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DISTRIBUTIONS WITH DYNAMIC TEST FUNCTIONS AND
MULTIPLICATION BY DISCONTINUOUS FUNCTIONS

V. DERR AND D. KINZEBULATOV

Abstract. As follows from the Schwartz Impossibility Theorem, multip  lication of two distri-
butions is in general impossible. Nevertheless, often one n eeds to multiply a distribution by a
discontinuous function, not by an arbitrary distribution. In the present paper we construct a
space of distributions where the general operation of multi plication by a discontinuous function
is de ned, continuous, commutative, associative and for wh ich the Leibniz product rule holds.
In the new space of distributions, the classical delta-func tion extends to a family of delta-
functions , dependent on the shape . We show that the various known de nitions of the
product of the Heaviside function and the delta-function in the classical space of distributions
DY become particular cases of the multiplication in the new spa ce of distributions, and provide
the applications of the new space of distributions to the ord inary di erential equations which
arise in optimal control theory. Also, we compare our approa ch of the Schwartz distribution
theory with the approach of the Colombeau generalized funct ions algebra, where the general
operation of multiplication of two distributions is de ned

1. Introduction

The theory of distributions created by L. Schwartz [Sch50] n the 1950s is an important part
of modern mathematics. However, in 1962 R. Courant pointed at certain insu ciencies of the
Schwartz distributions as generalizations of functions, m particular, the absence of a general mul-
tiplication of distributions [CHB2]l This multiplication is important for the de nition of a solu-
tion for a wide class of ordinary and partial di erential equ ations [CoI85]. It was mentioned by
J.F.Colombeau in [Col8Y] that there is a strong belief by may mathematicians that a general
multiplication of distributions is impossible in the Schwartz distribution theory, unless we drop
essential properties (such as continuity), which is not aceptable for applications to di erential
equations.

Along with that, in many cases in the theory of di erential eq uations one needs to be able to
multiply a distribution not by an arbitrary distribution, b ut by a discontinuous function only (which
is also a distribution). For instance, the product of a distribution and a discontinuous function
arises in ordinary di erential equations and partial di er ential equations of optimal control theory,
e.g. seelIMR96,_SVY7, Mil93, Der88], where a distribution ngresents an impulsive control. In our
paper we construct a new space of distributions which are exnsions of the classical distributions
from the space of continuous test functions to the space alynamic test functions In this space the
operation of multiplication of a distribution by a disconti nuous function is de ned, commutative,
associative and continuous.

Further we provide some applications of a new space of distoutions to the theory of ordinary
di erential equations. Also, let us mention that since the operation of multiplication of a dis-
tribution and a discontinuous function can be induced by the operation of multiplication of two
distributions, its properties allow us to compare, in a certain sense, various de nitions of the prod-
uct of two distributions in the classical space of distributions with continuous test functions D°,
which were proposed, in particular, in [Bag95, Bag02, Sar95Sar94, Sar03], in attempt to obtain
a better de nition.

The operation of multiplication of a distribution by a disco ntinuous function (as a particular case
of a general operation of multiplication of two distributio ns) is de ned in the Colombeau generalized
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functions algebra, which was applied successfully to manyneblems related to ordinary and partial

di erential equations [Col85, CLNP89, CH92, Col92, CHO93, CHO94, CM94]. In the present
paper we show that the commutative, associative and continous operation of multiplication of a
distribution by a discontinuous function can be also de nedin the classical setting of the Schwartz
distribution theory. Below we compare our approach based orthe Schwartz distribution theory

with the approach of the Colombeau generalized functions gebra (Section 4).

1.1. Continuity properties of the operation of multiplication. Let us describe some natural
requirements imposed on continuity properties of the opertion of multiplication. Below the term
\regular distribution" refers to a distribution which corr esponds to a locally-summable function.

The operation of multiplication of a distribution by a disco ntinuous function has to have the
following property:

Property A. If g is a discontinuous function, v is a distribution, fv,gi_; is a sequence of reg-
ular distributions, v, ! v, thengv, ! gv. If v is a regular distribution, then gv is regular and
corresponds to the usual product ofy and v.

A space of distributions where the operation of multiplication by a discontinuous function has
property A was constructed in [DKO5]. This operation of multiplication arises from the following
ordinary di erential equation [Mil93],

1) x=f(tx)+ g(tu(t)v

where v is a distribution (impulsive control), f, g are continuously di erentiable, u is a control,
which is in general discontinuous function [Mil93].

However, property A is too weak for consideration in the following ordinary di e rential equation
with distributions which arises in many problems of optimal control theory [SZ97, SV97, MR96],

2) x = f(tx)+ g(t;x)v;

wherev is a distribution, f, g are continuously di erentiable. In the general case, if thedistribution

v is not regular, it is natural to expect that a solution x is discontinuous [SZ97, SV97, MR96, Mil93].
Thus, the product of a distribution and a discontinuous function in (2) must have the following
property.

Property B. If gis a discontinuous function, v a distribution, fv,gl_; a sequence of regular dis-
tributions, v, ! v, and fg,gt_; is a sequence of continuous functionsg, ! g, then g,v, ! gv.
If v is a regular distribution, then gv is regular and corresponds to the usual product off and v.

Thus, in order to de ne the continuous operation of multipli cation of distributions by discontinu-
ous functions possessing propert, which is important for the applications to ordinary di ere ntial
equations, one needs to distinguish di erent approximations fvpgl_; of the distribution v in DS,
and di erent approximations fg,gi-, of the discontinuous function g.

