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1 Category O for sl2

1.1 Indecomposable objects in O for sl2
Consider the block O0 for g = sl2. Objects here are U(g)-modules that are finitely generated, where n acts locally
finitely, h acts diagonally, and Z(U(g)) = C(h2 + 2h + 4yx) acts via the same central character as it does on the
trivial representation.

More concretely, let’s describe some interesting classes of objects in O0. The simple objects in O0 are the
trivial representation L(0), and the Verma module L(−2) = M(−2) = U(g) ⊗U(b) C(−2). The Verma module
M(0) = U(g)⊗U(b) C(0) fits into the exact sequence

0→M(−2) →M(0) → L(0) → 0.

We will use the head filtration (take the largest semisimple quotient, repeat) to denoteM(0) as

M(0) ∼=
L(0)
L(−2)

Since 0 is a dominant weight, M(0) is a projective module ([Hum08], Proposition 3.8), so we’ll say P(0) = M(0).
Category O also has enough projectives ([Hum08], Theorem 3.8), in particular, L(−2) has a projective cover de-
noted P(−2). To find out the structure of P(−2), we can use BGG reciprocity

(P(λ) :M(µ)) = [M(µ) : L(λ)] ,

where (P(λ) :M(µ)) denotes the multiplicity of M(µ) in P(λ)’s standard filtration, and [M(µ) : L(λ)] denotes the
multiplicity of L(λ) in M(µ)’s simple filtration (equivalently, these are the coefficients of the classes in K(O) of
[P(λ)],M(µ), respectively, in the bases {M(ν)}, {L(ν)}, respectively).

From what we had above, we find that (P(−2) : M(−2)) = (P(−2 : M(0))) = 1. Since P(−2) has a surjective
map toM(−2) = L(−2), it must fit into an exact sequence

0→M(0) → P(−2) →M(−2) → 0,

so, using the head filtration, we can represent P(−2) as

P(−2) ∼=

L(−2)
L(0)
L(−2)

It turns out that the five objects L(0), L(−2),M(0),M∨(0), P(−2) are the only indecomposable objects in O0.

1.2 Aside: Perverse sheaves on P1

Via Beilinson-Bernstein localization and the Riemann-Hilbert correspondence, the categoryO0 is equivalent to the
category of perverse sheaves on P1 with respect to the stratification P1 = A1 ∪ {∞}. Let

∞ � � i // P1 A1? _
joo
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denote the inclusion maps. The indecomposable objects in this category can be matched up with the ones fromO0
as follows:

L(0) ↔ IC(A1) = C(P1)
L(−2) ↔ IC(∞) = C∞[−1]

M(0) ↔ j!C(A1)
M∨(0) ↔ j∗C(A1)
P(−2) ↔ P∞

where C(A1) denotes the constant sheaf on A1 and P∞ is the “big projective”. The exact sequences above can be
realized by using exact triangles, for example, if we let F = C(P1) ∈ D+(P1), then we can use a distinguished
triangle

j!j
∗F → F → i∗i

∗F

to get a short exact sequence of sheaves

0→ IC(∞)[−1] → j!C(A1) → IC(A1) → 0

in D(X). We’ll need the perverse sheaf language when we want to talk about mixed sheaves, but for now we’ll
work with algebras instead.

1.3 Endomorphism ring of a projective generator in O0
Consider the object P = P(0)⊕P(−2). This a projective generator ofO0, meaning it is a projective object surjecting
onto every simple object in O0. Consider the ring A = EndO(P). There is a canonical equivalence of categories

HomO0(P,−) : O0 →Mof−A,

whereMof−A denotes the category of finitely generated right A-modules. To be able to use this equivalence, we
should compute A. This involves computing four Hom sets.

1. HomO0(P(0), P(0)) = Ca, where a is the identity map on P(0) =M(0), which is a Verma module, so it does
not have any nontrivial endomorphisms.

2. HomO0(P(−2), P(−2)) = C{b, ε}, where ε is the nilpotent endomorphism sending the L(−2) in the head into
the L(−2) in the socle, and everything else to zero, and b is the identity map on P(−2).

3. HomO0(P(0), P(−2)) = Ce, where e : P(0) → P(−2) is the inclusion map.

4. HomO0(P(−2), P(0)) = Cf, where f is the composition of the maps P(−2)� L(−2) ↪→ P(0).

Notice that ef = ε and fe = 0 = ε2. So we may express the algebra A = EndO(P) as the path algebra of the quiver

•a
e )) •b
f

ii

where a and b are the constant paths at the two vertices and we have an extra relation fe = 0.

