
Today’s topics and news

Topic: Concavity and asymptotes

Homework: No videos for Wednesday.
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Fire

... You are next to a river. Qin is 10 meters away from
the river and you are 5 meters away from the point P on
the river closest to Qin. You are carrying an empty
bucket. You can run twice as fast with an empty bucket
as you can run with a full bucket. How far from the point
P should you fill your bucket in order to get to Qin with a
bucket full of water as fast as possible?
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Find the coordinates of P and Q

g(x) = x4 − 6x2 + 9

5

20

y=g(x)

P Q
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“Secant segments are above the graph”

Let f be a function defined on an interval I .
In Video 6.11 you learned that an alternative way to define “f is concave
up on I” is to say that “the secant segments stay above the graph”.

y = f (x)

a cb

P

Q

yP

yQ

Rewrite this as a precise mathematical statement of the form

“∀a, b, c ∈ I , a < b < c =⇒ an inequality involving f , a, b, c ”
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Equivalent conditions of convexity

Equivalence theorem

Let f be differentiable on I , f is convex on I ⇐⇒ f satisfies the
condition (call it C1) from the previous slide.

We will talk about how to prove the ⇒ direction by contradiction.

Suppse f is convex on I . Suppose f does not satisfy C1, then this
means ???

Draw a picture of the three points and use MVT to show a
contradiction.

C1 is more general than our definition of convexity since it doesn’t
require the differentiability of f . It is often taken to be the definition
of convexity in higher year analysis courses.
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Unusual examples

Construct a function f such that

the domain of f is at least (0,∞)

f is continuous and concave up on its domain

lim
x→∞

f (x) = −∞

Construct a function g such that

the domain of g is R
g is continuous

g has a local minimum x = 0

g has an inflection point at x = 0
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Asymptotics

f (x) asymptotic to g(x) as x →∞
We say f (x) is asymptotic to g(x) as x →∞ if
lim
x→∞

[f (x)− g(x)] = 0

There’s a similar definition for f (x) asymptotic to g(x) as
x → −∞.

Often I will be interested in if f (x) is asymptotic to a line
L(x).
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Find the coordinates of P

f (x) = 3x + 4 +
2x − 10

x2

0

0

y=f(x)

x

y

P
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Asymptotics

Find the line asymptotes of f (x) =
√
x2 + 4x as x →∞

and x → −∞.

Hint: Assume ∃a, b ∈ R s.t. ax + b is asymptotic to f (x)
as x →∞. Write down what this means and then find
what a and b has to be.

Hint: Try using conjugates or dividing by x when you
start from the definition.
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Line asymptotes

Given function f (x).

We want to see if there are a, b ∈ R such that
lim
x→∞

[f (x)− ax − b] = 0.

Come up with a way to find a, or to tell no a works in the
above limit equation. HINT: Suppose ∃a, b ∈ R s.t. the
limit equation is satisfied, divide by x .

Now we have a formula for a, come up with a way to find
b, or to tell no b works in the above limit equation.
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Line asymptotes

Theorem

If lim
x→∞

f (x)
x

exists and equal a, and lim
x→∞

[f (x)− ax ] exists and equal b,

then f (x) is asymptotic to the line L(x) = ax + b as x →∞. If any
of the two limits DNE, then there are no lines asymptotic to f as
x →∞

Theorem

If lim
x→−∞

f (x)
x

exists and equal a, and lim
x→−∞

[f (x)− ax ] exists and equal

b, then f (x) is asymptotic to the line L(x) = ax + b as x → −∞. If
any of the two limits DNE, then there are no lines asymptotic to f as
x → −∞
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Horizontal and Slant asymptotes

In the case line asymptotes exist as x → ±∞, we have two cases:

When a = 0, we call the line asymptote a horizontal asymptote. In other
words,

Horizontal asymptote

We say f has a horizontal asymptote of b1 as x →∞ iff
lim
x→∞

[f (x)− 0x ] = b1 iff lim
x→∞

f (x) = b1

We say f has a horizontal asymptote of b2 as x → −∞ iff
lim

x→−∞
[f (x)− 0x ] = b2 iff lim

x→−∞
f (x) = b2

When a 6= 0, we call the line asymptote a slant asymptote. In particular,
as x →∞ or as x → −∞, slant and horizontal asymptotes are mutually
exclusive.
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An equation from the asymptotes

Construct a function f that satisfies all the following
conditions at the same time.

f is a rational function (this means it is a quotient of
polynomials).

The line y = 1 is an asymptote of the graph of f .

The line x = −1 is an asymptote of the graph of f .
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