This idea was formalized in [CLNP89, CH92, Col92] (see the fferences therein) in the frame-
work of the Colombeau generalized functions theory (see merdetailed discussion in Section 4)
and, in less generality, in [Mil89, Mil93, BR94, SZ97] (seeUrther references therein), where the
consideration of the sequencév,gl_, as a part of the system (2) in order to provide the uniqueness
of solution was proposed.

In the present paper we formalize this idea in the classical esting of the Schwartz distribu-
tion theory, i.e., in the space of distributions with dynamic test functions where the operation of
multiplication by discontinuous function has property B.

1.2. Distributions with dynamic test functions. Let us briey describe our approach. In
distribution theory (as a theory of space DY) the product of a distribution and a continuous function
is de ned by

®3) (of;" )=(fg")
where f is a distribution, g is a continuous function and' is a continuous test function. If g is

discontinuous, theng' is no longer a test function, thus the value of the right-hand side of (3) is
unde ned. In order to employ the de nition (3), we need to ext end the space of test functions so
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that it contains discontinuous functions. In this case the value of the right-hand side of (3) would
be de ned for discontinuous g also.

In the present paper we construct the space of distributionswith the test functions possibly dis-
continuous. We show that any classical distribution can be &tended from the space of continuous
test functions to our space of test functions. In particular, the classicalgelta-function  extends

into a family of delta-functions f g, where the parameter such that 1222 (t)dt =1, is called
the shape of a delta-function . In the new space of distributions the product of the Heavisde
function  and the delta-function  is given by

z 1=2

(4) (Hhdt

0
WhereRolz2 (t)dt 2 R is aconstant, and is another shape. Similarly, the family of delta-sequences
extends into subfamilies of delta-sequences having di em shapes. Then a result similar to (4)
can be obtained if delta-functions in (4) are replaced by tems of delta-sequences having the same
shapes.
We should mention that (4) generalizes known de nitions of the product of the Heaviside func-
tion and the classical delta-function in D° given by

(5) =c ;

wherec 2 R, which were proposed (in particular, through the multiplic ation of two distributions)
in [KB98, Fil88, Tvr02, SZ97, Sar95, Sar94, Sar03], in ordeto obtain the optimal (from a certain
point of view) value of c 2 R, e.g. de nition (5) for ¢ = 1=2 satis es the formal Leibniz rule for
the di erentiation of the product.

In contrast to de nitions of form (5), the operation of multi plication in the new space of dis-
tributions is continuous, commutative and associative, the operation of multiplication in the new
space of distributions satis es the Leibniz product rule.

Apart of the problem of multiplication of distributions, ou r study is motivated by the problem of
the correct de nition of the solution of an ordinary di eren tial equation with distributions. Further
we provide an application of our space of distributions to nalinear ordinary di erential equations
containing one delta-function , which arise in optimal control theory [SZ97, MR96, SV97, Mi93].

Note that the set of points of concentration of delta-functions in v and even its cardinality, as
well as the set of points of discontinuity of x, can not be xed a priori, since in many optimal
control problems it is a subject of optimization [SV97, MR96, SZ97]. This leads to the necessity of
considering the space of functions of bounded variation, ash, as a result, to certain complications
in contrast to the case when the set of points of discontinuiy of a function, which is multiplied by
a distribution, is nite and xed.

In order to construct this space of distributions we introduce the supplementary notion of
the dynamic function. Most of the de nitions for the ordinary functions (such as limit at point,
support, boundedness, continuity, bounded variation) aretransferred to dynamic functions without
signi cant changes.

2. Dynamic test functions

2.1. Notations. Let | =(a;b) R be a xed open interval, in general unbounded. ByR" and

M, we denote the space of vectors and the space of square matricef ordern with real elements,

respectively. We denote byT(g) | the set of points of discontinuity of a function g: 1! R.
Consider the algebra of functionsg:1 ! R possessing one-sided limits

g@r) = lim g(t); g(b )= lm go®); o +)=lm got):; o )= lim g(t)

forany 2 1. We identify functions having the same one-sided limits, anl possibly having di erent
values in their points of discontinuity. We denote this algebra of functions (i.e., equivalence classes)
by G = G(I) and endow it with the norm

kgkg = Stlz”.o maxfj g(t+) j;jg(t )jg:
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With this norm G is a Banach algebra [Der02]. The algebrds is called the algebra of regulated
functions [Die69]. The set of points of discontinuity T(g) = ft 2 | : g(t+) 6 g(t )g of a regulated
function g 2 G is at most countable [Die69].

For a function g 2 G let us consider a partitond = ftig, |,t1< <t, of the interval |.
Denote

. X
vari (g) =sup  jo(ti ) g(ti 1+)j>0
i=1
(total variation ). If var, (g) < 1 , we say that g is afunction of bounded variation on 1. We denote
this algebra by BV = BV(l), and de ne the norm

kgkgy = jg(at)j+var (Q):

It follows that BV is a Banach algebra.

We denote by C = C(l) the subalgebra of continuous elements ofG. Denote by CBV the
subalgebra of continuous elements oBV. Denote by L = L(I) the Banach algebra of functions
Lebesgue summable o with the integral norm. Further AC = AC(l) stands for the Banach
algebra of absolutely continuous functions [DS62]. Letl (loc) and AC(loc) be the algebras of
locally summable and locally absolutely continuous functons, respectively.