1.4 The Ext-algebra

Let C be an abelian category with enough projectives and injectives. Recall that HomC(−,−) is a left-exact bifunc-
tor, and we define ExtiC(−,−) = RiHomC(−,−). To compute ExtiC(A,B) forA,B ∈ C, consider the projective (resp.
injective) resolutions of A (resp. B)

· · ·→ P−1 → P0 → A→ 0

and
0→ B→ I0 → I1 → · · · ,

then
H−i(HomC(P•, B)) = ExtiC(A,B) = H

i(HomC(A, I•)).
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Note that Ext0(A,B) = HomC(A,B) and that the ExtiC(A,B) are abelian groups under addition.
There is an alternative characterization of ExtC , which will be convenient for us. Recall that Ext1C(A,B) can be

identified with the set of extensions of A by B, i.e. exact sequences

0→ B→ E→ A→ 0.

up to isomorphism, i.e. if two extensions fit into a commutative diagram of the form

0 // B // E //

��

A // 0

0 // B // E′ // A // 0

then they are considered equivalent. We then define

Definition 1.1 (see [HS97], p148). An n-extension of A by B is an exact sequence of the form

E : 0→ B→ En → . . .→ E1 → A→ 0.

Definition 1.2. Two n-extensions E, E′ satisfy the relation E E′ if there is a commutative diagram

E : 0 // B // En //

��

· · · // E1 //

��

A // 0

E′ : 0 // B // E′n // · · · // E′1 // A // 0

This is no longer a symmetric relation (because of the lack of the five lemma), so to get an equivalence relation,
we need to take the symmetric closure of , so we define

Definition 1.3. Two n-extensions E, E′ are equivalent, denoted E ∼ E′ if there exists a chain

E // F1 F2oo // · · · // Fk E′.oo

Similar to how this is done for Ext1C , we can define an abelian group structure on n-extensions of A by B. We
have the following theorem

Theorem 1.4 ([ML63], Theorem 6.4). The abelian group of equivalence classes of n-extenstions of A by B is isomorphic to
Extn(A,B).

Given E ∈ ExtmC (B,A) and E′ ∈ ExtnC (C,B), we can consider some representative exact sequences

E : 0→ A→ E1 → · · ·→ Em → B→ 0

and
E′ : 0→ B→ E′1 → · · ·→ E′m → C→ 0.

We can splice the two sequences together to form a longer exact sequence

E ◦ E′ : 0→ A→ E1 → · · ·→ Em → E′1 → · · ·→ E′m → C→ 0.

which then represents a class in Extm+n
C (C,A). If you are familiar with derived categories, you might notice that

this is basically the composition of morphisms there.
In particular, if A ∈ C is an object, then, Ext•C(A,A) is an algebra, and for any other object B, Ext•C(A,B) is a

right Ext•C(A,A)-module, and Ext•C(B,A) is a left Ext•C(A,A)-module.

1.5 The Ext-algebra of a simple generator in O0
Warning: we are ignoring some Langlands duality issues here. Oh well. Let L = L(−2) ⊕ L(0), and consider
the algebra Ext•O0(L, L). Since our category is so nice, this splits into a direct sum, so we have to compute four
Ext•-groups. We’ll drop the subscripts from the Ext’s, they are all computed in O0. Since the L’s are simple, there
are no nonzero Hom’s between them.
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1. Ext1(L(−2), L(0)) = C, corresponding to the exact sequence

E : 0→ L(0) →M∨(0) → L(−2) → 0,

and there are no higher Ext’s.

2. Ext1(L(0), L(−2)) = C, corresponding to the exact sequence

F : 0→ L(−2) →M(0) → L(0) → 0,

and there are no higher Ext’s.

3. Ext0(L(−2), L(−2)) = C, and let A denote the identity map on L(−2).

4. Ext0(L(0), L(0)) = Ext2(L(0), L(0)) = C. Let B denote the identity map on L(0). The nontrivial 2-extension
can be represented by the exact sequence

Υ : 0→ L(0) →M∨(0) →M(0) → L(0) → 0.

