the index changes when X\ passes
the value 2 — 2/p.

The definition of the space Xﬁ’)‘ is natural, since it parallels the definition
of BY. Namely, by linearizing with respect to v and A the terms dau, F4 and
o u occurring in the energy density e,,, we obtain the terms VA¢, du(u)v
and L,o. These expressions occur in [[([|yp 2, except for the factor L,
in Lya. (It follows from (H) and Lemma 30 (appendix) that this factor
is irrelevant.) The expression ||(||s is needed in order to make || - ||up 2
non-degenerate.

Remark. Naively, one could define the domain of Dy, to be the kernel of
L, defined on the space of usual WP-sections, and its target to consist of
LP-sections. However, then in general Dy, would not have closed image, and
hence is not Fredholm. Note also that the 0-th order terms o — (Lya)%' and
v = wodp(u)v in (6) are not compact (neither with X2 and VB defined
as in (9,10) nor the naive choices). The reason is that the Kondrachov com-
pactness theorem fails on R?. Observe also that because of these terms, Dy,
is not well-defined if we choose spaces that look like the standard (weighted)
Sobolev spaces in “logarithmic” coordinates T+ip (with €™ = 2z € C\{0}).

The proof of Theorem 2 is based on a Fredholm result for the augmented
vertical differential (Theorem 5) and surjectivity of LY (Theorem 6). The
proof of Theorem 5 has two main ingredients. The first one is a suitable
complex trivialization of the bundle TM“® A!(gp). For R large, z € R?\ Bg
and p € 7 !(z) C P this trivialization respects the splitting TypyM =
(imLS(p))l @ ing(p), where LE : g ® C — T, M denotes the complexified
infinitesimal action, for x € M. The second ingredient are two propositions
stating that the standard Cauchy-Riemann operator 0z and a related matrix
differential operator are Fredholm maps between suitable weighted Sobolev
spaces. These results are based on the analysis of weighted Sobolev spaces
carried out by R. B. Lockhart and R. C. McOwen. (See [Lo3] and references
therein.) Note that for a compact Riemann surface ¥ without boundary, in
[CGMS] K. Cieliebak et al. proved that the augmented vertical differential
of the vortex equations is Fredholm.

Organization of the article. Section 2 contains some background about
the connection V4 and the definition of the Maslov index m(w). In Section
3.1 a Fredholm theorem for the augmented vertical differential (Theorem 5),
and an existence result for a right inverse for L} (Theorem 6) are stated.
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Furthermore, the main result is deduced from these results. Section 3.2 con-
tains the core of the proof of Theorem 5. Here the notion of a good complex
trivialization is introduced and an existence result for such a trivialization is
stated (Proposition 8). Furthermore, a result is formulated saying that every
good trivialization transforms D,, into a compact perturbation of the direct
sum of J; and a matrix operator (Proposition 9). The results of Section 3.2
are proved in Section 3.3. In Section 3.4 Theorem 6 is proved, using the
existence of a right inverse for d¥ (Proposition 11). Appendix A contains
a Hardy-type inequality, which is used in the proof of Proposition 9, some
standard embedding and compactness results for weighted Sobolev spaces,
and Fredholm results for the Cauchy-Riemann operator and a matrix valued
operator on R? (Propositions 16 and 19 and Corollary 18). In Appendix B
Proposition 11 is proved. Appendix C contains some other auxiliary results.
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2. Background and notation

The connection V4. Let E — M be a real (smooth) vector bundle. We
denote by C(FE) the affine space of (smooth linear) connections on E. Let
VE € C(F). Let N be a smooth manifold, and u : N — M be a smooth
map. We denote by u*E — N the pullback bundle. The pullback connection
uw*VE € C(u*E) is uniquely determined by (u*V¥),s0u = VE s, for every
v € TN and every s € I'(E). Let G be a Lie group, 7 : P — X a (right-
)principal G-bundle, and F — P a G-equivariant vector bundle. Then the
quotient E//G has a natural structure of a vector bundle over X. Let now
E — M be a G-equivariant vector bundle. We denote by C%(E) the space
of G-invariant connections on E. We fix A € A(P), V¥ € C%(E), and
u € CF(P,M). We define VA € CE(u*E) by 6?5 = (u*VE)5_ 58, for
s e I'u*E), p € P, and v € T,P. We denote E" := (u*E)/G — X. The
connection V4 is basic (i.e. G-invariant and horizontal), hence there exists a
unique V4 € C(EY) with the following property. Let s € T'(E*) and v € TX.
We define Vs := G - (po,%;é@, where (pg,v) € TP is such that v = v,
and s € I'(u*E) is a G-invariant section such that s o w(p) = G - (p,s5(p)),
for every p € P. Assume now that X is an open subset of R", and let
U : X xV — E be a bundle map (fixing the base). We define VAU by
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(VA w := VI (Tw), for every 2 € X, v € T, X and w € V. (Here we think
of w as a constant section of X x V.)

The Maslov index. Let M,w,G,g,(:,")q, it and J be as in Section 1, ¥ =
R?, wg2 = wy,j = i, P — R? a principal G-bundle, p > 2,\ > 1 — 2/p and
w= (u,A) € gf\ The definition of the Maslov index of w is based on the
following.

3. Proposition. There exists an extension of P to some smooth G-bundle
P — §2=R2y {o0}, such that u extends to a continuous map from P to
M. Furthermore, if 151,152 are two such extensions of P and uy,us the cor-
responding extensions of u, then there exists an isomorphism of continuous
G-bundles W : 151 — ]32 such that 13 = Uy o W.

The proof of Proposition 3 is postponed to the appendix (page 37). We

choose P and u as in Proposition 3. Then w induces a fiberwise symplectic
form & on the continuous bundle TM" = (w*TM)/G — S2.

4. Definition (Maslov index). We define the Maslov index m(w) to be the
first Chern number of (T M*",®).

It follows from Proposition 3 that m(w) does not depend on the choice of
the extension P. Note that it only depends on the gauge equivalence class of
w. The condition A > 1 —2/p is needed for m(w) to be well-defined for w €
Eg, Consider for example the case M := R? w := wp, J := i and G := {e}.
Let p>2and A < 1—2/p. We choose 0 <& <1—2/p— A, and a smooth
map u : R? — R? = C such that u(z) = sin(|z|?), for z € R\ By. Then
(u,0) € gﬁ, and u(re’?) diverges, as r — oo, for every ¢ € R. Therefore, we
can not associate any Maslov index with (u,0).

3. Proof of the main result

Let M,w,G,g,(,)g, 1 and J be as in Section 1 (assuming hypothesis (H)),
Y := R?, wg2 := wp, j := i and P — R? a principal G-bundle. In the present
section we always assume that 7 := (dim M)/2 — dim G > 0.

3.1. Reformulation of the Fredholm theorem. Let p > 2, A € R, g§ be

defined as in (7), and w := (u, A) € E§ be a smooth map. We denote imL :=
{(z, L&) |x € M, & € g}, and by Pr: TM — TM the orthogonal projection
onto imZL. Pr induces an orthogonal projection Pr* : TM" — T M" onto
(u*imL)/G. For ¢ = (v,a) € TM" & N'(gp) we write Pr¢ := (Pr'v, a).
Note that imL is in general not a subbundle of T'M, since the dimension
of imL, may vary with x € M. For ( € I/Vli’p(TM“ ® /\1(gp)) we define

C

HCH = [|Cllw,p.x + IPrC|lp,x, where |[C][w px is as in (8). Recall the definition
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10) of y{ﬁ. We define

11) ??w = 2?5* = {C € VVJ)’S(TMU b Al(gp)) | Hgﬂw,p,)\ < OO},
12) Yo 1= Vi = Vit & I (ap),

13) Dy =D XN = VB, Dy = (D, LiC).

Here D, ( is defined as in (6). Note that the map L% : X, :=— L (gp)
given by Ly (v, ) := Ljv — d%a is well-defined and bounded. This follows

(
(
(
(

from the fact L} = L% Pr, (for every x € M) and compactness of u(P).

5. Theorem. Let p > 2 and X > —2/p + 1 be real numbers, and w :=
(u, A) € Eﬁ a smooth pair. Then the following statements hold.
(i) The normed spaces (X0™,]| - llw,p.a)s PA and LY (gp) are complete.
(i) Assume that —2/p+1 < A\ < —2/p + 2. Then the operator D™ :
XPA 5 YPA s Eredholm, of real index

(14) indDP? = 27 4 2m(w).

This theorem is proved in Section 3.2. The proof relies on the existence
of a suitable trivialization of TM* & A'(gp) in which the operator DP*
becomes standard.

6. Theorem. Letp>2, A >1—2/p, and w:= (u, A) € gg N B. Then the
map LY, : X,y — L (gp) admits a bounded (linear) right inverse.

The proof of Theorem 6 is postponed to Section 3.4 (see page 21). It is
based on the existence of a bounded right inverse for the operator d’ over a
compact subset of R" diffeomorphic to B; (Proposition 11) and the existence
of a neighborhood U C M of ~*(0) such that inf {|L,¢| |x celU,&eg:
€] =1} > 0. We define

(15) M*:={zeM|gr=z=g=1}.

Proof of Theorem 2. Let p > 2, A > 1 —2/p, and w := (u, A) € g§ be a
smooth pair. We prove (i).