We denote ((g) = g(t+) o(t ).

Let us denote by F = F(1) the algebra of functions| ! R with the operations of point-wise
addition, multiplication by an element of R and multiplication. The elements of F are called the
ordinary functions.

The de nitions given above are transferred without signi c ant changes to the case of a nite
closed interval.

Notice, that ignoring values of discontinuous functions attheir points of discontinuity leads to
a further simpli cation of the space of distributions.

2.2. Dynamic functions.  In this subsection we introduce the supplementary notion ofa dynamic
function which is needed for the construction of the space of test furion. It generalizes the notion

of an ordinary function. Let J =[ 3;3].

Definitionl. Amapf :1! F(J) is called the dynamic function.

We denote the value of a dynamic functionf at a point t by f (t)( ).

Denote the set of dynamic functions bydF = dF(l). We say that dynamic functions f, f, are
equal, if f1(t)() = fo(t)()in F(J) forall t 2 1. Also, the operations of addition, multiplication by
an element ofR and multiplication are de ned in dF as follows: for dynamic functionsf ,;f, 2 dF
we de ne their sum f1 + f, 2 dF by the formula

(Fa+ f2)(1)() = f2()() + F2(t)()

for all t 2 | ; similarly, we de ne the product

(Faf2)(D)() = F2(OCO)F2(0)( )

for a given dynamic functionf 2 dFand 2 R we de ne

(f)Hm) = £ 0)
forall t 2 1. Thus, dF form an algebra.
We de ne the inclusion of the algebra of ordinary functions F into the algebra of dynamic

functions dF by the map: with an ordinary function f 2 F we associate a dynamic functiorf 2 dF
de ned by

HOIOIRL0!
forallt21.

For a givent, we call f (t)( ) a dynamic value of f at point t. A dynamic value of f which is
identically equal to a constant function is called an ordinary value. If f 2 dF has an ordinary
value at a point t, we denote it by f (t) 2 R. Then a dynamic function is ordinary if and only if
it has ordinary values at all points. We denote the set of poirts, wheref has ordinary values, by
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U(f) I.LetD(f) =1 nU(f).

Let f 2 dF, f(t) =0 (t 6 ), with dynamic value f( )() = (). Construct a sequence of
ordinary functions ff,gl_, de ngd by

< nit ),;ift2

(6) fa®=.

1. 1 .
0 T oan

;. otherwise

The sequence f,gt_; Fis called the sequential representationof f 2 dF.
We de ne the composition g f 2 dF of a dynamic function f 2 dF and an ordinary function
g2 F by
(g HHOO)=g (1)
for all t 2 1. Accordingly, de ne the absolute value off 2 dF by

iFiO0) = if OO

forall t 2 1. Also, we de ne the support

suppf =clft 21 :f(t)() is not ordinary or f (t) 6 0g

where cl stands for closure inl . For a given setM | let us de ne

s’vLIpr = ?Zu'a §2ujpf (t)(s); ﬂff = |tr;fI S|r2n; f (t)(s):
We say that f is bounded onM, if supy, jfj< 1.

A dynamic function f is called nonnegative (positive) (denotef > 0 (f > 0)) if f (t)(s) >
O (f(t)(s) > 0) for all t 2 1. A dynamic function f is called nonpositive (negative) if f is
nonnegative (positive).

Let f 2 dF be bounded in a right neighborhood of a point 2 |. We say that f tendstoc2 R
from the rightas t! + if for any "> O there exists an > 0 such that
(7 sup jf  ¢g<™

G+

We denote the right-sided limit ¢ by f( +). The left-sided limit and the limit of a dynamic
functions at a point are de ned similarly. Analogously, de ne the one-sided limits ata, b.

We say that f 2 dF is continuous at 2 1, if

8 fO)=ft(H=1 )

Notice that according to the notational convention above the notations used in this de nition
imply that f has an ordinary valuef ( ) 2 R. If f is not continuous at , then we callf discon-
tinuous at this point.

Clearly, if in the de nitions given above a dynamic function f is an ordinary function, then
these de nitions coincide with the usual ones.

2.3. Special algebras of dynamic functions. Motivated by our interest in ordinary di erential
equations, we consider the following subalgebras of the addpra of dynamic functions.

Denote by dG an algebra of dynamic functionsf having dynamic valuesf (t)() 2 G(J) and
such that the one-sided limits

fat); f(b ), fC+); fC )

exist for all 2 I. We call the elements ofdG the dynamic regulated functions(since G is a factor-

space,dG is also a factor-space; de nitions of the supremum and in mum are changed respectively;
if there is no need, we will not make special remarks, and calthe elements ofdG the dynamic

functions). Let us de ne the norm in the algebra of dynamic regulated functions dG by

kf kqe = sup jf j:
|

We have the following properties of the elements ofiG.
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Lemma 1. Any dynamic regulated functionf 2 dG has ordinary values onl except for at most a
countable set.

The proof of Lemma 1 and other statements of Sections 2 and 3 arprovided in Section 5.

Given f 2 dG, de ne a function f" by f'\(t) = f (t) forany t 2 U(f). We call f* the ordinary part
of f . As follows from Lemma 1, the ordinary part f*is de ned everywhere onl except for at most
a countable set. Denote ordf) = f".