Note that we have E ◦ F = Υ.
On the other hand, we have the following diagram, where ι stands for the natural inclusion maps,

F ◦ E : 0 // L(−2) //M(0) //M∨(0) // L(−2) // 0

0 // L(−2)

1
ι


// L(−2)⊕ P(0)[
1 0

]
��

[
0 1

]OO

[
−ι ι

] // P(−2) //

OO

��

L(−2) // 0

0 : 0 // L(−2) //
1

// L(−2)
0

// L(−2)
1
// L(−2) // 0

showing that F ◦ E ∼ 0 in Ext2(L(−2), L(−2)).
So the ring Ext•(L, L) can be expressed as the path algebra of the quiver

•A
E ** •B
F

jj

with the extra relation FE = 0

1.6 A grading on O0
We notice that

Ext•O0(L, L)
∼= EndO(P).

We also notice something rather strange, the ring Ext•(L, L) is naturally graded (by cohomological degree), but
there is no a priori grading on EndO(P). We’ll define a grading on EndO(P) which will subsequently be related to
the cohomological grading on Ext•O0(L, L) by Koszul duality.

Let C[h∗] = C[x]. This carries aW-action given by s(x) = −x. Then C[x]W = C[x2] is the ring of invariants, and
let C = C[x]/〈x2〉 be the ring of coinvariants. We may notice that

Endg(P(−2)) ∼= C[x]/x2.

In fact, this generalizes to (we are following the exposition in [Str03] here)

Theorem 1.5 ([Soe90], Endomorphismensatz). Let λ be an integral dominant weight and let Wλ be its stabilizer under
the dot action ofW. Let C = C[h]

C[h]W+
be the algebra of coinvariants, and Cλ be CWλ the ring ofWλ-invariants in C. Then

Endg(P(w
λ
0 · λ)) ∼= Cλ,

where wλ0 is the longest element ofW/Wλ.
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Recall that
C ∼= H•(G/B,C),

and accordingly, we will consider C (and Cλ ∼= H•(G/Pλ,C)) as an evenly graded algebra. We will transport this
grading to Endg(P, P) and then to O.

Theorem 1.6 ([Soe90], Struktursatz 9). Let λ be an integral dominant weight, then the functor

V = Vλ : Oλ → Cλ −Mof

M 7→ Homg

(
P(wλ0 · λ),M

)
is fully faithful on projective objects. In other words, for w, v ∈W/Wλ, there is an isomorphism of vector spaces

Homg (P(w · λ), P(v · λ)) ∼= HomCλ (VP(w · λ),VP(v · λ)) .

Let’s do a sanity check for O0 of sl2. We have Cλ = C = C[x]/x2.

1. We have already computed that VP(−2) = VHomg(P(−2), P(−2)) = C[x]/x2.

2. We have VP(0) = Homg(P(−2), P(0)) = C.

We compute the remaining cases:

1. HomC(VP(0),VP(0)) = HomC(C,C) = C,

2. HomC(VP(0),VP(−2)) = HomC(C,C[x]/x2) = C.

1.7 Translation functors

To extend the grading to other objects in O, we’ll need the help of the translation functors. Let λ, µ be weights
such that λ− µ is integral. Define

θµλ : Oλ → Oµ,
M 7→ prµ (M⊗C E(µ− λ)) ,

where E(µ− λ) is the finite-dimensional simple g-module with extremal weight λ− µ. This functor is exact, since
tensoring with a finite-dimensional module and projection to a block both are. If s is a simple reflection and the
stabilizer Wµ = {w ∈ W|w · λ = λ} is {1, s} (so, µ is as close to regular as it can be while being on the s-wall), then
we define the functor (translation through the s-wall)

θs = θ
λ
µ ◦ θ

µ
λ .

Let’s compute some examples of translation functors. For g = sl2, let λ = 0, µ = −1. Then E(−1) = E(1) = L(1) =
C2, the standard representation.

We can explicitly computeM(0)⊗ L(1). Let v0 be a highest weight vector forM(0), then we can choose a basis
{v0, v1, v2, . . .} forM(0) such that

h · vi = (−2i)vi

e · vi = (−i+ 1)vi−1

f · vi = (i+ 1)vi+1

Similarly, we can choose a basis {l0, l1} of L(1) consisting of weight vectors such that e · l1 = l0 and f · l0 = l1. Then
we have a decomposition ofM(0)⊗ L(1) (rightward arrows are the action of e, leftward ones are the action of f):

weight space −5 −3 −1 1

. . .
++

C(l0 ⊗ v3 + l1 ⊗ v2)jj
++

C(l0 ⊗ v2 + l1 ⊗ v1)kk
C(l0 ⊗ v1 + l1 ⊗ v0)kk

**
C(l0 ⊗ v0)jj

. . .
++

C(3l0 ⊗ v3 + 2l1 ⊗ v2)jj
++

C(2l0 ⊗ v2 + l1 ⊗ v1)kk

++
C(l0 ⊗ v1)kk
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so we see that M(0) ⊗ L(1) = M(1) ⊕M(−1). Therefore θ−10 (M(0)) = M(−1). Similarly we can compute
θ−10 (M(−2)) =M(−1). Exactness of θ−10 implies that θ−10 L(0) = 0.