1. Claim. We have X,, := X0 = K := ker (L, - Xy — L (gp)), and the
restriction of the norm || - ||wpx to Xy is equivalent to || - ||y pa-

Proof of Claim 1. It suffices to prove that X, € K and this inclusion is
bounded. It follows from hypothesis (H) that there exists § > 0 such that
p~t(Bs) € M*. We have ¢ := min {|L,¢| |z € p™'(B;), E€g: [§| =1} >
0. Lemma 30 below implies that there exists R > 0 such that u(P|g2\p,) C
p~H(Bs). Let ¢ = (v,a) € X,. Then Liv = d*, and thus, using the last
assertion of Remark 27 below,

[Prollpa < e Z30llpa < VAl n < e Clhpa < oo
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Hence X,, C K, and this inclusion is bounded. This proves Claim 1. O

Part (i) follows from part (i) of Theorem 5 and Claim 1. Part (ii) follows
from part (ii) of Theorem 5, Theorem 6 and Lemma 24 (appendix) with
X := Xy, Y =V, Z := IX(gp), D' : Xy — Y, given by (6) and T := L%,
This proves Theorem 2. U

3.2. Proof of Theorem 5 (augmented vertical differential). We de-

note by s and ¢ the standard coordinates in R%2. For v € R™ we denote
(v) :== /1 + [v]2. For d € Z we define pg : C — C, pyg(2) := z%. We equip
the bundle A'(gp) with the (fiberwise) complex structure Jp defined by
Jpa := —ai. Furthermore, we denote g€ := g®@r C, V := C" @ g© @ ¢C,
and for a € C we denote by a - ®id : V — V the map (vl,...,vﬁ,a,ﬁ) —
(avl,v2, L a,ﬂ). For x € M we write L((x: : g© — T, M for the complex
linear extension of L,. We define

H, := kerdu(z) N (imL,)"*, Vo € M.
Note that in general, the union H of all the H,’s is not a smooth subbundle

of T'M, since the dimension of H, may depend on x. However, there exists
an open neighborhood U C M of ;~1(0) such that H|y is a subbundle of
TM|y. Let p>2, A > —2/p+1and w:= (u, A) € g§ be a smooth pair. For
z € R? we define HY := {G - (p,v) |p e !(z) C P, ve Hyy}. Consider a
complex trivialization (i.e. bundle isomorphism fixing the base R?)

1
ViR XV - TM" & \ (gp).
7. Definition. We call ¥ good, if the following properties are satisfied.
(i) (Splitting) For every z € R? we have
(16) v (C" @ g~ @ {0}) =TM: & {0},

(17) ({0} & {0} & ¢%) = {0} & A\ (ap).

Furthermore, there exists a number R > 0, a smooth section o of P —
R?\ By, and a point To € p~1(0), such that the following conditions
are satisfied. For every z € R?\ Br we have

(18) v.(C" e {0} & {0}) = HY,

u o o(re'?) converges to Too, uniformly in ¢ € R, as r — 0o, 0*A €
LK(RQ\Bl,g), and for every z € R?\ Bg and (oz,ﬁ = <,0—|—z'1[)) € gCagC,
we have

(19) \I/Z(()? Q, 5) = (G ’ (u ° U(Z)v Lgoa(z) (a)) s G- (0(2)7 (pdS + T/Jdt)) .
(ii) There exists a number C > 0 such that for every (z,() € R? x V
(20) CTHC < |wa ()™ - @id)C| < CI¢].
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(iii) We have | V(¥ (D) - @id))| € LE(R?\ By).

8. Proposition. Ifp > 2, A > —2/p+1 and w := (u, A) € gf\ is smooth
then there exists a good complex trivialization of TM" & N (gp).

The proof of this proposition is postponed to subsection 3.3 (page 14).
The next result shows that a good trivialization transforms D,, into some
standard operator. For a = (ai,...,a,) € (N][{0})" we denote |a| :=
Yoo and 9% =07 .- 05, Let 1 <p<oo,neN, ke NU{0}, X € R,
Q) C R™ an open subset, W a real or complex vector space, and u :  — W
a k-times weakly differentiable map. We define

- A-|a| o
HUHL];”’(Q,W) = Z [ *1lo UHLP(Q,W) € [0, 09,
|o| <k
il = D0 10 ull @) € [0.59],
la|<k
k, k,
(21) LYP(Q,W) = {ue W P(Q,W)| ull rr gy < 0o}
k‘, kv
(22) WiP@QW) = {ue W r(Qw)| Hu||Wf,p(Q7W) < oo}
If (X5 1), ¢=1,...,k, are normed vector spaces then we endow X; @®

- @ X, with the norm |[(z1,...,2)| = >, ||zilli- Let d € Z. If d < 0
then we choose py € C*°(R?,[0,1]) such that po(z) = 0 for |z| < 1/2 and
po(z) =1 for |z] > 1. In the case d > 0 we set pg := 1. The isomorphism
of Lemma 12 (appendix) induces norms on j";;;,)\,d := Cpopy —I—Li’fl_d(RQ, C)

and /171’)/)\ =Cn 1 4 L}\’fl(Rz, C"~1). We define
‘)?d = i;[?’)\ = ‘%;z;,)\,d D 2?12,,)\ ©® W){7P(R2v g(C S g(C)’

Yo=Y =18 ,(R*C)a L (R, C" '@ ¢® o ¢°).
For a complex vector space W we denote by 0¥ (9¥) the operator 5(9s+i0;)
(3(0s — i0;)) acting on functions from C to W. We denote by (., ->((g: the

hermitian inner product on g€ (complex anti-linear in its first argument)
extending (-, -)q. We define

(23) R :TM"— NYTC,TM"), F : N(gp) — N(gr) @ gp,
by Fi(v) := (ds—Jdt)v and Fy(pds+dt) := (YdsAdt, ), and F := Fy D F;.
9. Proposition (Operator in good trivialization). Let 2 < p < oo, A >
—2/p+1, w:=(u,A) € g§ be smooth and U : R2 x V — TM" & N'(gp) a
good trivialization. Then the following statements hold.

(i) The following maps are well-defined isomorphisms of normed spaces:

(24) jEm(w) BCF—)\PCGjCVw, j}vm(w) 9('—>F‘P<€j}w
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(i4) There erists a positive C-linear map Ss : g© — g« (i.e. (Soov,v>‘§ >0
for every 0 # v € g®) such that the following operator is compact:

C
1 7 02 id/2 ~ >
(25) S = (FU)"'D, v -0 @ [ = ! /g@ t Xo(w) — Vin(w)
Seo 207
The proof of Proposition 9 is postponed to subsection 3.3 (page 17). It is
based on some inequalities and compactness properties for weighted Sobolev
spaces (Proposition 13) and a Hardy-type inequality (Proposition 14).

Proof of Theorem 5. Let p > 2, A > —2/p+ 1, and let w := (u, A) € gf\
be a smooth pair. The space (21) is complete, see [Lol]. By Proposition
13(ii) (appendix) the same holds for the space (22). Combining this with
Propositions 8 and 9(i), part (i) follows. Part (ii) follows from Proposi-
tions 8 and 9(ii), Corollary 18 and Proposition 19 (appendix). This proves
Theorem 5. O

10. Remark. An alternative approach to prove Theorem 5 is to switch to
“logarithmic” coordinates T + ip (defined by e™t% = s + it € R?\ {0}).
In these coordinates and a suitable trivialization the operator DPA s of the
form O+ A(1). Hence one can try to apply the results of [RoSa]. However,
this is not possible, since A(T) contains the operator v — €*"du(u)v dr Ndyp,
which diverges for T — oo.

3.3. Proofs of the results of subsection 3.2.

Proof of Proposition 8 . Let p, A and w be as in the hypothesis. We choose
a section o of Plg2\p, and a point zo € p~'(0) as in Lemma 30.

1. Claim. There exists an open G-invariant neighborhood U C M of x
such that H|y is a smooth subbundle of TM with the following property.
There exists a smooth complex trivialization WV : U x C" — H|y satisfying
\I!gU vo = gV := gWY (x,v), for every g € G, x € U and vy € C".

xT

Proof of Claim 1. By hypothesis (H) we have xo, € M*, where M* is defined
as in (15). We choose a G-invariant neighborhood Uy C M™* of x4 so
small that ker du(z) and (imL,)* intersect transversely, for every z € Up.
Then H|y, is a smooth subbundle of TM|y,. Furthermore, by the local
slice theorem there exists a pair (U, N), where U C U is a G-invariant
neighborhood of z, and N C U is a submanifold of dimension dim M —
dim G that intersects G transversely in exactly one point, for every z € U.
We choose a complex trivialization of H|y and extend it in a G-equivariant
way, to obtain a trivialization WY of H|y;. This proves Claim 1. O

We choose U and ¥V as in Claim 1. It follows from Lemma 30 that there
exists R > 1 such that u(p) € U, for p € 7=(z) C P, if 2 € R? \ Bg. We
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define U : (R2\ Bg) x (C" @ g%) — TM" = (u*TM)/G by
TP (vg, ) = G - (uoo(z) oV (z)(z_m(w) - @id)vy + LE @),

> T yoo uoo(z)

This is a smooth complex trivialization of TM"|g2\p,,-

2. Claim. ‘T’OO’C\BRH extends to a smooth complex trivialization of T M™.
We define f : C\ {0} — S* by f(2) := z/|z|.

Proof of Claim 2. We choose a complex trivialization W0 : Bp x (C"®g®) —
TM"|g,. We define & : SL:={2€C||z| = R} — Aut(C" & ¢%) by

D, (vo,0) == (¥ (G - (woo(2), ¥

uoo(z

)U0+LC )Oé))

uoo(z
For a continuous map z : S}% — S' we denote by deg(x) its degree.

3. Claim. The index m(w) equals deg(f o det o®).

Proof of Claim 3. We define P to be the quotient of P]] ((S2\{0}) x G)
under the equivalence relation generated by p ~ (z,g), where g € G is
determined by o(z)g = p, for p € 771(2) C P, z € C\ {0}. Furthermore,
we define @ : P — M by u([p]) := u(p), for p € P, and ([oo,g]) :=
¢ 2o, for g € G. The statement of Lemma 30 implies that this map is
continuous and extends u. The (fiberwise linear) complex structure u*J on
w*TM descends to a complex structure J on TM® = (i*TM)/G — S2. By
definition, we have m(w) = ¢1 (T M w ). We define the local trivialization
T : (§%2\ Bp) x (C* @ ¢g®) — TM™ by

G- (uoo(2)],¥Y  vo+LE ()a), if 2 € R?\ Bg,

P — uoo(z) uoo(z

= (vo, @) { G- ([oo,l],\IJonov0+L§wa), if 2 = 0.

Then ®, = (V)10 for 2 € Sk, and therefore ® is the transition map
between U0 and U>°. Claim 3 follows from this. O

By Claim 3 and Lemma 25 in the appendix the maps ¢ and S}z Sz
(™). @id) € Aut(C"@g®) are homotopic. Hence there exists a continuous
map h : Bp\ By — Aut(C" @ g©) such that h, := h(z) = (z™®) . @id), if
z € Sf, and h, = ®(2), if 2 € Sk. We define U :R? x (C" @ g¢) — TM™
by ¥ := U™ on R?\ By, and \f'z(vo,oz)N:: WOh, (2= ™) . @id)(vo, o), for

2 € Bp, (vo,a) € C" @ g®. Smoothing ¥ out on the ball Br,1, we obtain
the required extension of ¥°|¢\ g, . This proves Claim 2. O

We define U : (R?\ Bg) x g — A'((Plgz\5, x 9)/G) by
TP (p+ih) =G - (0(2), pds + dt).

