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Schrodinger Equation

F 2
WD~ v 1)

where 7= (p, p, ©) is the positional vector, and t is time,

62
V(R = - 2)

_4-7T60;
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Separation of Variables

Separation of Variables 1

let ¥(r,t) = W(r)T(t). Then (1) becomes:
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Separation of Variables

Separation of Variables 1

let ¥(r,t) = W(r)T(t). Then (1) becomes:
2
WA T/(1) = — o AR T(1) + VWA T(2),

T P Aw(R) + V(A (R)

T(t) v(r)
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Separation of Variables

Separation of Variables 1

let ¥(r,t) = W(r)T(t). Then (1) becomes:
2
WA T/(1) = — o AR T(1) + VWA T(2),

T P Aw(R) + V(A (R)

T(t) v(r)

Then LHS and RHS are constants. Let E = ik

(1)
T(t)
T(t) = ce it (3)
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Separation of Variables 2

(1) becomes Time Independent Schrédinger Equation:

2
_%Aw(f) + V(AW(F) = EW(7) (4)

Franz Altea (University of Toronto) Hydrogen Atom January 9, 2014 5/37



Separation of Variables 2

(1) becomes Time Independent Schrédinger Equation:

2
AR + V(W) = EV() (4)

Separate Variables Again. Let W(7) = P(p) Y (¢, 0)
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Separation of Variables 2

(1) becomes Time Independent Schrédinger Equation:

2

AR + V(W) = EV() (4)
Separate Variables Again. Let W(7) = P(p) Y (¢, 0)

9% 29 L,
a2 " pap 2"
1 0 0 1 0?2
= 5n(9) 96" )55) T ) a2
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Separation of Variables 2

(1) becomes Time Independent Schrédinger Equation:

2
AR + V(W) = EV() (4)

Separate Variables Again. Let W(7) = P(p) Y (¢, 0)

_® 20 1
op?  pop  p* 7
1 9. 0 1 0
A= sin(¢) 87¢(sm(¢)87¢) * sin?(¢) 062’
B2 92 29

~ o (G P)Y(6.0) + 2 P Y (6.0) + ;Aw, 0)P(p))+
V(PP()Y (6.6) = EP(p)Y(6.6)
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Separation of Variables 2

n? (P”(p) 2P (p) | 1 AY(4,0)

o (P o P 2 Ve ) TVOE=0
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Separation of Variables 2

R (P"(p)  2P'(p) | 1 AY(,6) A_Eo
2m(P<p> OR: Y(¢,e)>+v(7 £="0,
R (RP) PO . 2 AY(6.0)
2m< P() “”P(p))” VO = v  ®
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Separation of Variables 2

_ﬁz(P”(p) 2P'(p) | 1 AY(,6)
2m \ P(p)  pP(p) p* Y(¢.0)

R PP) PO L R AY(6.0)
2m< P() “”P(p))” VO = v  ®

LHS and RHS are just constants as they do not depend on any variable.

>+V(F)—E:0,
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Separation of Variables 2

W (P"(p) , 2P'(p) , 1 AY(4.9)
2m ( P(p) " pPlp) "~ p? Y(,0)
h? 2p" P’ R? AY(¢,0
(P00 ) FE VO e O
LHS and RHS are just constants as they do not depend on any variable.
Let )\1 — _M

Y(9,0)

>+V(F)—E:0,
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Separation of Variables 2

n? (P”(p) 2P'(p) | 1AY(9, 9)>
- - = +V({)—-E=0,
2m \ P(p) ~ p P(p) p* Y(4,0) )
2 (2P (p) P’(p)) R AY(6,6)
— +2 +E-V(p)=—"—"= 5
2 (PG 2P D="2m vis.e) ©
LHS and RHS are just constants as they do not depend on any variable.
Let A\ = _AY(9.9)
T Y(0.9)

AY (6,0) = —Y(¢,0)\
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Separation of Variables 3

Separate Variables once again. Let (¢,0) = ¢(¢)O(0)
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Separation of Variables 3

Separate Variables once again. Let (¢,0) = ¢(¢)O(0)

< 1 0 0B(0)6(0), 1 PH($)6(0)