Lemma 2. The ordinary part f* of a dynamic regulated functionf 2 dG belongs toG, and the
equalities f (t+) = f(t+), f(t )= f(t ) hold forall t 2 1.

Lemma 3. The set of points of discontinuity T (f ) of any dynamic regulated functionf 2 dG is
at most countable.

Let us de ne an inclusion of G into dG. To do this we associate with any regulated function
'2Ga dynamic regulated functionf 2 dG having dynamic values

9) f(t)(s)= f( )fors2[ 1=2;0); f(t)(s)= f\( +)for s2 (0;1=2]
forallt21.

Let f 2 dG be such that

f(t)()2ACQA); f()( 1=2)=f(t ); f(t)(A=2)=f(t+)

forall t 2 1. The set of such dynamic regulated functions with operatiors induced fromdG form
a subalgebrasG dG. Notice that T(g) = D(g) (g 2 sG).

We say that f 2 sG is a dynamic f)Lénction of bounded variation if ord(f) 2 BV and

varsz s f (t)(s) < 1
12D ()

where D(f) | is at most countable according to Lemma 2. The set of dynamic dnctions of
bounded variation with operations induced from sG forms a subalgebra. The subalgebra of such
dynamic functions is denoted bysBV and endowed wit?( the norm

kf ksgy = jf (a+) j + kftkay + var (f (t)())
t2D (f)
wheref% 2 CBV is a continuous part of f* = ord(f ) 2 BV (the Jordan decomposition of functions
of bounded variation).
E xample l. The dynamic Heaviside function 2 sBV is de ned by
_ 1, t>; _ .
M= o i OO= 0
where 2 AC(J)is suchthat ( 1=2)=0, (1=2)=1.

Example?2 SinceG dG, the usual Heaviside function 2 G is in dG. According to the
de nition of the inclusion of G to dG, we have that

_ 0 ot<; _ 0 s2[ 30
O= 1 s =g 52 (0;2%]:
2.4, Test functions. We denote by D the space of classical test functions, i.e., the space of the
real-valued continuous functions having compact support m | R, which is endowed with the
standard topology [Shi84].
We denote by T the space of elements 2 dG having compact support supp 1. We say that
f' ngi, T convergesto' 2T if' ! ' in dG and there exists a closed interval §;d] | such

that supp' n [c;d forall n=1;2;::: Thus, the classical space of continuous test function® is
contained in T as a subspace.

Notice that since for' 2 T, g2 dG their product g' belongs toT, algebraT is an ideal in dG.
Further, if f' g, T and',! ',theng',! g inT.

We call T the space ofdynamic test functions. The proof of the following theorem is similar to
the proof of an analogous statement forD [Yos80].
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Theorem 1. T is a locally convex topological vector space.

3. Distributions with dynamic test functions

Following standard notation [Shi84], we denote byD° the space of distributions with continuous
test functions, i.e., the space of continuous linear functbnalsD ! R [Shi84].

We denote by T the space ofdistributions with dynamic test functions, i.e., the space of con-
tinuous linear functionals T ! R. The value of a distribution f 2 T °on a test function' 2T is
denoted by (f;' ) 2 R.

Example3. Letf 2 dG (in particular, f 2 G). We de ne a distribution, which is also denoted

by f, by the formula
Z

(10) (F' )= fOrd
|

where' 2 T, "™ = ord(" ), f" = ord(f). The linearity and continuity of f follows from the
properties of the integral and the de nition of the ordinary part of a dynamic regulated function;
a distribution f 2 T %is called aregular distribution.

E xample4. Dene a distribution by the formula

Z
(11) ( :")= | "()(s) (s)ds
where' 2T and 2 L(J) is such that
z
(12) (s)ds=1:

J

The linearity and continuity of follows from the properties of the integral and the de nition of
the convergence inT ,so 2 T % The distribution 2 T %is called thedelta-function concentrated
at the point 2 | and having shape 2 L(J). Now, for continuous test functions' 2 D

z z

()= J'() (s)ds="() ; (s)ds="():
Thus, the delta-function 2 DO extends to the family of delta-functions 2 T % For a given
delta-function ~ we construct a sequencé! ,gl.; ,

Cne mitta( Ao+ b
La() =
0; otherwise

We call f! ,gi_, the delta-sequence having shape 2 L(J).
Exampleb. Let us de ne a distribution 2 T ° which is also calleddelta-function, by
(13) (:)="(H+@ )y )

where 2 R and the restriction jp = 2 DO Clearly, (13) can not be obtained from (11). The
notion of a delta-sequence is not de ned for the delta-funcion (13).

Remark 1. Inthe general case, the delta-function inT %is de ned as an a ne combination of
delta-functions (11) and (13). Below we consider mainly thedelta-functions of the form (11).

In the space of distributions T ° the linear operations of addition and multiplication by elements
of R are introduced in a standard way, soTis a linear space. Letf, ! f (fh;f 2T9in TO
if (fn;")! (f;" Yasn!1 for any test function ' 2 T. The proof of the following lemma is
similar to the proof of analogous theorem forD® [Shi84, p.65].

Lemma 4. If ff,gi_, converges inT% and',! Oin T, then (f,;')! O.
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Theorem 2. Letthe sequencdf,gi_; T °be suchthatforany 2 T the sequencé (fn;' n)gi-;
converges am ! 1 . The functional f dened on T by

(14) (f' )= lim (fa:')
is linear and continuous and thus belongs ta °.
Theorem 3. Any distribution in D° can be extended fronD to T.