4. Claim. (I\’OO‘RQ\BR+1 extends to a smooth complex trivialization of the
bundle \'(gp) — C.
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Proof of Claim 4. We denote by Ad and Ad® the adjoint representations
of G on g and g€ respectively. For every g € G we have det(AdS) =
det(Ad,) € R. We choose a continuous section o of the restriction P[g, .
We define g : Sj, — G to be the unique map such that o(z) = 5(z)g(z), for
every z € Sk. It follows that fo det(AdS) = +1. Therefore, deg (S 3 z —
fo det(Adg(z))) = 0. Hence Lemma 25 (appendix) implies that there exists
a continuous map ® : Br — Aut(g(c) satisfying @, := ®(z) = Adg(z), for
every z € S},. We define U :R2x gC — Al(gp) by U := U™ on R?\ Bp and
by U,a =G - (7,¢'ds +¢/'dt), where ¢’ + i) := ®,a, for 2 € Bp, a € g°.
Smoothing T out on the ball Bpri1, we obtain the required extension of
(I\’OO’RZ\BR+1. This proves Claim 4. O

We choose extensions ¥ and ¥ of ¥ and U as in Claims 2 and 4.
5. Claim. ¥ := U @ U is a good complex trivialization of TM®" & A (gp).

Proof of Claim 5. Condition (i) of Definition 7 follows from the construction
of W. To prove (ii), note that for z € R?\ Bgy1 and (vg, o, 3) € V, we have

uoo uooc

(26) ‘\I/Z(zm(w) . @id)(vo,a,ﬂ)‘2 = ‘\I/U (z)vo‘2 + |LC (z)a|2 + ]6\2.

Here we used the fact H, = (imLS)"*, for every € M. By our choice of U,
H|y € TM|y is a smooth subbundle of rank dim M — 2dim G. It follows
that imLC|y = H'|y is a smooth subbundle of TM|y of rank 2dim G.
Hence LC : g© — T, M is injective, for every z € U. Since by assumption
u(P) C M is compact, the same holds for the set u(P[g2\pg,,,,) € u(P). It
follows that there exists a constant C' > 0 such that

Cug| < ‘\I’U )vo‘ < Clu|, C7lal < ‘LC (Z)oz‘ < Cla,

uoo(z uoo

for every z € R?\ Bry1, vo € C" and a € g©. Combining this with equality
(26), condition (ii) follows.

We check condition (iii). Let ¢ := (vo,a,ﬂ = cp—i—iw) €V, zeR?\Bpy1
and v € T,R?. We choose a point p € 771(z) C P and a vector v € T,,P
such that m,v = v. Then

(27) VUA (i,(pm(w) : 69id‘)(”Oy Oé)) =G- (u(p)7 %%4(\115’00 + LSQ)) :
Furthermore, for every smooth vector field X on U we have
(28) ﬁf?X = (U*V)'g_pAgX = VdAu.'gX.

We define C' to be the maximum of |V, (¥Yv” + LEa)| over all v’ € T, M,
z € u(Plr2\p,,,) and (v",a) € C" @ g© such that [v/| < 1, |(v",a)] < 1.
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Furthermore, we define C’ := HdAUHL’;(W\BRH)- By (27) and (28) with
X(z) := ¥Yvy + LS, we have

(29) vaA(il(pm(w) ’ EBid)(U07 Oé)) HL’;\(RQ\BR+1) < CC,|U||(U07 Oé)|,

We now define (,Z,?Z : P — g to be the unique equivariant maps such that
poo =y, Yoo =1p. Wehave dapo.v = [(0"A)v, ], and similarly for ¢.
Since Vf*v(gpds + dt) = (dapov)ds + (dapo.v)dt, it follows that

(VA(T(pds + vdt))| = |G - (0(2), VA ,(§ds + b)) | = |[(a* A, 5]

Combining this with (29) and the facts dau € L (R?\ Bg11) and [[o* Al \ <
0o, condition (iii) follows. This proves Claim 5 and concludes the proof of
Proposition 8. O

Proof of Proposition 9. Let p, \,w = (u, A) and ¥ be as in the hypothesis.
We choose py € C™(R?, [0, 1]) such that pg(z) = 0 for z € By /3 and po(z) = 1
for € R\ By. We fix R > 1, 0 and 2 as in Definition 7(i). We abbreviate
d = m(w).

We prove (i). For every ¢ € W,"!(R2, V) Leibnitz’ rule implies that

loc
(30) VA(EC) = (VA (¥ (pa-@id))) (p-a- ©id)¢ + ¥ (pg- @id) D((p-q- ©id)C).
1. Claim. The first map in (24) is well-defined and bounded.

Proof of Claim 1. Proposition 13(i) below and the fact A > —2/p + 1 imply
that there exists a constant Cy such that

(31) (Y- @id)¢|| . < Cill¢llg,, V¢ € Xa

We choose a constant Cy := C as in part (ii) of Definition 7. Then by (20)
and (31), we have

(32) ¢l < C1CaICll5, WC € Ra.

It follows from (18) and (19), the definition H, := ker du(z)NimL; and the
compactness of u(P) that there exists C3 € R such that, for every ¢ € Xy,
(33) ('] + [P + o] |, < Gl

where (v/,a/) := ¥(. For r > 0 we denote BS := R\ B, and || - ||, xs :=
I|- ”LI;(Bg). We define Cy := max { || V4 (\I/(pd-@id)) Hp,A;l’ Cs}. By condition
(iii) of Definition 7 we have Cy < co. Let ¢ € X;. Then by (30) we have
(34) IV lp1 < Calll(p-a - @1A)C | oo (o) + 1D ((p-a - @1A)Q)]],, 11)-

We define C5 := max{ — d2(_d+3)/2,2}. Then HD((p—d : @id){)Hp v S
C’5||C||)?d by Proposition 13(iv). Combining this with (34) and (31), we get

(35) IVAE) [y < Ca(2 1+ C) I,
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By a direct calculation there exists a constant Cg such that | VA(¥()|| (B <
CG”C”;?da for every ¢ € X. Claim 1 follows from this and (32,33,35). O

2. Claim. The map X, > (' — U~ € X, is well-defined and bounded.

Proof of Claim 2. We choose a neighborhood U C M of 1~1(0) as in Lemma
28 (appendix), and define ¢ as in (65), and C; := max{c~!,1}. Since u o
o(re'?) converges to oo, uniformly in ¢ € R, as 7 — oo, there exists R’ > R
such that u(p) € U, for every p € 7~ 1(BS,) C P. Then (18,19) and (65)
imply that

(36) [ ), pee < CLll¥ (0,0, D], .o < C1llC N
where (vg, a, 3) := W1/, for every (' € X,
3. Claim. There exists a constant Cy such that for every (' € fw, we have
(37) |D((pop—a - ©ITE)| gy < CallC
Proof of Claim 3. It follows from equality (30) and conditions (ii) and (iii)
of Definition 7 that there exist constants C' and C’ such that
1D ((p-a - @id) ¥ [, 5
(38) < C(IVAC o + [[VA((pa- )], 1¢s0) < ¢

for every (' € X,,. On the other hand, Leibnitz’ rule implies

DU = w1 (VA — (VA uI().
Hence by a short calculation, using Leibnitz’ rule again, it follows that there
exists a constant C” such that

HD((IOOP—d ’ @id)q’_lgl) HLp(Bl) < C//HC/va
for every (' € X,y Combining this with (38), Claim 3 follows. O

Let ¢’ € X,,. We denote ¢ := (39, &, () := (pop—_q- ®id)¥~1¢’. By inequality
(37) the hypotheses of Proposition 14 with n := 2 and X replaced by A — 1
are satisfied. It follows that there exists (oo := (voo, Qoo ﬂoo) cevV=Cto

g @ g©, such that E(rew) — (0, uniformly in ¢ € R, as r — 00, and
(39) 1(C=Coo)l-P M| o ey < (dim M+2dim G)p/(A+2/p) || DEJ- | 1y ey

Since A > —2/p+1, we have [zc (-)P* = co. Hence the convergence (@, ) —
R/

(oos o) and the estimate (36) imply that (o, Boo) = (0,0). We choose
a constant C' > 0 as in part (ii) of Definition 7. The convergence vy — Vo
and the first inequality in (20) imply that

~ ldl
(40) [vso] < [[0]loe < 27 CI¢ oo -
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We define (v',..., 0", a, 8) := U1 = (popavie, vi, - - -, v%,0,0). Proposi-

009 » Yoorr
tion 13(iv) in the appendix and inequalities (39) and (37) imply that there
exists a constant Cg (depending on p, A\, d and ¥, but not on ¢’) such that

(41) ||U1||Li’fl—d(Blc) + H (U27 e 7Uﬁ7a>ﬁ) HLi’fl(Blc) S 06||</Hw .

Finally, by a straight-forward argument, there exists a constant C7 (inde-
pendent of (') such that ”‘I’_IC/”WLP(BR,) < C7||¢'|lw- Combining this with
(36,40,41), Claim 2 follows. O

Claims 1 and 2 imply that the first map in (24) is an isomorphism (of normed
vector spaces). It follows from condition (ii) of Definition 7 that the second
map in (24) is an isomorphism. This completes the proof of (i).