Sin(gb) %(Sin((b) 0¢ sin2(¢) 962 > = _Al@(gb)@(e)
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Separation of Variables 3

Separate Variables once again. Let (¢,0) = ¢(¢)O(0)

)+

2
< L0 (qin() 22200)) ] MW)Q@) - el

sin(4) 00 05 e o
@) + G = -xsi(o)
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Separation of Variables 3

Separate Variables once again. Let (¢,0) = ¢(¢)O(0)

2
< L0 0 2000)) 1 0 ¢(¢)9(9)> = —\D(6)0(9)

sin(¢) 0¢ ¢ sin?(¢p) 062
sin(9) d s 00 L
o) a5 SO (9) + G = Asin®(0)
sin(¢) d .in , sin2() — _9"(9)
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Separation of Variables 3

Separate Variables once again. Let (¢,0) = ¢(¢)O(0)

2
< L0 0 2000)) 1 0 ¢(¢)9(9)> = —\D(6)0(9)

sin(¢) 0¢ 0¢ sin?(¢) 902
sin(¢) d . . o"(0) |
o(¢) CT¢(sm(€b)95 (#)) + a0y = 1 sin2(4)
sin(¢) d . ) . oY)
3(0) dg CNOP(9) + hasin’(9) = —5r
Once again, both sides are constants. Let _@9”((09)) =
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O Erein
6 Equation

O"(0) = —X20(60) with boundary condition ©(0) = O(2r)
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O Erein
6 Equation

O"(0) = —X20(60) with boundary condition ©(0) = O(2r)

Ao > 0 to get bounded solution because of BC. Let A\ = m?
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O Erein
6 Equation

O"(0) = —X20(60) with boundary condition ©(0) = O(2r)

Ao > 0 to get bounded solution because of BC. Let A\ = m?

= O() = Ae™
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O Erein
6 Equation

O"(0) = —X20(60) with boundary condition ©(0) = O(2r)

Ao > 0 to get bounded solution because of BC. Let A\ = m?

= O() = Ae™

Plug into Boundary Conditions:

A= Aeim27T
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O Erein
6 Equation

O"(0) = —X20(60) with boundary condition ©(0) = O(2r)
Ao > 0 to get bounded solution because of BC. Let A\ = m?

= O() = Ae™

Plug into Boundary Conditions:

A= Aeim27T

Hence meZ
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O Erein
6 Equation

O"(0) = —X20(60) with boundary condition ©(0) = O(2r)
Ao > 0 to get bounded solution because of BC. Let A\ = m?

= O() = Ae™

Plug into Boundary Conditions:

A Aeim27T
Hence meZ
O(0) = Ae™
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¢ Equation
From (5), plug in m

sin(¢) d , . / i —
() dg ST (@) + hasin®(6) = m”, meZ
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¢ Equation
From (5), plug in m

sin(¢) d , . / i —
() dg ST (@) + hasin®(6) = m”, meZ

sin(gzﬁ)ddqb(sin(qb)@’(qb)) + (A1sin?(¢) — m*)P(4) = 0
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¢ Equation
From (5), plug in m

sin(¢) d , . / i —
() dg ST (@) + hasin®(6) = m”, meZ

sin(gzﬁ)ddqb(sin(qb)@’(qb)) + (A1sin?(¢) — m*)P(4) = 0

Solution is Legendre Polynomials. Let x = cos(¢)
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¢ Equation
From (5), plug in m

sin(¢) d , . / i —
() dg ST (@) + hasin®(6) = m”, meZ

d
sin(¢)d—¢(sin(¢)@’(¢)) + (A1sin?(¢) — m*)P(4) = 0
Solution is Legendre Polynomials. Let x = cos(¢)

dx
VI

dx = —sin(¢)d¢ = dp = —
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oo soio AR
¢ Equation
From (5), plug in m

sin(¢) d , . / i —
() dg ST (@) + hasin®(6) = m”, meZ

sin(gzﬁ)ddqb(sin(gb)@’(gb)) + (A1sin?(¢) — m*)P(4) = 0

Solution is Legendre Polynomials. Let x = cos(¢)

dx = —sin(¢)de = d¢ = — ldf =
(1) L1 () + a1~ ) — m)B(x) = 0
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¢ Equation
From (5), plug in m

sin(¢) d , . / i —
() dg ST (@) + hasin®(6) = m”, meZ

sin(gzﬁ)ddqb(sin(gb)@’(gb)) + (A1sin?(¢) — m*)P(4) = 0

Solution is Legendre Polynomials. Let x = cos(¢)
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Legendre Equations Legendre Polynomials