Thus, the spaceT %is a space of extensions of distributions irD°®from D to T.

Notice, that the restriction of the distribution 2T 0 where , are the shapes of delta-
functions, from T to D, is a zero distribution in D® Hence, since the shapes, can be chosen
arbitrarily, addition of to an extension fromD to T of any distribution in D% gives another
extension. Consequently, any distribution in D° has in nitely many extensions from D to T.

A distribution f 2 T %is called nonnegative (nonpositive) if for any' 2 T such that ' 0 we
have (f;" ) O (or (f;" ) O, respectively).

Let us de ne in T °the operation of multiplication of distributions by the ele ments of dG. Since
forany g2 dG,"' 2T their product g' belongs toT, we may de ne

(15) (o' )= (f;g' )

where f 2 T In particular, since G dG, any distribution in T can be multiplied by any
piece-wise continuous function.
Theorem 4. letf,! f inT%g,! gin dG. Then g,f,! gf in TC

The operation of multiplication in T °de ned by (15) is continuous, commutative and associative
in the sense that @h)f = g(hf)in T%forany g;h2 dG, f 2T

E xam ple 6. The product of the delta-function  and the Heaviside function 2 sG is given
by the formula

z
(16) ( )=C 3 ")= | “()(s) (s) (9)ds:
If RJ (s) (s)ds 6 0, then (16) can be rewrit%en as
17 = (s) (s)ds
J

R
where ()= () ()=, (s) (s)dssatises (12).
E xample7. The product of the delta-function ~ and the Heaviside function 2 G is given
by the formula 7
1=2

(18) ( )Y=(C 5 )= . " ()(s) (s)ds:

R,.
i =2

0 (r)dr 6 0, then (18) can be rewritten as

Z 1=
= (s)ds ;
0
WhereRthe shape of the delta-function is dened by (s) = 0 for s 2 [ 1=2;0), (s) =

(9= 472 (r)dr for s 2 (0;1=2].

R emark2. Letus show that the equality (17) can be obtained if and  are replaced by
the terms of the gorresponding delta-sequencé! 2 0t_, and sequential representationff,gl_; ,
respectively. Let ; (s) (s)ds 6 0. We have that

_ (n(t  Nn (n(t );ift2( 2 + L)
fn (! ()= 0; otherwise ; ’

ie., Z (
(g ) (). 1., 1.
POl (9 (9ds ", e s 1120w+ o)
J 0; otherwise
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R
where (s)= (s) ()= ; (s) (s)dssatises (12),
Y4
fol, = (s) (s)ds !,
J

for any n 2 N. In this sense the operation of multiplication in T° has Property B (see the
Introduction).

E xample 8. Inthe general case, let us consider the product ahe delta-function and a
dynamic regulated function f 2 dG: z

F 5)=C :f)= | O )(s) (9)ds:
If f has an ordinary value at , then the result above can be rewritten as
fo=1f()
R e m ar k 3. The intersection T \ G with the topology induced by T determines a space of
discontinuous test functions Since this is a subspace of , we obtain a factor-space ofT %, which

is called the space oflistributions with discontinuous test functions [DK05] (see the Introduction;
also, see [KB98, Kur9g]).

Let g2 sBV. De ne the derizvative g2 TO%by the onrmuIa
X

(19) (@)= "Mt)dge(t)+ S )(8)(9( )(9)sds:
! 27(9)

where' 2 T, g. 2 CBV is a continuous part of ord(@) 2 BV. If forany 2 T(g) we have

(@=9(+ 9( )60, then X
(20) 9= G+ (9)

k2T(9)

where 7
(21) (%:" )= "Mt)dge(t);

|
the shapes ¢ aredened by (S)=(9( k)(s))s= (@) (s2J,k2N).

Theorem 5. The functional de ned by (19) is linear, continuous and thus determines a distribu-
tion in TC

Theorem 6 (Leibniz product rule). For any f;g 2 sBV we have

(22) (fg) =fg+fg2T?®

E xample9. The derivative of the Heaviside function 2 sBV is given by

where = _is a shape of the delta-function.

3.1. Ordinary di erential equations with distributions. In what follows, notations T, and
D? stand for the spaces ofn-valued distributions with components in T° and DO respectively,
where convergence, linear operations, operations of mujilication and di erentiation are de ned
componentwise. We introduce analogous notations for the sces of ordinary functions and dynamic
functions BV,,, AC, and sBV, respectively.

Consider in T a Cauchy problem

(23) x=f(tx)+ g(t;x) ; X(to )= Xo;

wherety 2 1, Xo 2 R", and the functions f and g with values in R" and M ,, respectively, are
continuously di erentiable in both variables, 2 T.0is a vector-valued delta-function,

the value of on' 2T is de ned by

(24) ( ;'):: C 5" ) ™)
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We de ne a solution of the Cauchy problem (23) to be a dynamic tinction x 2 sBV, which
satis es (23) in T.2. De ne an ordinary solution % = ord(x) 2 BV,.

Then there exists a solution of the Cauchy problem (23)x 2 sBV, having ordinary values x(t)
forall t 6 , and having dynamic valuex( )() (denote () = x( )()), such that

(25) x(t) = f t;x(t) ;
forallté , and
(26) =9 (8 (5 (1=2)=x( )

(see Example 8), wherex( +) = (1=2).