We prove statement (ii). Recall that we have chosen R > 0,0 and
Too as in Definition 7(i). We define Sy, : g¢ — g* to be the complex linear
extension of L} L, : g — g. By our hypothesis (H) the Lie group G acts
freely on p~1(0). It follows that L,_ is injective. Therefore S, is positive
with respect to (-, ->§. By (16) and (17) there exist complex trivializations

_ 1

U, R?2x (C" @ g% — TMY, Uy :R? x g% — \ (ap),
such that ¥ = ¥} @ ¥y, We denote by ¢ : g© — C"@ g% (pr: C" @ g® — ¢%)
the inclusion as (the projection onto) the second factor. We define
Xj = Ly (R* C)oLy?, (R?, C e W, (R, o), A7 := Wy "(R?, ),

X=X o X2, XY :=Cpopg®C" '@ {(0,0)} C &,
Vi=I5_,R*C)@ L{(R?,C" '@ g"), Vi:=L5(R? ).
Note that Xy = /17[9 + /175 and Y, = chll ® 373 We define S : X; — Y, as in
(25). Since X? is finite dimensional, S| 7o is compact. Hence it suffices to
d

prove that S| 7 1s compact. To see this, we denote
d

Q= < dS/\Cdeu(u) >, T:= < _d% >7

and we define Sij : /'?le — jivcll (for 7,5 =1,2) and §11 : /Ell — 5& by
Sho = (F10) 7L (VAR)0)0, SLo = —(F181) " (J(V,od) (dau)0/2),
Shya = (F100) (L Waa) "t — /2, S% v i= ((Fa¥s) ' QT — Soopr)v,

522a = (FQ\IIQ)_l(T\I’Q)Oé.

Here F; and F, are as in (23) and (TU3)a := T(¥qa), for o € g& (viewed
as a constant section of R? x g©). A direct calculation shows that S(v,a) =
(Shv + Sho + Sha, S%v + S%a). For a subset X C R? we denote by
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xx : R? — {0,1} its characteristic function. It follows that xp,S| 5 is of
d
0-th order. Since it vanishes outside Bp, it follows that this map is compact.

4. Claim. The operators XBgSij; 1,7 =1,2, and Xngll are compact.

Proof of Claim 4. To see that the map xzcS 11 is compact, note that Leib-
. . . . R
nitz’ rule and holomorphicity of pg imply that

(VA1) = (VA (W1 (pg - i)™ (p_a- @id), on C\ {0}.
Since A > 1 —2/p, assertions (iv) and (i) of Proposition 13 imply that the

map (pop—_q - ®id) : X} — C,(R?, C" @ g©) is well-defined and compact. By
condition (iii) of Definition 7, the map

Xog (V4 (W1 (pa- 1)) "'+ Cy(R2,C" & 6) — I (N (B2, TMY))
is bounded. Condition (ii) of Definition 7 implies boundedness of the map
(Foy)~t: I} (/\O’I(RZ,TM“)) — 5; Compactness of X3g511 follows.

By the definition of BY, we have |dqu| € L?(R?). This together with
Proposition 13(iv) and (i) and Definition 7(ii) implies that the map x BS SL
is compact. Furthermore, it follows from Definition 7(i) that x BS Sty =0.

To see that x BgS21 is compact, we define f : BS — End(g®) by setting
f(2) : g© — g© to be the complex linear extension of the map LZOJ(Z)LUOU(Z) —
L; L. :g — g Since uo o(re'?) converges to o, uniformly in ¢, as
r — 00, the map f(re'?) converges to 0, uniformly in ¢, as r — co. Hence
by Proposition 13(iii), the map W,”(C,g®) 5 a = Xpgfa € LA (C,g"%) is
compact. Definition 7(i) implies that XBgSzl = Xp¢ fpr. It follows this
map is compact.

Finally, Proposition 13(i) and parts (iii) and (ii) of Definition 7 imply that
the map x B S2, is compact. Claim 4 follows. This completes the proofs of
statement (ii) and Proposition 9. O

3.4. Proof of Theorem 6 (Right inverse for L}).Let n € N, k,{ €
NuU {0}, p > n, G a compact Lie group, (-,-)g an invariant inner product
on g := Lie(G), Q C R™ an open subset, P — Q a principal G-bundle and
A € A(P). Then A and the standard metric on 2 induce a connection V4
on N'(gp). For a € Wz’p(/\k(gp)) we define

loc

ANl
lollopa = lolyer = 3 10V allne)
Ale 1=0,...,¢

where the pointwise norms are taken with respect to (-,-)g. We denote

Wi (N (gp)) == {o € W2 (N (@p)) | lalpa < o0}
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For a subset X C R™ we denote by intX its interior. For the proof of
Theorem 6 we need the following.

11. Proposition. Letn,p,G and (:,-)4 be as above and K C R"™ a compact
subset diffeomorphic to By. Then for every G-bundle P — intK and A €
A(P) there exists a bounded right inverse R of the operator

(42) dy W (N (ar)) — L7(gp).

Furthermore, there exist € > 0 and C > 0 such that for every principal G-
bundle P — intK and every A € A(P) satisfying ||Fa||, < € the map R can
be chosen such that ||R|| :=sup {||RE|1p.a|& € LP(gp) : 1], <1} < C.

The proof of Proposition 11 is postponed to the appendix (page 30).

Proof of Theorem 6. Let p,\ and w = (u, A) be as in the hypothesis. It
follows from hypothesis (H) that there exists § > 0 such that p~(B;) € M*
(defined as in (15)). We define ¢ := inf {|L&|/|¢| |z € p=(Bs), 0 # € € g}
It follows from Lemma 30 that there exists a number ¢ > 0 such that
u(p) € p~(Bj), for every p € 7 1(C\ (—a,a)?) € P. We choose constants
g1 and Cj as in the second assertion of Proposition 11 (corresponding to
e and C, for n = 2). Furthermore, we choose constants €5 and Cy as in
Lemma 23 (corresponding to € and C). We define ¢ := min{ej,e2}. By
assumption we have Fy € LY(C). Hence there exists an integer N > a
such that HFAHLT; (e\(=~.vp2) < e. We choose a smooth map p : [-1,1] —

[0,1] such that p = 0 on [-1,—3/4] U [3/4,1], p = 1 on [—1/4,1/4], and
p(—t) = p(t) and p(t) + p(t — 1) =1, for all ¢t € [0,1]. We choose a bijection
(0,) : Z\ {0} — Z>\ {~N,...,N}2. We define 5 : R — [0, 1] by

1, if [t| < N,
pt) == p(lt|=N), f N<[t|<N+1,
0, if [t| > N+ 1.

and pg : R? — [0,1] by po(s,t) := p(s)p(t). Furthermore, for i € Z \ {0}
we define p; : R? — [0,1] by pi(s,t) := p(s — ¢(i))p(t — 1(i)). We choose
a compact subset Ko C [N — 1, N + 1])? diffeomorphic to Bi, such that
[-N —3/4,N + 3/4]*> C intKy, and we denote g := intKy. Furthermore,
we choose a compact subset K C [—1,1]? diffeomorphic to By, such that
[—3/4,3/4] CintK. For i € Z\ {0} we define ©; := int K + (¢(4),1(i)). For
i € Z we define T; := d : Wi’p(/\l((Pmi x 9)/G)) — LY ((Pla, x 9)/G).
By the first assertion of Proposition 11 there exists a bounded right inverse
Ry of Ty. We fix i € Z \ {0}. Since A > 1 —2/p > 0, by our choice of N we
have ||[Fallrr,) < HFA||L§(QZ-) < e. Hence it follows from the statement of
Proposition 11 that there exists a right inverse R; of T;, satisfying

(43) 1Ri€ o < Cilléllze, 76 € WH(gpla,).
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We define
(44) R: L} (gp) — Wlo’f(/\ (gp)), R&:=D_ pi- Ri(¢la,)-
i€EZ

Each section ¢ : R? — gp induces a section L.g: R? — TM*. For p €
71 (R?\ (=N, N)?) C P we have u(p) € p~*(Bs) € M*, and therefore the

map Lz(p)Lu(p) : g — g is invertible. Hence we may define

R: Ly, (gp) = L (TMY), (RE)(2) = Lu(LjLu) ™" (€ — diRE)(2),

for z € R2\ (=N, N)2, and (RE)(z) := 0, for z € (=N, N)~ . Furthermore, we
define R : If,.(ap) — L}, (TM" & N(gp)) by R¢ := (RE, —RE). Tt follows
that L) R = id. Theorem 6 is now a consequence of the following:

1. Claim. R restricts to a bounded map from L% (gp) to X0,

Proof of Claim 1. We choose a constant C3 so big that sup,cq, (2)PA <
C3inf,eq, ()P, for every i € Z. For a weakly differentiable section & : R? —
gp we denote [[{][1px4 = [I€]lpx + [[dagllp.a-

2. Claim. There exists a constant Cy such that || — d*ARSHI,p,A,A <
Cull&llp, for every & € LA (gp).

Proof of Claim 2. Let £ € L (gp). We denote o; := R;({]o,) and a := Re¢.
Since ) ,c, pi = 1, a straight-forward calculation shows that

(45) dho=£—=> *((dpi) A *a)
€L
Fix z € R% Then [{i € Z|pi(z) # 0}| < 4. Hence (45) implies that
(46) (€ = d3a) ()" <4271 )15 laa(2)[P.
€L

Inequalities (46) and (43) imply that
€ = diallp , < 471015 max {CF, | Ro[IP}C3 ) €117 )
1€Z
Equality (45) implies that
|da (€ — i) (2)[" < 8 max {[|p"|[%; 19115} D (el + [VAauP) ().
1€EZ

Combining this with (43), Claim 2 follows. O
We choose Cy as in Claim 2. Let € LY (gp). We abbreviate 5-: &— dZRf
By the fact 5\ —~,n)2 = 0, Lemma 23, the fact A > 1 —2/p > 0 and Claim

2, we have

(47) I€lloo < Coll€llpra < CoCallllpa.
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Recall that Pr: TM — TM and Pr" : TM" — TM™" denote the orthogonal
projections onto imL and (u*imL)/G. Claim 1 is now a consequence of the
following three claims.

3. Claim. We have
sup {|| RE | .+ |dp(u) Re |+ [PrRe +Rel|| | € € L(gp) ¢ IlEllpn < 1} < 0.

Proof of Claim 3. Let £ € LX(gp) be such that [|{]|,» < 1. For i € Z we

denote a; := R;(£|q,). Since |{i € Z|pi(z) # 0}| < 4, for every z € R?,

we have || B[P, < 4Py, ol ) Using (43), it follows that IREIP <
) A 7 )

4P max{CY, || Ro|[P}C3. We define C' := max {|du(z)| + | Pr, ||z € u(P)}.

By Remark 27 below, the statement of Claim 2 and the fact R ](_ NNy =0,
we have

[1dp(u) RE| + PrRe]|| < Ce|€ = i RE| 1y ey (- wv,my2) < Ce ' Ca.