Legendre Polynomials

Consider this equation:

(1) () + Maf(x) = 0
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Legendre Equations Legendre Polynomials

Legendre Polynomials

Consider this equation:

(1) () + Maf(x) = 0

(1 — x*)f"(x) — 2xF'(x) + A\ f(x) =0
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Legendre Equations Legendre Polynomials

Legendre Polynomials

Consider this equation:

d

dX((l — x2)f'(x)) + Mf(x) =0

(1 — x*)f"(x) — 2xF'(x) + A\ f(x) =0

Let f(x) = Zajxf
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Legendre Equations Legendre Polynomials

Legendre Polynomials

Consider this equation:

d

dX((l — x2)f'(x)) + Mf(x) =0

(1 — x*)f"(x) — 2xF'(x) + A\ f(x) =0
Let f(x) = Zajxf
F(x) = Zjajxjfl
f(x Z]]—l)axj2
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Legendre Equations Legendre Polynomials

Legendre Polynomials

o . i . s . i .
> G =1)apd ™2 = (- Dapd =2 japd + A1) apd =0
j=0 j=0 j=0 j=0
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Legendre Equations Legendre Polynomials

Legendre Polynomials

o . i . s . i .
> G =1)apd ™2 = (- Dapd =2 japd + A1) apd =0
j=0 j=0 j=0 j=0

Mg

G +2)( + L)ajrox + Z —j(+ 1)+ M)apxd =0
j=0

.
Il
o

Franz Altea (University of Toronto) Hydrogen Atom January 9, 2014 11 /37



Legendre Equations Legendre Polynomials

Legendre Polynomials

o . i . s . i .
> G =1)apd ™2 = (- Dapd =2 japd + A1) apd =0
j=0 j=0 j=0 j=0

Mg

G +2)( + L)ajrox + Z —j(+ 1)+ M)apxd =0
j=0

I
o

Jj

If we match the coefficients of the equation, we get:

U+2)(+ a2 — (= +1)+A)a; =0
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Legendre Equations Legendre Polynomials

Legendre Polynomials

© . i . s . i .
> G =1)apd ™2 = (- Dapd =2 japd + A1) apd =0
j=0 j=0 j=0 j=0

Mg

G +2)( + L)ajrox + Z —j(+ 1)+ M)apxd =0
j=0

I
o

Jj

If we match the coefficients of the equation, we get:

U+2)(+ a2 — (= +1)+A)a; =0

dap = dUTD =M
TG+ +nY
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Legendre Equations Legendre Polynomials

Legendre Polynomials

Since, we want it to be analytic, we need lim;_,., a; = 0. For that, we

need to have the series terminate at some jmax such that a; 1 =0. Let
,jmax =k
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Legendre Equations Legendre Polynomials

Legendre Polynomials

Since, we want it to be analytic, we need lim;_,., a; = 0. For that, we

need to have the series terminate at some jmax such that a; 1 =0. Let
,jmax =k

 k(k+1) =\
T kr2)kt 1)k
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Legendre Equations Legendre Polynomials

Legendre Polynomials

Since, we want it to be analytic, we need lim;_,., a; = 0. For that, we

need to have the series terminate at some jmax such that a; 1 =0. Let
,jmax =k

 k(k+1) =\
T kr2)kt 1)k

AL = k(k +1)
Franz Altea (University of Toronto)
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Legendre Equations Rodrigues’ Formula

Rodrigues’ Formula

If we take ag = 1, then solution to fx(x) is:

1 dk

= Ww(xz - 1)k (9)

fk(X)
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Legendre Equations Rodrigues’ Formula

Rodrigues’ Formula

If we take ag = 1, then solution to fx(x) is:

1 dk

= Ww(xz - 1)k (9)

fk(X)

Proof.
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Legendre Equations Rodrigues’ Formula