Notice that in the result of the substitution of x 2 sBV, into (23), the operations of di eren-
tiation, composition and multiplication (see example 8), which arise in (23), are correctly de ned
in T.2 in contrast to the spaceD? (see the Introduction).

R emark 4. Consideration of ordinary di erential equations with distributions in D¢ is presented
in [SV97, MR96, SZ97], where, in particular, the following Cauchy problem is considered:

(27) x=f{tx)+ gt;x) ; X(to) = Xo;

As is mentioned in [SZ97], it is reasonable to expect that in he general case a solutiox of (27)
is discontinuous at point . Thus, in the general case, the notation in (27) is incorrectfrom the
point of view of distribution theory, since (27) contains the product of a discontinuous function
g( ;x()) and adistribution 2 D° which is unde ned in D2. In [SV97, MR96, SZ97] the following
de nition of a solution of (27) is proposed. The left-continuous function x 2 BV, is said to be a
solution of (27), if there exists a delta-sequencé! m gl _;, ! m ! in DY such that

(28) Xm ! X

(m!1 )inaweaktopology of BV,, wherex, 2 AC, is a solution of the approximating problem

(29) x=f(tx)+ gt;x) 'm(t); X(to) = Xo:

The necessary and su cient condition for the uniqueness of slution of (27), i.e., its independence
on the choice off! mg# -1, IS a Frobenius condition

X X
(30) - @ Okm = @@i

Ok

i=1

exists a unique solutionx 2 BV, of (27), such that

(31) x = f(t;x(t))
forallté , and
(32) )=9(; (s)); ( 1=2)=x( );
wherex( +) = (1=2) [SZ97].
Notice that (32) coincides with (26) for . Indeed, for (26) the Frobenius condition (30) is

a necessary and su cient condition for the independence of he value (1=2) on the choice of
satisfying (12) [Guy83]. Also, if (30) is satis ed, then a sdution of (27) coincides with the ordinary
solution of (23).

The comparison of the results for equation (23), which is cosidered in the space of distributions
T.%, and the results for equation (27), which is considered in tle classical space of distribution®D¢,
shows, that in contrast to the approach based on the spac®? [SV97, MR96, SZ97], the use of the
space of distributions T,? allows us to make notations correct from the point of view of dstribution
theory, and to eliminate the restrictive Frobenius condition (30), which can not be satis ed in
many problems of optimal control theory [Mil93].
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4. Multiplication of distributions by discontinuous function s in other approaches

4.1. Multiplication by discontinuous functions in the Schwartz space of distributions.
Various de nitions of the product of a distribution and a dis continuous function in D°were proposed
in [SZ97, Fil88, KB98, Kur96, Tvr02], and also in [Sar95, Sa®4, Sar03], where the operation
of multiplication of a distribution by a discontinuous func tion is induced by the operation of
multiplication of two distributions.

Furthermore, we concentrate on the multiplication of the Heaviside function  and the delta-

function. The product 2 DY%is de ned in [SZ97, Fil88, KB98, Kur96, Tvr02, Sar95, Sar94,
Sar03] by the formula
(33) =c ;

where ¢ 2 R is dierent in dierent de nitions. In particular, in [Sar9 5, Sar94, Sar03], where
the family of the products of distributions f g ,p is de ned (here D is a space of in nitely
di erentiable test functions), forany 2 D we have

(34) = (0
The value ¢ = 1=2 is considered in [Fil88, KB98, Kur96]). If c = 1=2, then we have that
( ) = + , i.e., Leibniz product rule holds. Also, the choice of the vdue c = 1=2 is

motivated by the symmetry of the delta-function 2 D Another de nition of the form (33) was
proposed in [SZ97], so the solution of the Cauchy problem (37in D¢ coincides with the solution
(28). In [SZ97] the value ofc 2 R is determined by the right-hand side of the equation (27).

Nevertheless, any de nition of the product of the form (33) leads to contradictions with distri-
bution theory, which are unavoidable in D° Namely, let c2 R be given. Then we have to be able
to replace delta-function in (33) by the terms of arbitrary d elta-sequences! ,g:_, , f ngi-; in D°
so that
(35) nI!ilm Iy = cnI!ilm n
in D% Nevertheless, for a giverc 2 R one can easily nd delta-sequence$! ngi-; , f ngi_; such
that (35) is not true. This implies that the operation of mult iplication (33) is not continuous in
DC. Also, if c6 0, c6 1, then the operation of multiplication (33) is not associative.

In TO, the product of the Heaviside function  and the delta-function 2 T %is given by the
formula

z 1=2
(36) = (s)ds ;
0

(Example 7), where 2 T % Let us notice the following:

1) Any de nition of the form (33) can be obtained from (36) for the delta-functions 2TO
having the shape such that Z .

(s)ds = c:
0

2) In contrast to (33), the operation of multiplication (36) is associative, satis es the Leibniz
product rule (Theorem 6), continuous and, furthermore, hasProperty B (see the Introduction and
Remark 2).

Thus, consideration of the product of the Heaviside function and the delta-function in T % allows
us to avoid the aforementioned contradictions with distribution theory.