Inequality (47) and Remark 27 imply that || RE||so < C_lua‘Loo(RZ\(_N’N)Q) <

c102C5. We fix i € Z \ {0}. Lemma 23, (43) and the fact A > 1—2/p > 0
imply that [|a;|leo < CQ”OQ”WA,;J(Q” < CoCh[€] e,y < C2C1. Furthermore,

1
laolloe < C" = sup {[|afloc | € WP (/\ ((Plaox8)/G) : [lallipa < 1} Roll.

It follows that ||RE|lee < sup; |oifee < max{CyCi,C"} < oco. Claim 3
follows. O

4. Claim. We have Sup{||VA(E£)||p7>\ | €€ L (gp) : [I€]lpr <1} < oo

Proof of Claim 4. Let & € LY (gp). We define E:: f—dZI%f, n:= (L;‘;Lu)_lg
and p € Q?(M, g) as in (63). By Lemma 26 below, we have

(48) VALun) = Ludan + VX

Using the second part of Lemma 26 (with v := L,n), it follows that

(49) Ly Ludan = da€ — p(datt, Lun) — LiVa,u Xy,

We choose a constant C' so big that |p(v,v")] < Clu||v'| and |V, Xg,|
Clv||éo], for every x € u=1(B;s), v,v' € T,M and & € g. We define C :

max {6_1,306_2}. Since R{ = Lyn, equalities (48,49) imply that

IVARE) Iy < C([|da], , + Idaullpall€]l)-

Here we used Remark 27. Since ||daul[px < 0o, Claim 2 and (47) now imply
Claim 4. O

5. Claim. We have sup {||[VA(RE)|px | € € LR (gp) : [|€]lpx < 1} < o0.

A
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Proof of Claim 5. Let { € LY(gp) be such that [|€[[, < 1. We write
a; = R;(£|q,). Then VA(I%g) = (inAozi +dp; @ ozi). Setting C' :=
820|156 Cs max{C?, || Ro||P}, it follows that

IV4 RO <87 3 (IV4ailly s + o' e sy ) < €

Here in the second inequality we used the fact ||p'||c > 1, and (43). This

proves Claim 5, and completes the proofs of Claim 1 and Theorem 6. U

Appendix A. Weighted spaces and a Hardy-type inequality

Let d € Z. The following lemma is used in section 3.2 in order to define a
norm on Xy. If d < 0 then let py € C(R2,[0,1]) be such that py(z) = 0 for
|z| <1/2 and po(z) =1 for |z| > 1. In the case d > 0 we set pp := 1. Recall
that pg: C — C, py(z) := 2%

12. Lemma. For every 1 <p < oo and X\ > —2/p the map
Co Li\’fd(R% (C) —C- poPd + Li\’fd(Ra (C)v (Uom U) — UooPOPd + ¥
is an isomorphism of vector spaces.
Proof of Lemma 12. This follows from a straight-forward argument. O

The following proposition was used in the proof of Theorem 5 and Proposi-
tion 9. For every normed vector space V' we denote by Cp(R™, V') the space
of bounded continuous maps from R” to V. We denote B{ := R"\ B.

13. Proposition (Weighted Sobolev spaces). Let n € N. Then the follow-
ing statements hold.

(i) Let n < p < oo. Then for every \ € R there exists C > 0 such that
AL 1,1
(50) ()% ey < Cllull o ny,  Vu € Wig, (R™).

loc

If A\ > —n/p then Li’p(R") is compactly contained in Cy(R™).

(ii) For every k € NU{0}, 1 <p < oo and XA € R the map Wf’p(R") Sur
(VA u € WHEP(R™) is a well-defined isomorphism (of normed spaces).

(i4i) Let p > 1, X € R, and f € L>(R"™) be such that || f|| pec®n\5;) — 0, for
i — 00. Then the map WyP(R™) 3 u v fu € LE(R") is compact.

(iv) For everyl <p<oo, N\€R,d€Z and u € L}\’p(Bf) we have

—d+3)/2
deuHL}\'fd(Blc) < max{ —d2( )/ ,Z}HUHL}\»P(BlC)-

Proof of Proposition 13. Proof of (i): Inequality (50) follows from inequal-
ity (1.11) in Theorem 1.2 in the paper by R. Bartnik [Ba]. Assume now that
A > —n/p. Then it follows from Morrey’s embedding theorem that there

exists a canonical bounded inclusion Li’p (R™) < Cy(R™). In order to show
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that this inclusion is compact, let u, € Li’p (R™) be a sequence such that

C :=sup, ||u,,HL1,p(Rn) < o0o. By Kondrachov’s compactness theorem on B;
A

(for j € N), and a diagonal subsequence argument there exists a subsequence

uy,; of u, that converges to some map u € VVé’f(R”), weakly in W1P(B;),

and strongly in C(Bj), for every j € N.

1. Claim. We have u € Cy(R") and u,; converges to u in Cy(R").

Proof of Claim 1. We choose a constant C’ as in the first part of (i). For
every R > 0 we have ||u||Li,p(BR) < limsup; ||u1joLi\,p(BR) < C. Hence

u € Li’p(R"). Since A > —n/p, by inequality (50), this implies u € Cy(R").
To see the second statement, we choose a smooth function p : R" — [0, 1]
such that p(z) = 0 for € By, p(x) = 1 for x € B, and |Dp| < 1. Let
R > 1. We define pr := p(-/R) : R® — [0,1]. Let j € N. Abbreviating

vj 1= uy; — u, we have

(51) [vjllee < [Jv;(1 = pr)|| + [|lvirR| -
Inequality (50) implies that
(52) [vipr|| o < C'R™7|vjprlli po

Furthermore, ||vjpr|lipa < 2||vj]l1pr < 4C. Combining this with (51) and
(52), and the fact lim; . [|vj]| oo (B,,,) = 0, it follows that lim sup;_, . [|vj]lec <

4CC'R™ 7. Since A > —n/p and R > 1 is arbitrary, it follows that Uy,
converges to u in Cp(R™). This proves Claim 1 and completes the proof of
statement (i).

Statement (ii) follows from a straight-forward calculation.

Proof of (iii): Let f € L*°(R") be as in the hypothesis. Let u, €
W;vP(Rn) be a sequence such that C' := sup, Hu,,HW;,p(Rn) < o0. By Kon-

drachov’s theorem on B; (for j € N) and a diagonal subsequence argument
there exists a subsequence (v;) and a map v € LV (R™), such that Juy,
converges to v, strongly in LP(K), as j — oo, for every compact subset
K C R™. Standard arguments show that v € L% (R") and Juy; converges to
v in LY (R™). This proves (iii).

Statement (iv) follows from a straight-forward calculation. This com-
pletes the proof of Proposition 13. O

The next result was used in the proof of Proposition 9 and will be used in
the proof of Lemma 30.

14. Proposition (Hardy-type inequality). Let n € N, p > n, A > —n/p
and u € VVli’Cl(R",R) be such that |Dul - P pgny < oco. Then u(rz)
converges to some Yoo € R, uniformly in x € S" !, as r — oo, and

(53) (e = yoo)| - Ml Lo gny < /(A +1/p)[[ Dl - P Lo .
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For the proof of Proposition 14, we need the following.

15. Lemma (Hardy’s inequality). Let n € N, 1 < p < 00, A > —n/p
and u € VVQ’(}(R”,R). If there exists R > 0 such that u|Bg = 0 then ||lu| -

Plze@ny < p/(A+n/p)|Dul - P 1o @n) (€ 10, 00]).

Proof of Lemma 15. If u is smooth then the stated inequality follows from
Exercise 21, Chapter 6, in the book by O. Kavian [Ka]. The general case
can be reduced to this case by mollifying the function w. This proves the
lemma. O

Proof of Proposition 14. Let n,p, A as in the hypothesis. We set ¢ := A+ %.

1. Claim. There exists a constant Cy such that for every weakly differen-
tiable map u : R — R and z,y € R"™ satisfying 0 < |z| < |y|, we have
[u(@) —u(y)] < Cule| =¥ Dul - 1 e

Proof of Claim 1. By Morrey’s theorem there is a constant C such that
[u(0) — u(z)| < C’rl_"/pHDuHLp(Br), for every r > 0, weakly differentiable
u: B, — R and x € B,. Let u,z and y be as in the hypothesis of the
claim. Let N € N be such that 2V~!xz| < |y| < 2V|z|. Fori =0,...,N
we define z; := 2z € R™. Furthermore, we set xx 7 := y|lrni7|/|y| and
TN+8 = ¥y, and we choose points z; € Sg;ﬁc', i=N+1,...,N + 6, such
that |x; — ;1| <2V Y|, fori=N+1,...,N+7 Fori=0,...,N -1
we have z; € BQi|x|($i+1). Hence it follows from the statement of Morrey’s
theorem that |u(zi+1) — u(z;)| < C(2|z])~¢|| Dul - |>‘+1HL,,(B‘C‘)- Moreover,

for i = N,...,N + 7 we have ;31 € BQN71|:E|(ZEZ'), and hence analogously,
lu(zis1) — u(x;)] < C2N7tz|)=¢||Dul - |)‘+1\|L,,(B‘cz‘). Using the inequality
lu(y) —u(@)] <>z w7 lu(@it1) — u(z;)], Claim 1 follows. O

Let u € Wli’cl(R",]R) be such that ||Dul - [’ pgn) < 0o. It follows from
Claim 1 that there exists yo, € R such that u(rz) converges to yo, as 7 — 00,
uniformly in 2 € S, To prove inequality (53), we choose a smooth map
p i [0,00) — [0,1] such that p(t) = 1for 0 <t < 1, p(t) =0 for t > 2
and [p/(t)] < 2. We fix a number R > 0 and define pr : R — [0,1] by
pr(x) := p(|z|/R). We abbreviate v := u — yoo. Using Lemma 15 with u

replaced by prv, we have
||U| ’ |>\||LP(BR) < HpRU| ’ |>\HLP(R7L) < p/()‘ + n/p)HD(pRU)| ’ |)\+1HLP(R7L)‘
Combining this with a calculation using Leibnitz’ rule, it follows that

(54) 1ol Pllzo(sry < 2/ Otn/p) (410l Mo, 85 + | Dl M| Lo gy )-
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Claim 1 implies that |v(x)| < Cy|z|~¢||Dul - ]’\HHL,,(B}%), for x € BY. Using
the equalities fB 2\Br |z|~"dx = log 2|S™!| and € = A\+n/p, it follows that

o] - < CPlog2/S" ||| Dul - M7 pey-

’ ”Lp (B2r\BR)

Inequality (53) follows by inserting this into (54) and sending R to oo. This
proves Proposition 14. O

The next result will be used to prove Corollary 18 below, which in turn is
used in the proof of Theorem 5. For every d € Z we define P; and P, to be
the spaces of polynomials in z € C and z of degree less than d. (Note that
if d <0 then Py = {0}.) We abbreviate L,* := L\?(C,C), L% := L?(C,C),
0; = 0% and 9, := 95. Let X be a normed vector space and Y C X be
a closed subspace. We denote by X* the dual space of X and equip X/Y
with the quotient norm.