Next we computeM(−1)⊗ L(1), choose bases as before

weight space −6 −4 −2 0

. . .
++

C(l0 ⊗ v3 + l1 ⊗ v2)jj
++

C(l0 ⊗ v2 + l1 ⊗ v1)kk

++
C(l0 ⊗ v1 + l1 ⊗ v0)kk

C(l0 ⊗ v0)jj

. . .
++

55

C(3l0 ⊗ v3 + 2l1 ⊗ v2)jj
++

44

C(2l0 ⊗ v2 + l1 ⊗ v1)kk

++

44

C(l0 ⊗ v1)kk

66

(the dotted arrows indicate that e sends a basis vector to a linear combination of basis vectors with nonzero
coefficients). We see that

M(−1)⊗ L(1) ∼= P(−2) ∈ O0,

so
θ0−1(M(−1)) = P(−2),

and
θs(M(0)) = P(−2).

Therefore we obtained P(−2) from the dominant Verma module M(0) using translation functor. Since we also
have P(0) =M(0), these are all the projectives in O0.

This is true in general, if λ is a regular dominant weight and M(λ), then the projective module P(w · λ) is a
direct summand of

θs1 · · · θsrM(λ).

where w = sr · · · s3s2s1 be a reduced expression for w ∈ W. Moreover, it is the unique indecomposable direct
summand not isomorphic to some P(v · λ) for v < w.

We can describe how the translation functors interact with the functor V

Theorem 1.7 ([Soe90], Theorem 10). Let λ be a regular weight and s be a simple reflection. There is a natural equivalence
of functors Oλ → C−Mof

Vθs ∼= C⊗Cs V.

Corollary 1.8 ([Str03], Corollary 1.10.). Let w = sr · · · s3s2s1 be a reduced expression for w ∈ W. Then the module
VP(w · λ) is isomorphic to the unique direct summand of

C⊗Cs1 C⊗Cs2 C⊗Cs3 · · · ⊗Csr C

which is not isomorphic to some VP(v · λ) with v < w.

To get a singular version of the above theorem/corollary, we can replace C by Cλ.
We are finally ready to equip the ring Endg(P, P) with a grading.

Theorem 1.9 ([Str03], Theorem 2.1.). Let λ be regular integral dominant, and Q,Q′ be projective objects. The functor V
induces a grading on Homg(Q,Q

′). In particular, Endg(P) can be considered as a grading ring.

Proof. (sketch) We have already seen that Endg(P(w0λ)) ∼= C is graded. Any of the subrings Cs ⊆ C are graded, so
C is a graded Cs-module. The trivial module C is also a graded Cs-module. If M and N are graded Cs-modules,
one can show that M ⊗Cs N is a graded Cs-module. Any indecomposable projective object in O0 is obtained
as a direct summand of successive tensor products of graded modules and hence can also be equipped with a
grading.

Remark 1.10. All of the gradings of the indecomposable objects are only determined up to a shift. The standard convention
is to consider VP(w · λ) as a graded C-module with highest degree in l(w).
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For g = sl2, we then have VP(−2) = C+ Cx, where x is in degree 1 = l(s), and the constants are in degree −1.
For VP(0) = C, the constants are in degree 0. With these choices, we have

degree VP(0) VP(−2)

1 Cx

0 C

99

−1 C

is a morphism of degree 1 and so is the morphism

degree VP(−2) VP(0)

1 Cx

0 C

−1 C

99

So our ring is nonnegatively graded, with only the identity maps of the two indecomposable projectives being in
degree 0. In the general case, this convention leads to a nonnegatively grading of the ring Endg(P, P).

We have defined gradings on the projectives, and using the grading on we can define graded versions of the
simple modules. In particular, we want the canonical projections P(λ) → L(λ) to be degree 0maps.

We can also define graded lifts of the functors

Definition 1.11 ([Str03], Definition 3.3). Let B and D be graded rings. We call a functor F : Mof − B → Mof − D

gradeable if there exists a functor F̃ : grMof− B→ grMof−D which induces F after forgetting the grading.