Rodrigues’ Formula

If we take ag = 1, then solution to fx(x) is:
1 d, .,
fi(x) = WW(X -1) (9)

Proof.
Consider g(x) = (x2 —1)"
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Legendre Equations Rodrigues’ Formula

Rodrigues’ Formula

If we take ag = 1, then solution to fx(x) is:

1 dk

x) = sy 2 (2 = 1)F 9)

Proof.
Consider g(x) = (x2 —1)"
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Legendre Equations Rodrigues’ Formula

Rodrigues’ Formula

If we take ag = 1, then solution to fx(x) is:

k
) = sy g (6~ 1)F ©)

Proof.
Consider g(x) = (x2 —1)"

g/(X) = 2nx(x2 _ 1)"*1 _ 2nxﬁ

2nxg(x) — (x* = 1)g’(x) =

2ng(x) +2(n — 1)xg’(x) — (x* ~ 1)g"(x) = 0
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Legendre Equations Rodrigues’ Formula

Rodrigue’s Formula
Proof(continued).
Using Leibniz Formula and applying derivative n times:

d" & nl dKAd" kB
e (X)BO) = kz% KI(n — k)l dxk dxn—k -
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Legendre Equations Rodrigues’ Formula

Rodrigue’s Formula

Proof(continued).

Using Leibniz Formula and applying derivative n times:

d" “ n! dkAd" kB
e (X)BO) = kz_% K(n

— k)! dxk dxn—k~

First term becomes: 2ng(")

Franz Altea (University of Toronto) Hydrogen Atom January 9, 2014 14 / 37



Legendre Equations Rodrigues’ Formula

Rodrigue’s Formula

Proof(continued).

Using Leibniz Formula and applying derivative n times:

d" & nl dKAd" kB
e (X)BO) = kz% KI(n — k)l dxk dxn—k -

First term becomes: 2ng(")
Second term becomes: 2(n — 1)xg("*1) + 2n(n — 1)g(")

Franz Altea (University of Toronto) Hydrogen Atom January 9, 2014 14 / 37



Legendre Equations Rodrigues’ Formula

Rodrigue’s Formula
Proof(continued).
Using Leibniz Formula and applying derivative n times:

d" & nl dKAd" kB
e (X)BO) = kz% KI(n — k)l dxk dxn—k -

First term becomes: 2ng(")
Second term becomes: 2(n — 1)xg("*1) + 2n(n — 1)g(")

Third term becomes: —(x? — 1)g("?)(x) — n2xg(n+1) — n(n2—1)2g(n)(X)

v
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Legendre Equations Rodrigues’ Formula

Rodrigue’s Formula

Proof(continued).

Using Leibniz Formula and applying derivative n times:

d" & nl dKAd" kB
e (X)BO) = kz% KI(n — k)l dxk dxn—k -

First term becomes: 2ng(")
Second term becomes: 2(n — 1)xg("*1) + 2n(n — 1)g(")

-1
Third term becomes: —(x? — 1)g("*2)(x) — n2xg("+1) — n(n2)2g(”)(x)
Hence, we get:
(1 — x?)gm 2 (x) + —2xg("™) 4 n(n+ 1)g{M =0
Hence g(" satisfies Legendre’s Equation Ol

v
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Legendre Equation

Going back to hydrogen atom, from (7):

d 5, dP m?
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Legendre Equation

Going back to hydrogen atom, from (7):

d do m?
1=y (- -
dx(( X)dx)+( ! 1—x2) 0
d’® do |m|?
— 27_ _ _ —
(1 X)dX2 2de+()\1 1—x2)@ 0
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Legendre Equation

Going back to hydrogen atom, from (7):
do 2

d 5 m
d*d dd |m|?
2 —
(1—X)W—2XE+()\1—1_ 2)@—
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Legendre Equation

Going back to hydrogen atom, from (7):

d 5, dP m?
d*d dd |m|?
— 2 - - . —
(I—x )dX2 2de + (M T 5)®
Let & = (1 — x2)'3 F(x)
? — |m|x(1 = x?)'3 (x) + (1= x?) '3 F(x)
X
d* 2y Il 2y 2y Iml_q
s = L=x) 2 £(x) = 2|m] [x(1 - x7) 2 7 (x)