16. Proposition (Fredholm property for 0z). For everyd € Z, 1 < p < o0
and =2/p+1 < X < —=2/p+ 2 the following conditions hold.

(i) The operator T := s : Li’fl_d — L, is Fredholm.
(i) We have ker T = Py.
(iii) The map P_q — (Li_d/imT)*, w— (v+imT — [uvdsdt) is well-
defined and an isometric isomorphism. Here we equip Lﬁ_d/imT with
the quotient norm.

17. Remark. For every normed vector space X and every closed subspace
Y C X the map {p € X*|p(z) =0,Ve € Y} - (X)Y)*, ¢ — (2 +Y —
90(:1:)), 1s well-defined and an isometric isomorphism. This follows from a
straight-forward argument.

We denote by S the space of Schwartz functions on C and by S’ the space
of temperate distributions. By ~: &’ — &’ we denote the Fourier transform,
and by vV : 8’ — &' the inverse transformation.

Proof of Proposition 16. Let d,p, A and T be as in the hypothesis. We start
by proving (ii). A calculation in polar coordinates shows that for every
polynomial v in z we have

(55) uGLA1d<:>degu<d—)\+1—2/p.

Hence our assumption A < —2/p + 2 implies that ker " O P,.

We prove that kerT C P;. Let u € kerT. Then 0 = @(C) = L(T (as
temperate distributions). It follows that the support of u is either empty
or consists of the point 0 € C. Hence the Paley-Wiener theorem implies
that u is real analytic in the variables s and ¢, where z = s + it, and there
exists N € N such that sup,cc |u(2)|(2)" < co. (See for example Theorem
IX.12 in Vol. T of the book [ReSi].) Therefore, by Liouville’s Theorem w is
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a polynomial in the variable z. Since by our assumption A > —2/p + 1, it
follows from (55) that w € P;. This proves that ker 7" C P; and completes
the proof of (ii).

We prove (i) and (iii). We define p' := p/(p — 1). We identify the
spaces L” | 4+q and (LY _,)* via the isometric isomorphism u — (v — Jc uv).
Then the adjoint operator T* is given by T* = 9, : L7, , = (L5_)*" —
(Li’f 1_q)"s where the derivatives are taken in the sense of distributions.

1. Claim. ker 7% = P_,.
Proof of Claim 1. For every polynomial v in Z we have
(56) well,,, = degu<-—d+A—2/p'=—d+\—2+2/p.

Our assumption A > —2/p + 1 and (56) imply that ker7* 2 P_4. Fur-
thermore, the inclusion ker T* C P_, is proved analogously to the inclusion
ker T' C P, using A < —2/p + 2 and (56). This proves Claim 1. O

We apply now Theorem 4.3 in the paper by R. B. Lockhart [Lo2] with T’
(case d < 0) or T* (case d > 0). The hypotheses of that theorem are satisfied,
since by our assumption —2/p + 1 < A < —2/p + 2, and since the operator
T = 05 (T*) has constant coefficients and is elliptic, in the sense that its
principal symbol o7 : C — C,  o7(¢) = 5(¢1 +i¢2) (o7-(¢) = 5(C1 —i¢2))
does not vanish on S* C C. Hence that theorem implies that in the case
d < 0 the map T is Fredholm, and in the case d > 0 the operator T* is
Fredholm. It follows that im7 is closed if d < 0. On the other hand, if
d > 0 then imT™ is closed, hence the same holds for im7'. Statements (iii)
and (i) follow now from statement (ii), Remark 17 applied with X := LY
and Y :=im7T, and Claim 1. This proves Proposition 16. O

Let d € Z,1 <p<oo, —2/p+1< A< —2/p+2, and po : R? — [0,1]
be a smooth function that vanishes on Bj/; and equals 1 on Blc . We equip
Cpopa + Li\’f 1_q With the norm induced by the isomorphism of Lemma 12.
This norm is complete. (See e.g. [Lol].)

18. Corollary. The following map is Fredholm, with real index 2 + 2d:
(57) 0 : Cpopa + LyP,_, — L8_,.

Proof of Corollary 18. The composition of the isomorphism of Lemma 12
with (57) is given by T+ S : C® Li’fl_d — Lﬁ_d, where T'(zoo,u) 1= Ozu
and S(Too, U) := Too(0zp0)pq- The map T is the composition of the canonical
projection pr : C@Li’fl_d — Li’fl_d with the operator 95 : Li’fl_d — Li_d.
Using Proposition 16, it follows that 71" is Fredholm of real index 2 + 2d.
Furthermore, S is compact, since it equals the composition of the canonical

projection C & Li’f 1_q — C (which is compact) with a bounded operator.

Corollary 18 follows. O
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The next result is used in the proof of Theorem 5. Let (V,(-,-)) be a finite
dimensional hermitian vector space, A,B : V — V positive linear maps,
A€ R and 1 < p < co. We define

Ty = < % é‘; ) W\P(C,VeV) - I4(C,VaV).

19. Proposition. The operator T is Fredholm of index 0.
For the proof of Proposition 19 we need the following result.

20. Proposition. Let (V,(-,-)),p and A be as above, and n € N. Then

the map —A+ A : W2P(R", V) — LP(R", V) is an isomorphism (of Banach

spaces).

Proof of Proposition 20. Consider first the case dim¢V =1 and A =1. We

define G := (2)2 (()7?)V e S’ Themap S > u+ Gxu € S is well-defined.

By Calderén’s Theorem this map extends uniquely to an isomorphism

(58) LP(R™,C) 3 u+ G xu e W?P(R",C).

(See Theorem 1.2.3. in the book [Ad].) Note that (—A + 1)(G * u) =

((-)2(G xu))Y = u, for every u € S. It follows that the inverse of (58) is

given by —A+1: W2P(R",C) — LP(R",C). Hence this is an isomorphism.
The general case can be reduced to the above case by diagonalizing the

map A. This proves Proposition 20. O

Proof of Proposition 19. We abbreviate LP := LP(C,V & V), etc.
Assume first that A = 0. We denote by A2, BY/2: V — V the unique
positive linear maps satisfying (A%)2 = A, (B%)2 = B. We define

1 1
L= < Oz A2 Bz ) cWhP 5 [P,

B3As 9,
A short calculation shows that
(59) Ty = (A2 @ B2)L(A™ 2 @ B™2),

1. Claim. The operator L is an isomorphism.

Proof of Claim 1. We define
11
= 3% A5 we e
B2Az —0;
By a short calculation we have LL' = ( — A/4 + A%BA%) o (—A/MA+
B%AB%) : W2P — LP. Since the linear maps A%BA%,B%AB% V-V
are positive, Proposition 20 implies that LL’ is an isomorphism. We denote

by (LL')~': LP — W?2P its inverse and define R := L'(LL")~1 : LP — WP,
Then R is bounded and LR = idpp.
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By a short calculation, we have LL'(u,v) = L'L(u,v), for every Schwartz
function (u,v) € S. This implies that (LL')"'L|s = L(LL')~!|s, and there-
fore RL|s = ids. Since RL : WP — WP is continuous and S C WP is
dense, it follows that RL = idyy1,,. Claim 1 follows. O

The maps AS@B3 [P > [P and A2 ® B3 : W — WP are automor-
phisms. Therefore, (59) and Claim 1 imply that 7" is an isomorphism.
Consider now the general case A € R. The map L > (u,v) —
()" Mu,v) € L% is an isometric isomorphism. Furthermore, by Proposi-
tion 13(ii) the map WAl’p > (u,v) — ()Mu,v) € WP is well-defined and an
isomorphism. We define S := ()\N(9:(-)™) @ (WM, (-)™*) : WP — LP. Di-
rect calculations show that T\ = ()" Ty + S) (), [9z(-)7 < |A\()~1/2
and |0,(-)7*| < |A|{-™*~1/2. Therefore, Proposition 13(iii) implies that the
operator S is compact. We proved that Ty is an isomorphism. It follows
that T) is a Fredholm map of index 0. This proves Proposition 19 in the
general case. O

Appendix B. Proof of Proposition 11 (Right inverse for d%)

For the proof of Proposition 11 we need the following three results. Let
n €N, 1<p < oo, G acompact Lie group with Lie algebra g and (-, )4 an
invariant inner product on g. For a Riemannian manifold X and a G-bundle
P — X we denote by AYP(P) the space of W P-connections on P.

21. Proposition. Let K C R™ be a compact subset diffeomorphic to Bj.
Ifn/2 < p < oo then there exist constants € > 0 and C' such that for every
principal G-bundle P — intK, Ay € A(P), and A € AYP(P) the following
holds. If Ay is flat and ||Fa|l, < € then there exists a gauge transformation
g € G2P(P) such that lg"A - Aol[1p.10 < CI|Fall.