4.2. Multiplication by discontinuous functions in the Colombea u generalized functions
algebra. As is mentioned in the Introduction, the general multiplication of distributions is impos-
sible in the classical space of Schwartz distributions withcontinuous test functions. This defect of
the Schwartz distribution theory lead to the construction of the Colombeau generalized functions
algebraG, containing the space of distributionsD®as a subspace (her®°is a space of distributions
with in nitely di erentiable test functions), where such g eneral multiplication exists [Col85] (see
description of the Colombeau algebra in [Col92, HO97]). Thealgebra of Colombeau generalized
functions was applied successfully to many problems relatéto ordinary and partial di erential
equations, e.g., see [HO97, CLNP89, CH92, Col92]. In the daical approach the Heaviside function
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2 G and the Dirac delta-function 2 G are de ned as the derivatives of continuous functions
inG,so , 2D° G and the product

2GnD°

is not a distribution [Col85]. However, as was observed in [CNP89],! instead of consideration of
the elements of the canonical embeddind® G , often it is natural to work with the algebra G
itself. Namely, a generalized functionf 2 G is said to have or  as its macroscopic pro le, if

f orf ;

respectively, where stands for the associationin G. If f has or as a macroscopic pro le,
then f is called the Heaviside generalized functionor the Dirac generalized function, respectively
[CLNP89]. According to [CLNP89], there exist di erent Heav iside generalized functions and Dirac
generalized functions, which di er by their microscopic pro les. The equalities of the form

(37) 1, 2 =Cgz

where ;. 2 Gis a Heaviside generalized function,,. , 3. 2 G are two Dirac generalized functions,
were studied in [Col92], where the value of constant 2 R was derived from the supplementary
partial di erential equation, arising from the statement o f the physical problem. As follows from the
de nition of the algebra G [HO97], equality (37) can be also obtained if the Heaviside gneralized
function and the Dirac generalized functions in (37) are appoximated by continuous functions.

The equality (37) is similar to the equality (16) in the space of distributions T° where the
constant ¢ 2 R is given explicitly (see also Remark 2). However, despite tis similarity, space T°
also possesses other properties. In particularT © contains delta-functions (13) (see Remark 1),
which allow us to unify in the subsequent paper di erent de nitions of solution of the ordinary
di erential equations with distributions (see [Fil88] on a mbiguities arising in the de nition of the
notion of solution of the di erential equations with distri butions).

5. Proofs of statements of Sections 2 and 3

Proof of Lemma 1. Suppose that there exists an uncountable seA | such that f (t)( ) is not
ordinary for all t 2 A. Let us dene afunction:1 ! R by
(38) o(t) = sup f (t)(s) inf f (t)(s)

s2] s2J

Sincef 2 dG is bounded, 06 ¢(t) < 1 for all t 2 I. Obviously, f has an ordinary value att if
and only if §(t) =0, so ¢(t) > O forallt 2 A. We de ne

1

Ap = t2A:n+1

<g(t)6% (n=1;2;:::);A0=ft 2 A:0(t) > 1g:

Then A = [1_,A,. Since A is uncountable, there existsng > 0 such that A, is uncountable.
Without loss of generality we may assume thatng 6 0. Since A, is uncountable, there exists
a closed interval ;d] | such that Aﬂo = An, \ [c;d] is uncountable. Consequently, due to
compactness of ¢; d], the setAﬁ0 has a limit point 2 [c;d]. Without loss of generality we may
assume that there exists a right-sided neighborhood of which contains in nitely many points
of Aﬂo. Let us show that this implies that f ( +) does not exist. Suppose thatp= f( +) 2 R
exists. Then by de nition for any " > 0 there exists > 0 such that kf pk.. . ) <", ie,
SUP2 (b SUPs2 5 §f (1)(S)  pj <™. Now consider the value of sup,, jf (t)(s) pj,fort2 (; + )\

Ad,,where (; + )\ AD 6 ?. Then the inequality
. 1 .
(39) supjf (t)(s) pji > > sup(f (t)(s)) lg‘; (f ()(9))
s2] s2J S

1we would like to thank Professor J.F.Colombeau who kindly me ntioned these results to us.
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holds (see proof below). As follows from the de nitions ong0 and ¢,
1 .
Ssup(f (1)(s))  inf(f (1)(s)) > 1=no
523 s2J

forall t 2 Aﬂo \ (; + ). Consequently, sup,(. . )Supsy, jf (t)(s) pj > ﬁ Since for any
> OA,?O\ (; + )6 ?,thelastinequality holds forany > 0. This contradicts to the de nition
of the right-sided limit p= f ( +).
Let us show that the inequality (39) holds. If {t)(s) p> Oforalls2 J, then sup;; jf (t)(s)
pi = supg,; (f (1)(s) p) and (39) holds, where _,,(f (t)(s) p) > O. In the general case we can
representf (t)(s) = q* (s) g (s), whereqg" (s), g (s) > 0. Then

supjf (t)(s) pj = maxfsupq’ (s);supq (s)g> 1=2(supq” (s) +sup q (9s)):
s2J s2J s2J s2J s2J

Since sup,;(f (1)(S) Pp) = SUpg; g (s), infsaa(f(t)(S) P) =Supsy;q (S), we obtain that
(39) is true.