+ (= [ml (1 =) 5 m| (Im] — 2)(1 — x?) T ~2)f(x)
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Legendre Equation

Plugging it into the equation:

(1= x2) " +2(Im| + 1)xf'(x) + (A1 — |m| (|m| +1)) =0  (10)
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Legendre Equation

Plugging it into the equation:
(1 — XA " +2(Im| + DxF'(x) + (A1 — [m| (jm| +1)) =0 (10)

o0
Do power series expansion. Let f(x) = Z ajx!
j=0
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Legendre Equation

Plugging it into the equation:
(1 — XA " +2(Im| + DxF'(x) + (A1 — [m| (jm| +1)) =0 (10)

Do power series expansion. Let f(x E aJXJ

Mg

U +2)( + Dajax! — ZDJ —1+2|m|+2)
j=0

.
I
o

= (A1 = |m| (Jm[ + 1)))]ajx’ =0
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Lagguere Equation

S G +2]m+1) = (a = [m[(jm| + 1)) (11)
e G+2)0+1) '
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Lagguere Equation

JU+2|m[+1) — (A —[m|(|m] +1))

ajyp = : : aj (11)
’ (G+2)(+1) !
djmax = k s.t. ax41 = 0 as we want lim a; = 0 as we want series to
_]—)OO

converge and we want f to be analytic.
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Lagguere Equation

JU+2|m[+1) — (A —[m|(|m] +1))

ajyp = : : aj (11)
’ U+2)(+1) ’
djmax = k s.t. ax41 = 0 as we want lim a; = 0 as we want series to
Jj—o0

converge and we want f to be analytic.

k(k+2|m|+1)= X —|m|(Im|+1)
A1 = (k+|m|)(k +|m| +1)
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e ARG
Associated Lagguere Equation

JU+2|m[+1) — (A —[m|(|m] +1))

ajyp = : : aj (11)
’ U+2)(+1) ’
djmax = k s.t. ax41 = 0 as we want lim a; = 0 as we want series to
Jj—o0

converge and we want f to be analytic.
k(k+2|m|+1) =X —|m|(|m|+ 1)

A = (k + |m])(k + |m| +1)

Let £ = k + |m|
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e ARG
Associated Lagguere Equation

JU+2|m[+1) — (A —[m|(|m] +1))

ajyp = : : aj (11)
’ U+2)(+1) ’
djmax = k s.t. ax41 = 0 as we want lim a; = 0 as we want series to
Jj—o0

converge and we want f to be analytic.

k(k+2|m|+1)= X —|m|(Im|+1)
A1 = (k+|m|)(k +|m| +1)

Let £ = k + |m|
A =0(0+1)
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[RI-CUGICRCIEIIE  Associated Legendre Equation

Associated Lagguere Equation

JjG+2|m[+1) — (A —[m|(Im] + 1))
. . aj (11)
U+2)0+1)
djmax = k s.t. ax41 = 0 as we want lim a; = 0 as we want series to
Jj—o0
converge and we want f to be analytic.

aj+2 =

k(k+2m|+1)=X —|m|(|m|+1)
A = (k+|m|)(k + |m| +1)
Let £ = k + |m|
A =0(0+1)
Since k > 0= |m| < ¢ and leZ™
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GG TR
Rodrigues’ Formula for ALE
¥ (¢p) = P;"(x) where x = cos(¢)

m 1 d€+|m\

PP(x)=(1-x%)" ﬁm(xz —1) (12)
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GG TR
Rodrigues’ Formula for ALE

¥ (¢p) = P;"(x) where x = cos(¢)

Pri) = ()3 LI o gy (12)
0= 8 TX S0 gt m VT
Proof.
d[
From Rodrigues’ Formula, g(x) = WW(X2 — 1)? satisfies

(1—x2)g"(x) — 2xg’(x) + £(¢ + 1)g(x)
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GG TR
Rodrigues’ Formula for ALE

¥ (¢p) = P;"(x) where x = cos(¢)
1 d4iml

m _ 2m
P (X)—(l—x)22T€!W

(x* - 1)f (12)

Proof.