Proof of Proposition 21. Let n,p,G,(-,-)q and K be as in the hypothesis.
We denote by /~10 the trivial connection on intK x G. By Uhlenbeck’s gauge
theorem there exist constants € > 0 and C' such that for every connection
A € A'P(intK x @) satisfying |Fzllp < € there exists g € G*P(int K x G) such
that |[g*A — AVOHLIMZO < C[|F;llp- (This follows for example from Theorem
6.3 in [Weh].) Let P — intK be a G-bundle, Ay € A(P) be flat, and
A € AYP(P) be such that ||Fyl, < e. Since A and Ay are flat, there exists
a smooth isomorphism of G-bundles ¥ : intK x G — P (with fixed base)
such that ¥* Ay = Zo. We choose g € G2P(int K x G) as in the conclusion of
Uhlenbeck’s theorem with A := U*A. We define g := go ¥~ € G2P(P). A
straight-forward calculation shows that ||g* A—Ag||1 4, = H§*2—20|]17p720.
The statement of Proposition 21 follows from this.
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22. Proposition. Letn € N, 1 < p < 0o, G a compact Lie group with Lie
algebra g, (-,-)q an invariant inner product on g, and K C R"™ a compact
subset diffeomorphic to Bi. Then there exists a constant C such that for
every principal G-bundle P — intK and every smooth flat connection A
on P there exists right inverse R of d%da : Wﬁ’p(gp) — LP(gp) satisfying

IRI| == {l|RE[l2p,a | & € LP(ap) : €]l <1} < C.

Proof of Proposition 22. Let n € N and 1 < p < oo. For an open subset
U C R" we denote by C5°(U) the compactly supported smooth functions

on U. We define the map T : C§°(B;1) — C°°(By) as follows. We denote
by @ : R" \ {0} — R the fundamental solution of the Laplace equation
(see e.g. [Ev], p. 22). Let f € C3°(B1). We define f:R"™ = R to be the
extension of f by 0 outside B;. We denote by * convolution in R™ and define
Tf := (®* f)|p,- Note that ® is locally integrable, hence the convolution
is well-defined. Furthermore, T f is smooth, and Aff = f. (The first
assertion follows from differentiation under the integral, and for the second
see for example Theorem 1 on p. 23 in the book [Ev].)

1. Claim. There ezists a constant C' such that ||ff||Wz,p(Bl) < Clfllze (s>
for every f € C§°(By).

Proof of Claim 1. Young’s inequality states that ||va||Lp(B1) <@l oyl flle(B1)s
for every f € C§°(B;). Furthermore, the Calderén-Zygmund inequality
states that there exists a constant C such that for every f € C§°(R") we
have [|[D*(® * f)||, < C|/f]l,- (See for example Theorem B.2.7 in [MS2].
Note that ®; * f = (0;®) * f = 0;(® = f).) Claim 1 follows from this. O

We fix a constant C' as in Claim 1. By this claim the map T uniquely
extends to a bounded linear map T : LP(B;) — W?P?(By). Since ATf = f,
for every f € C§°(BRr), a density argument shows that AT f = f, for every
f € W2P(By), i.e. T is a right inverse for A : W2P?(Bg) — LP(Bg).

Let now G, (-, )4 and K be as in the hypothesis. Without loss of generality
we may assume that K = By. Let 7 : P — B; be a G-bundle, and A € A(P)
be flat. We fix a point pg € Py, and denote by o : By — P the A-horizontal
section through pg. This is the unique smooth section of P satisfying
Ado =0 and 0(0) = pg. For k > 0 we define the map ¥y : WkP(By,g) —
Wﬁ’p(Bl,gp) by ¥i€ := G - (0,€). This is an isometric isomorphism. We
define R := —W,TW. It follows that ||R|| < || |||T]||¥," || = |7 < C,
where we use various operator norms. A straight-forward calculation shows
that dda¥s = Vod*d = —WoA : W2P(By,g) — LP(By,gp). It follows that
R is a right inverse for d’d4. This proves Proposition 22. U

23. Lemma. Letn € N, p > n, G a compact Lie group with Lie algebra
g, (-,-)g an invariant inner product on g and K C R™ a compact subset
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diffeomorphic to By. Then there exist constants C and € > 0 such that for
every principal G-bundle 7 : P — intK, A € AY?(P), k = 0,1 and a €
Wi (A'(ap)) the following holds. If ||Fallsquirc) < € then oo mese) <
Cllallip,a-

Proof of Lemma 23. Let n,p,G, g, (-,-)g and K be as in the hypothesis. We

choose constants € > 0 and C; := C as in Proposition 21. Since by assump-

tion p > n, it follows from Morrey’s theorem that there exists a constant Cy

with the following property. If P — intK is a G-bundle, Ay € A(P) is flat,

k=0,1and a € Wif(/\k(gp)) then [|a|lo < 02\|a||W}‘,p. Let 7: P — int K
0

be a G-bundle and A € AP(P) be such that ||[Fa|rmex) < e We choose
g € G?P(P) as in Proposition 21. Let a € Wi’p(/\k(gP)). We set A" := g* A,
o = g*a and C3 := max {[¢,n]|&n € g: [§] < 1,|n] < 1}. A direct
calculation shows that (V40 — VA Yo/ = [(A' — Ap) ® «]. Tt follows that

(60) flafloo < llolloo < Calla[l1p,40 < Ca(ll0[|1,p,a0+C5]|A"= Aoloc [ ) -

By the statement of Proposition 21, we have ||A" — Ag||1p.4, < Cie. Com-
bining this with Morrey’s theorem and (60), Lemma 23 follows. O

Proof of Proposition 11. Let n,p, G, (-,-)4, K, P and A be as in the hypoth-
esis. We show that the operator (42) admits a bounded right inverse.

1. Claim. There ezists a bounded linear map L : W}x’p (intK,gp) —
WP (A(sp)) such that &L = id.

Proof of Claim 1. We may assume without loss of generality that K = Bj.
We define Q@ C R x P to be the subset consisting of all (¢,p) such that
[t+x12+ 23+ -+ 22 < 1, where z := 7(p) € By. Furthermore, we denote
by ¥ : Q — P the A-parallel transport in z;-direction. Let (tg,pp) € Q.
We denote z¢ := m(po) € Bi. Then U(tg,po) = p(ty), where p : {t €
R | (t,z0) € 2} — P is the unique path satisfying prop(t) = z¢ + (¢,0,...0),
for every t € R, Ap = 0 and p(0) = po. Let £ € WHP(By,gp). We define
5: P — g by the condition [p,g(p)] = ¢omn(p), for p € P. Let p € By and
(x1,...,2y) :=w(p). We define 1] := fi)ml EoW(t,p)dt € g. Furthermore, we
define the section 7 : By — gp by the condition non(p) = [p,n(p)], for every
p € P, and L¢ := ndx'. Then L has the required properties. This proves
Claim 1. O

We choose a map L as in Claim 1. Furthermore, we choose a smooth flat
connection Ag on P. By Proposition 22 there exists a bounded right inverse
Ry of & da, : Wif(gp) — LP(gp). We define the map

(61)  Ri=daRo+ L(id - didaRo) : L(gp) — Wi (N (ap))-

The first assertion of Proposition 11 is now a consequence of the following.
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2. Claim. The map (61) is well-defined and bounded, and d*yR = id.

Proof of Claim 2. A short calculation shows that S := d%d4 — d’y,da, 1s of
first or zeroth order. Hence it defines a bounded linear map from Wi’p (intK, gp)
to Wj{p (intK,gp). Furthermore id — d%jdaRy = —SRy. This implies that
R is well-defined and bounded. A short calculation shows that d} R = id.
This proves Claim 2. U

To prove the second statement of Proposition 11, we choose e1,C; as in
Lemma 23 (corresponding to ¢,C') and e3,Cs as in Proposition 21 (corre-
sponding to &, ). We also fix a constant C3 := C' as in Proposition 22, and
we define € := min {51, €9, 1/(2010203)}. Let P — intK be a G-bundle and
A € A(P) be such that ||Fal[, <e. We choose a flat smooth connection Ay
on P. By the assertion of Proposition 21 there exists g € G*P(P) such that

(62) 197A = Aoll1.p,40 < Cl|Fallp-

Furthermore, by the assertion of Proposition 22 there exists a right inverse
Ry of dy da, : Wig’(gp) — LP(gp) satisfying [|Ro| < C3, where || Ro|
denotes the operator norm of Ry. We define the map S : Wj{f( N (g p)) —
LP(gp) by Sa:= — x [(g*A — Ap) A *a]. Since Ay is flat, the hypotheses of
Lemma 23 are satisfied. Hence by this lemma and (62), we have

[Sallp < llg"A = Aollpllallee < CaCrcllal1p,a,(gP),

for every a € Wj"f (/\1 (gp)). Hence S is well-defined, and
[15da, Roll < [IS1[llda, [[[[ Roll < C2C1C5 < 1/2,

Hence id + Sda,Ro : LP(gp) — LP(gp) is invertible, and the von Neumann
series >0 (—Sda,Ro)" converges in the operator norm and equals (id +
Sda,Ro)~!. Furthermore, (id + SdAORO)_lH < 32,271 = 2. We define
R := gida,Ro(id + SdAORo)_lg* : LP(gp) — Wif(/\l(gp)). Since S =
dgv g — dy,, we have dj R = g.dj. 49" R = id. Furthermore, for every & €
LP(gp), we have

VAR, = V749" RE)lp < IV (9" RE)p + || [(9°A — Ao) © g"Re] |,

< (24 2C4C2e)CsE lp

where Cy := max {|[a ® ]| | a, 8 € Nap) : |, 18] < 1}. Here in the last
step we used (62) and the fact |[F4|, < e. This proves the second statement
and concludes the proof of Proposition 11. O
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Appendix C. Other auxiliary results

The next lemma was used in the proof of Theorem 2. Here for a linear map
D : X — Y we denote coker D :=Y/imD.

24. Lemma. Let X,Y,Z be vector spaces and D' : X —Y andT : X — Z
be linear maps. We define D := D'|ye; 7. Then the following holds.
(i) ker D = ker(D',T).
(i) The map ® : coker D — coker(D’,T), ®(y+imD) := (y,0)+im(D',T),
is well-defined and injective. If T : X — Z is surjective then ® is also
surjective.

(i11) Let || - ||y, || - ||z be norms on'Y and Z and assume that im(D’,T) is
closed inY & Z. Then imD 1s closed in Y .

The proof of Lemma 24 is straight-forward and left to the reader. The
following result was used in the proof of Proposition 8. We define the map
f:C\ {0} — S* by f(2) := z/|z|. For two topological spaces X and Y
we denote by C(X,Y) the set of all continuous maps from X to Y, and
by [X,Y] the set of all (free) homotopy classes of such maps. Let V be a
finite dimensional complex vector space. We denote by End(V') the space of
its (complex) endomorphisms of V', by det : End(V) — C the determinant
map, and by Aut(V) C End(V') the group of automorphisms of V.