Proof of Lemma 2. Fora given 2 | letusdenotep= f( +). Thenforany "> 0thereexits > 0
such that sup. , yjp fj<". According to Lemma 1, the intersection (; + )\ U(f) & ?.
Then
supjp f(i=  sup  supjp f(1)j6 sup jp f]
t2(; + )\us(f) t2(; + )\ us(f)s2J (; + )\us(f)
where the rst equality holds sincejp f\(t)j does not depend ors 2 J. Thus, foranyt2 (; + ),
Wheref'\(t) isdened, ie forallt2 (; + )\ U(f), we havejp f’\(t)j <" . Then the right-sided
limit f'( +) exists, which is equal to f ( +). The proof for the left-sided limit is analogous. Since
2 | was chosen arbitrarily, the statements of the lemma holds.

Proof of Lemma 3. The proof follows from an analogous statement for the spacefaegulated func-
tions G [Hon75], the de nition of a point of discontinuity of a dynam ic function, and Lemma
2.

Proof of Theorem 2. The linearity of the limit functional is obvious. Without lo ss of generality it
su ces to show that f is continuous at' =0 only. Let ', ! 0in T. Suppose that ;' ,) 6! O
(n!'1 ). Being considering, if necessary, a subsequence bff;' ,)gi.;, we may assume that
for any n = 1;2;::: the inequality j(f;' n)j > "o holds for certain "o > 0. Due to (14) for
any k = 1;2;::: there exists ng such that j(fn, ;' )] > 70 Without loss of generality we may
assume thatng = K, i.e., j(fx;' k)j > = forany k =1;2;::: The last inequality contradicts to the

conditions of the lemma. Thus, ;' n)! 0Oasn!1 ,i.e., thelimitfunctional f is continuous.

Proof of Theorem 3. According to Theorem 1 the space of dynamic test functionsT is locally-
convex; D is a subspace off . Then according to the Hahn-Banach theorem [KA82], every Ihear
continuous functional de ned on a subspaceD has an extension to the whole spacd .

Proof of Theorem 4. Note that g,'! g' inT forany' 2 T. Consequently
jOnfni) (9f")j=i(fnian") (Fg)i6 j(faign’) (fnig )i+
+j(fnsg’) (F9°)i6j(fnign"  9)i+i(faig") (ig") O
(the rst and the second summands tend to zero according to Lenma 4 and due to convergence
fa! fin TO respectively).

Proof of Theorem 5. The Stieltjes integral in the right-hand side of (19) exists since' "2 G, ¢ 2
CcBv (szee [Der02]), and the convergence of tge series follows fnothe inequality

| - O)S)(9C )(S)sds 6 supj ()(s)] | 190 )(S)sids & supj* (- )(s)ivarsz, (9( )(s))

forall 2 T(g). Then th§ following inequality holds

X
C()(8)(g( )(s))sds 6 S}JIOJ"J' varsz 3 (9( )(s));

J 27(g)

2T(9)
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where convergence of series in the right-hand side followsdm the de nition of the algebra sBV.
Thus, the value of g is de ned for all test functions ' 2 T. The linearity and continuity of g
follow from de nition of the convergence in T, properties of the Stieltjes integral and properties of
convergent series.

Proof of Theorem 6. We have

X Z
(40) (fg;" )=(f:9" )= | OB () + ; a( )(s)" ()(s)(f ( )(s))sds;
2T(f)
z x Z
(41) fg')=(g:f" )= | () dge(t) + Jf( )(s)" ()(s)(g( )(s))sds:
2T(9)

In (40) and (41) we can perform the summation byT (f )[ T (g), since we need to add zero summands
only. Consequently,

X x Z
(42) a( )(s)' ( )(s)(f( )s))sds+ f()(s) ()(s)(a( )(s))sds=
27(f) Y 27(g)
X z x £
= C)S)(9( )(S)f ()(8)sds= C)S)(9( )(9)f ()(9))sds;
2T(H)[ T(g) 2T(fg) 7

where the last equality is due to T(fg) TE)[ T(gpand 2 T(f)[ T(g) nT(fg) if and
only if f( ) =0 or g( ) =0, so we may exclude in (42) the summands corresponding to 2
TE)[ T(ghnT(fg). We have

z z z Z, Z,

(43) | NOO(t)dc(t) + | NOF () dge(t) = | Nd o o()de( )+ F()dae( )
wherel = (a;b). Let us show that the following equality holds

z t t
(44) (fa)e() = 0()dc( )+  f()dg( )+ f(a+)g(a+)

forall t 2 1. Now (fg)ec = (fQ)c, fc = e, G = %, thus we may prove (44) for the ordinary parts
only. Hence

08 = (Fe(t) + FR)(We(t) + B (1) = Fe()8e(t) + Fe()On () + B (1) + ()t ()
forallt 2 1. Thus,

z t z t
0()dfc( )+ f()dge( )+ f (a+) glat) =

: z t z t z t z t

= 0c( )dfe( )+ ) On( )afe( )+ ) fe( )doe( )+ ) fh()doc( ) =

N fe(®e(t) fe(@bc(a) + f (a+) gla+) + f“c§t>gh(t>
feCi)(QCi+)  9(i ))+Gt)fh(t) 0 DECiH) FCi )

a< <t a< <t

forall t 2 |, where f’\c(a)f’\c(a) = f (a+t) g(a;) and
fe(t)tn (1) fe( )9+ o )

a< <t

a

is a continuous part ofﬂgh,

X
0 () h (1) 0c( DEFCi+) F(i )

a< <t

is a continuous part of g‘cf'\h, so equality (44) is true. The comparison of (40) { (44) with the
de nition of the derivative in T gives us (22).
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