d[
2771 ot
(1—x%)g"(x) — 2xg’(x) + £(¢ + 1)g(x)
Taking |m| derivatives of it

From Rodrigues’ Formula, g(x) = x2 —1)* satisfies

(1= x*)gIm 2 (x) = 2(|m| + 1)xg!I™ D (x)
+ (£(¢+1) = |m| (Jm| + 1)1 (x) = 0

Hence, g(I™)(x) satisfies (10) O

v
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Legendre Equations [EECESI[Ttel}

¢ solution

Solution to @ eigenfunction is

Py, m(¢) = Pp"(cosd) (13)

where meZ, leZ" and |m| </
And P["(cos ¢) is given by (12)
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SIS
Radial Equation

Going back to Radial Equation and plugging in values for eigenvalues:

2mp?
12

2P (p) +20P' () + (E = V)" P(p) = (£ + 1)P(p)  (14)
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Going back to Radial Equation and plugging in values for eigenvalues:

2mp?
12

2P (p) +20P' () + (E = V)" P(p) = (£ + 1)P(p)  (14)

Substitute u(p) = pP(p)
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L
Radial Equation

Going back to Radial Equation and plugging in values for eigenvalues:

2mp?
12

2P (p) +20P' () + (E = V)" P(p) = (£ + 1)P(p)  (14)

Substitute u(p) = pP(p)

up—u
Pl =="73
u'p—2u +2u
P”(p) = pg
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L
Radial Equation

Going back to Radial Equation and plugging in values for eigenvalues:

2mp?
p*P"(p) +20P'(p) + (E = V) hf P(p) = L(t+1)P(p)  (14)
Substitute u(p) = pP(p)
up—u
Pl =="73
u'p—2u +2u
P”(p) = pg

2 2
iu,,(p)+ (h oe+1)

u ) V() ) (o) = Euly)
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Radial Equation Substitution

Radial Equation

We are looking for bound states so E < 0

v —2mE
let k = ———

Plug in k and potential equation from (2)
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Radial Equation Substitution

Radial Equation

We are looking for bound states so E < 0

v —2mE
let k = ———

Plug in k and potential equation from (2)

u"(p) (0+1)  2m € B
2\ Tk T @ anegy ) Y0 = ul)

Franz Altea (University of Toronto) Hydrogen Atom January 9, 2014 21 /37



Radial Equation Substitution

Radial Equation

We are looking for bound states so E < 0

v —2mE
let k = ———

Plug in k and potential equation from (2)

u"(p) (0+1)  2m € B
2 Tl T iR aney ) UP) = ul)
2

me
Let po = Ireol?k and r = kp and w(r) = u(p)
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Radial Equation Substitution

Radial Equation

We are looking for bound states so E < 0

v —2mE
let k = ———

Plug in k and potential equation from (2)

u"(p) (0+1)  2m € B
2 Tl T iR aney ) UP) = ul)
2

me
Let po = Ireol?k and r = kp and w(r) = u(p)

W/(r) = k' (p) = w'(r) = K" (p)
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Radial Equation Substitution

Radial Equation

We are looking for bound states so E < 0

v —2mE
let k = ———

Plug in k and potential equation from (2)

u"(p) (0+1)  2m € B
2\ Tk T @ anegy ) Y0 = ul)

2

me
Let po = Ireol?k and r = kp and w(r) = u(p)

W/(r) = k' (p) = w'(r) = K" (p)

W'(r) = <1 R s 1)> w(r) (15)
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SIS
Radial Equation

As r — o0, (15) becomes:

w”(r) = w(r)
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SIS
Radial Equation

As r — o0, (15) becomes:
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SIS
Radial Equation

As r — o0, (15) becomes:
w'(r) = w(r)

w(r) = e’

But we want lim,_,oo w = 0. Hence we throw away e*". As r — 0, (15)
becomes:
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SIS
Radial Equation

As r — o0, (15) becomes:
w'(r) = w(r)

w(r) = e’

But we want lim,_,oo w = 0. Hence we throw away e*". As r — 0, (15)

becomes:

00+ 1)
2

w’(r) = w(r)
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L
Radial Equation