The translation functors θs are gradeable and we have θsP(0) ∼= P(s · 0) as graded modules. We also have the
following Theorem which can be used to define graded versions of Verma modules

Theorem 1.12 ([Str03], Theorem 3.6). For w ∈W and s a simple reflection such that ws > w, there is an exact sequence
of graded modules

0→M(w · 0)〈1〉→ θsM(w · 0) →M(ws · 0) → 0.

As an example, this leads to the exact sequence of graded modules (for w = e)

0→M(0)〈1〉→ P(−2) →M(−2) → 0.

Let’s list the indecomposable objects in O0 for sl2 with their gradings:

1. The simple module L(0) is concentrated in degree −1.

2. The simple modules L(−2) is concentrated in degree −1.

3. The Verma module M(0) has a quotient isomorphic to L(0) in degree −1 and a submodule isomorphic to
L(−2)〈1〉 in degree 0.

4. The dual Verma moduleM∨(0) has a submodule isomorphic to L(0) in degree −1 and a quotient isomorphic
to L(−2)〈−1〉 in degree −2.

5. The projective module P(−2) has a submodule isomorphic to L(−2)〈2〉 in degree 1, a subquotient L(0)〈1〉 in
degree 0 and a quotient L(−2) in degree −1. Note that the two L(−2)’s that appear as subquotients appear
in different degrees.
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2 Mixed categories

2.1 Mixed categories and graded algebras

What did we learn in the above section? We had a category, O0, equivalent to the category Mof − Endg(P, P). We
defined a grading on the ring Endg(P, P), and on modules and morphisms in Mof − Endg(P, P), making it into
a category grMof − Endg(P, P) of graded modules for the graded ring Endg(P, P). This leads us to the notion of
mixed categories.

Definition 2.1 ([BGS96], Definition 4.1.1.). A mixed category is an artinian category M equipped with a map w :

Irr(M) → Z (called weight) such that for any two irreducible objects M,N, one has Ext1(M,N) = 0 if w(M) ≥ w(N).
(Caution: we are switching from the standard convention here so that the notation stays consistent with the grading shift)

The only irreducible objects in O are the simple objects. Note that in the graded version of category O, we do
not have an exact sequence of graded modules

0→ L(−2) →M(0) → L(0) → 0

(note that w(L(−2)) = −1 and w(L(0)) = −1), but we do have an exact sequence of graded modules

0→ L(−2)〈1〉→M(0) → L(0) → 0.

and we do have the exact sequence of graded modules

0→ L(0) →M∨(0) → L(−2)〈−1〉→ 0.

It is also worth pointing out that ExtiO(L(0), L(0)〈j〉) = 0 unless i = j = 2 (we will see this condition when we
discuss Koszul rings). The nontrivial 2-extension is realized by the exact sequence

0→ L(0)〈2〉→M∨(0)〈2〉→M(0) → L(0) → 0.

Definition 2.2 ([BGS96], Definition 4.1.4.). For an integer d a degree d Tate twist on a mixed categoryM is an auto-
morphism 〈d〉 ofM writtenM 7→M〈d〉 with the property that w(M(〈d〉)) = w(M) + d for allM ∈ IrrM.

The graded version of category O comes with a degree 1 Tate twist 〈1〉 (shifting the degrees up by 1).

Definition 2.3. A degrading functor is a pair (v, ε) where v is an exact faithful functor v :M→ C from a mixed categoty
M to an artinian category C that sends semisimple objects to semisimple objects and a ε is choice of natural isomorphisms
ε : v(M) 7→ v(M〈d〉) for every objectM.

Forgetting the gradings in our graded version of category O is a degrading functor.

Definition 2.4. A grading on an artinian category C is a pair (M, (v, ε)) whereM is a mixed category with a Tate twist
and (v, ε) :M→ C is a degrading functor such that

(a) Any irreducible object in C is isomorphic to v(M) for someM ∈M and

(b) The map
viM,N :

⊕
i

ExtiM(M,N〈nd〉) → ExtiC(vM, vN)

is bijective for allM,N, i.

Definition 2.5. Two gradings (M, (v, ε)) and (M′, (v′, ε′)) on C are equivalent if there is a functor φ :M→M′ that is
pure (preserves weights), is compatible with Tate twists, and an isomorphism v′φ = v compatible with ε, ε′.
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