25. Lemma. The map C(S*, Aut(V)) — Z given by ® — deg (f o det o®)
descends to a bijection [S', Aut(V)] — Z.

Proof of Lemma 25. We choose a hermitian inner product V and denote by
U(V) the corresponding group of unitary automorphisms of V. The map
det : U(V) — S! induces an isomorphism of fundamental groups, see e.g.
Proposition 2.23 in the book by D. McDuff and D. A. Salamon [MS1]. Fur-
thermore, the space Aut(V') strongly deformation retracts onto U(V'). (This
follows from the Gram-Schmidt orthonormalization procedure.) This implies
that the map fodet : Aut(V) — S! induces an isomorphism of fundamental
groups. Let ®y € Aut(V). It follows that the map C(S*, Aut(V)) — Z given
by ® — deg (fodet o®) descends to an isomorphism between m (Aut(V'), @)
and Z. Since this group is abelian, the map 71 (Aut(V), ®9) — [S*, Aut(V)]
that forgets the base point ®¢, is a bijection. The statement of Lemma 25
follows from this. U

The next lemma was used in the proof of Theorem 6. Let X and M be
manifolds, G a Lie group with Lie algebra g, (-, -)4 an invariant inner product
on g, (-,-)p a G-invariant Riemannian metric on M, and V its Levi-Civita
connection. For £ € g we denote by X¢ the vector field on M generated by
&. We define the tensor p: TM & TM — g by

(63) <§,p(?},’l)/)>g = <VUX57U/>M'
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A short calculation shows that p is skew-symmetric. This two-form was
introduced in [Ga] (page 181). The next lemma corresponds to Proposition
7.1.3(a,b) in [Ga]. Let P — X be a principal bundle, A € A(P), u €
C™(X,(PxM)/G),v e T(TM"), and £ € T'(gp). We define the connection
VA on TM" — X as in Section 2.

26. Lemma. VAL, — Lydaé = Vg, Xe, daliv— LiVA = p(dau,v).
Proof of Lemma 26. This follows from short calculations. O

Let M,w,G,g,(-,")q, it and J be as in Section 1, and (-,-)ps := w(-,J+). The
following remark was used in the proofs of Theorems 2 and 6. Recall the
definition (15) of M* C M, and that Pr : TM — T'M denotes the orthogonal
projection onto imL.

27. Remark. Let K C M* be compact. We define ¢ := inf {|L.&|/|¢] |z €
K 0#£&€ g}. Then ¢ > 0. Let x € K. Then L} L, is invertible, and

(64)  |(L3La)7' < ¢ |La(LiLe) | < 7 La(LyLe) ™' Ly = Pro,

where the | - |’s denote operator norms. Furthermore, |Pryv| < ¢ Y Liv|,
for every v € T, M. These assertions follow from short calculations.

Assume that hypothesis (H) holds. The following lemma was used in the
proof of Proposition 9.

28. Lemma. There exists a neighborhood U C M of n~1(0), such that
(65) c:= inf{‘du(:p)L£a| + |PrLEal |z €U ac gt ol = 1} >0.

Proof of Lemma 28. It follows from hypothesis (H) that there exists g > 0
such that u=1(Bs,) € M*. We define

C:=sup{|l&.n)l|&neg: [€ <1, [n <1},
Co = 1nf{|fo|/|£| | x € :u_l(Béo)v 0#£E€ g}'

Since the action of G on M* is free, it follows that L, : g — T, M is injective,
for z € M*. Furthermore, by hypothesis (H) the set u~1(Bj,) is compact. It
follows that ¢y > 0. We choose a positive number § < min{dp, co/C,c3/C},
and we define U := pu~1(By).

1. Claim. Inequality (65) holds.

Proof of Claim 1. Let x € U and a = ¢ + in € g©. Then
(66) dp(x) Ly = [p(x), &) + Ly Len.
Using the last assertion in (64), we have

(67) Prngoz = Lo& — Lo (L3 L)~ (), ).
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By the first assertion in (64), we have |L*L,n| > c3|n|. Combining this with
(66,67) and the second assertion in (64), we obtain

|dp(z)LEa| + | PrLEal > —C6IE| + cfn| + colé| — cg ' Cn).

Inequality (65) follows now from our choice of 4. This proves Claim 1 and
completes the proof of Lemma 28. O

The following lemma was mentioned in Section 1. Recall the definition (7)
of BP?, and that 9120’5 (P) denotes the group of gauge transformations on P
of class I/Vlif .

29. Lemma. Forp>2and A\ >1—2/p gﬁ;g’(P) acts freely on BP.

Proof of Lemma 29. Let w := (u, A) € BP* and g € leo’f(P) be such that
g«w = w. It follows from hypothesis (H) that there exists 6 > 0 such that
p~1(Bs) € M* (defined as in (15)). Furthermore, Lemma 30 below implies
that there exists R > 0 such that |y o u(p)| < d, for p € 771(R?\ Bg). We
choose py € 77 1(R) C P. Since g(po)u(po) = u(po) and u(py) € M*, it
follows that g(pg) = 1. Let p; € P. We choose a smooth path p: [0,1] — P
such that p(i) = p;, for i = 0,1. Then the map g, := gop: [0,1] — G solves
the ordinary differential equation g, = g,Ap — (ApP)gp, gp(0) = 1. It follows
that g, = 1, and hence g(p;) = 1. This proves Lemma 29. O

We now prove Proposition 3. Let M,w,G,,g,(:,-)g, 1t and J be as in Section
1, Y :=R% wy := wp,j := i, P — R? aprincipal G-bundle, p > 2, A\ > 1-2/p
and w € BY. Assume that hypothesis (H) holds.

30. Lemma. There exists a smooth section o of the restriction of the bundle
P to BY and a point xo, € u~(0), such that u o o(re’¥) converges to T,
uniformly in ¢ € R, as r — 0o, and 0¥ A € L’)’\(Bf).

Proof of Lemma 30.

1. Claim. The expression | o u|(re’) converges to 0, uniformly in ¢ € R,
as r — oo.

Proof of Claim 1. We define the function f := |uowul? : M — R. Tt follows
from the ad-invariance of (-,-)4 that

(68) df =2(da(pou),po u>g = 2(dp(u)dau, p o u>g.

Since u(P) C M is compact, we have suppz |du(u)| < 0o, suppe |1 o u| < co.
Furthermore, |dau| < /€, € LY. Combining this with (68), it follows that
df € L’)’\. Therefore, by Proposition 14 (Hardy-type inequality, applied with
u replaced by f) the expression f(re'?) converges to some number y, € R,
as r — oo, uniformly in ¢ € R. Since |pou| < /e, € L, it follows that
Yoo = 0. This proves Claim 1. O
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It follows from hypothesis (H) that there exists a § > 0 such that p=1(B;) C
M* (defined as in (15)). We choose R > 0 so big that |uowul(z) < § if
z € Bg_l = R?\ Bgr_1. Since G is compact, the action of it on M is
proper. Hence the local slice theorem implies that M*/G carries a unique
manifold structure such that the canonical projection 7" : M* — M*/G
is a submersion. Consider the map 4 : BS | — M*/G defined by u(z) :=
Gu(p), where p € 7~1(z) C P is arbitrary.

2. Claim. The point u(re'¥) converges to some point T, € pu (0)/G,
uniformly in ¢ € R, as r — oo.

Proof of Claim 2. We choose n € N and an embedding ¢ : M*/G — R™.
Furthermore, we choose a smooth function p : R? — R that vanishes on

Bgr_1 and equals 1 on Bg. We define f : R? — R” to be the map given
by p-tow on BS | and by 0 on Bg_y. It follows that deHL’;(Bg) <

HdL(fL)dﬂHL,;(Bg) + ||(dp)e o ﬂ||L§(BR\BR,1)' Furthermore,
Hdb(ﬂ)daHLg(Bg) < Hdb(ﬂ)HLoo(Bg)||dAu||L§(Bg)-

Our assumption w = (u, A) € g‘f\ implies that HdAUHLg’(Bg) < oo. Fur-

thermore, 4 is proper by the hypothesis (H), hence the set w1 (Bs) is
compact. Thus the same holds for the set 7" (u='(Bs)). This set con-
tains the image of u. It follows that ||dc(a)l| Loo(BG) < 00, and therefore

1 || 2 w2y < lldf | 2 () T df I Lr B¢y < 0. Hence the hypotheses of Propo-

sition 14 are satisfied. It follows that the point f(re'?) converges to some
point Yo € R"™, uniformly in ¢ € R, as r — co. Claim 2 follows. U

Let Too be as in Claim 2. We choose a local slice around Z, i.e. a pair
(U,5), where U C M*/G is an open neighborhood of Zs,, and ¢ : U — M*
is a smooth map satisfying 7" o5 = idg. Then there exists a unique section
o' of P| B such that cou = uoo’. By the homotopy lifting property of P we

may extend this to a continuous section ¢” of P| pc- Smoothing out o” on
Bpry1\ By, we obtain a smooth section o of P|B1C' We define oo := 0(Zoo)-
It follows from Claim 2 that u oo (re¥) converges to s, uniformly in ¢, for
r — oo. Furthermore,

||LuooU*A||L§(BgH) < ||dUdU,||L§(BgH) + ||dAdcr’U||L§(Bg+l)7

dudo’ = d(uod') =dodu, |du|<|daul.
Since inf {|L.(p)¢| | p € P|Bg+l’ Eeg: |¢ =1} >0and ||daul[pr < o0, it
follows that o*A € L{(B{'). This proves Lemma 30. g

Proof of Proposition 3. We choose o and z as in Lemma 30, and we define
P to be the quotient of P]](5%\ {0}) x G under the equivalence relation
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generated by p ~ (m(p),g), where g € G is determined by o(z)g = p,
for p € P. We define @ : P — M by @([p]) := u(p), for p € P, and
([0, g]) := g 20, for g € G. If follows from the statement of Lemma 30
that this map is continuous. Let now ]31 and ﬁg be two extensions of P,
for which the map u extends to continuous maps u; : ]3Z — M. We define
v ﬁl — ﬁg to be the identity on P C ﬁl, and for p in the fiber of ﬁl over
0o we define W(p) to be the unique point p’ € P, such that @ (p) = ua(p').
(It follows from Lemma 30 that this point is unique.) This map has the
required properties. This proves Proposition 3. O
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