As r — o0, (15) becomes:
w'(r) = w(r)

w(r) = e’
But we want lim,_,oo w = 0. Hence we throw away e*". As r — 0, (15)

becomes: o1
W//(r) _ (r_;)w(r)

This is a Euler Equation, so let w(r) = r/
JG—1) =6t +1)
Jj=—torj=0(+1
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SIS
Radial Equation

We throw out j = —/ as it would diverge as r — 0
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SIS
Radial Equation

We throw out j = —/ as it would diverge as r — 0
w(r)=r
To get rid of asymptotic solution,we want solution of this form:

w(r) = ritler v(r)
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L
Radial Equation

We throw out j = —/ as it would diverge as r — 0
w(r)=r
To get rid of asymptotic solution,we want solution of this form:

w(r) = ritler v(r)

w'(r) = (4 1)rfe " v(r) — r"le " v(r) + r'tle " v(r)

wi(r)=rte” K—% —2+ fW) v(r) +2(04+ 1= NV(r) + /' (r)
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SIS
Radial Equation

(15) becomes:

rle " [(-2@ -2+ rW:r 1)) v(r) +2(0+1— )V (r)+ rv"(r)]
_ <1 Py W*”) e (1)

r r2
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SIS
Radial Equation

(15) becomes:

rle " [(-2@ -2+ rW:r 1)) v(r) +2(0+1— )V (r)+ rv"(r)]
= <1 -y WH)) e ry(r)

r r2

' (r)+2(+1—r)V'(r)+ (po—2(£+1))v(r) =0 (16)
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Radial Equation Series Equation

Series Equation

o0
Expand v(r) as power series: v(r) = Z r!
j=0

Franz Altea (University of Toronto) Hydrogen Atom January 9, 2014 25 /37



Radial Equation Series Equation

Series Equation

o0
Expand v(r) as power series: v(r) = Z r!
j=0

o0
V()= jgr?
j=0

Vi(r) =Y G - 1)gr
j=0
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Radial Equation Series Equation

Series Equation

Expand v(r) as power series: v(r) = Z r!

(e}
= Zjerj_l
j=0
oo
= il —-1gr?
j=0

(16) becomes:

o0

G+ 1)) + 22 L+ 1)+ 1)cs1r + Z2chrf
/=0

J Jj=0 Jj=0

+ ) (=20 =2+ po)cirf =0
j=0
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Radial Equation Series Equation

Series Equation

e A+ 4)—po
TG+ 22 +2)”

(17)
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Radial Equation Series Equation

Series Equation

e A+ 4)—po
TG+ 22 +2)”
2

i+19

(17)

As j — 00, (17) becomes: ¢j11 ~
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Radial Equation Series Equation

Series Equation

2(6+1+J) — po

Cit1 = - o 17
T+ +20+2)7 (17)
2
As j — 00, (17) becomes: ¢j11 ~ 19
J

Let cg =1
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Radial Equation Series Equation

Series Equation

2(6+1+J) — po

Cit1 = — - Cj 17
T+ +2+2)” (17)
2
As j — 00, (17) becomes: ¢j11 ~ 19
J
Let cg =1
oj+1
G+1 = G+1)
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Radial Equation Series Equation

Series Equation

2(6+1+J) — po

T GG 2l +2)7 )
As j — 00, (17) becomes: ¢j11 ~ j+21Cj'
Let cg =1 "
G+1 = (jQ+ 1)!
v(r) = e*
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Radial Equation Series Equation

Series Equation

e A+ 4)—po
TG+ 22 +2)”

2
As j ,(17) b DGl N ——
sj — 00, (17) becomes: ¢j;1 19
Let cg =1
oj+1
C_]+1 (j+1)|
v(r):ezr

and w(r) = r'*1e’ which we don't want
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Radial Equation Series Equation

Series Equation

Hence, series has to terminate. Jjmax > 0,¢j,,.+1 =0
(17) becomes:
0=2(L+ 14 jmax) — o
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Radial Equation Series Equation

Series Equation

Hence, series has to terminate. Jjmax > 0,¢j,,.+1 =0
(17) becomes:
0=2(L+ 14 jmax) — o

let n="0~4+ 14 jmax, neN and £ < n—1
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Radial Equation Series Equation

Series Equation

Hence, series has to terminate. Jjmax > 0,¢j,,.+1 =0
(17) becomes:
0=2(L+ 14 jmax) — o

let n="0~4+ 14 jmax, neN and £ < n—1

me? 1

_ me 1 18
2megh? k (18)

po =2n
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2T
Energy Eigenvalue

me? 1 1 h

k= — ~ — — -
47T60ﬁ2 n ain v —2mE
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2T
Energy Eigenvalue

o — me? 1 1 h
 4megh?n  ain /—2mE
B 4megh?

a = 0529 x 10°1%m

me2
a1 is known as Bohr Radius
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2T
Energy Eigenvalue

o — me? 1 1 h
 4megh?n  ain /—2mE
B 4megh?

a = = 0529 x 10°1%m

me2
a1 is known as Bohr Radius

1 m e2 \?
En = _?ﬁ (477_60> for neN
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2T
Energy Eigenvalue

L m 1 1  h
 4megh?n  ain /—2mE
4regh?
a1 = 0L — 0529 %10 0m (19)
me

a1 is known as Bohr Radius

1 m e \?
E,.=——— f N
n? 2h? (47‘(‘60) er ne
E
En = ? (20)

which satisfies Bohr Energy
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Consider
xy"+(p+1—x)y'+qyr=0
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Consider
xy"+(p+1—x)y'+qyr=0

let y(x) = Z ajx!

j=0
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Consider
xy"+(p+1—x)y'+qyr=0

let y(x) = Z ajx!
j=0
aji1 = /=4 aj
TG+t
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Consider
xy"+(p+1—x)y'+qyr=0

let y(x) = Z ajx!

j=0

ajt1 = /=4 aj
T U+nG+e+1) Y

let there be jmax, s.t. aj,.,+1 =0
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Consider
xy"+(p+1—x)y'+qyr=0

let y(x) = Z ajx!

j=0

ajt1 = /=4 aj
T U+nG+e+1) Y

let there be jmax, s.t. aj,.,+1 =0
0 = (-jmaX - q)ajmax

.jmax =dq
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Claim: a; =

(-Y(p+aq)t _ <q+p>1
CEMLCENIT g—j)]l
Proof.

(~1y*(p+q)!
q—Jj—Dp+j+ DG +1)!

j+1 = (
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Claim: a: = (_1)j(p+q)! _ q+p 1
alm: aj— Y N o T
(=N P+ \a—-j/J!
Proof.
ay — (1" (p + q)!
T (=i = Dlp+i+ DG+ 1)
aj+1 = J_ q9 aj
SRRV VE R
D)
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Radial Equation Associated Lagguere Polynomials

Associated Lagguere Polynomials

Claim: a; =

(=1)(p +q)! _<q+p>1
(g =N p+)Y! q—Jj)i
Proof.

(=Y (p+q)!
(—Jj—Dp+j+1)(+1)
J—q 2

G+D0+p+1)7

j+1 =

dj+1 =

(q+p
Hence, y(x :Z< >

iz q—J
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Radial Solution
Radial Solution

Combining (16) and (18) we get:

' (r)+2(0+1—=r)V'(r)+2(n—(€+1)v(r)=0
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Radial Solution
Radial Solution

Combining (16) and (18) we get:
' (r)+2(0+1—=r)V'(r)+2(n—(€+1)v(r)=0

let x =2r and L(x) = L(2r) = v(r)
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Radial Solution
Radial Solution

Combining (16) and (18) we get:
' (r)+2(0+1—=r)V'(r)+2(n—(€+1)v(r)=0
let x =2r and L(x) = L(2r) = v(r)

x"(x)+ (U +1) —x)'(x) +(n—£¢—-1)L(x) =0
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~RadialEquarion JECEIECIEEY
Radial Solution

Combining (16) and (18) we get:
V() +2(04+1=r)V'(r)+2(n—(L+1)v(r) =0
let x =2r and L(x) = L(2r) = v(r)

x"(x)+ (U +1) —x)'(x) +(n—£¢—-1)L(x) =0

v(r) = L2 (2r) (21)
n— é 1
{+n -1y . .
20+1 ) )
L2 (2 (;—26—1> i 2. (22)
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Radial Solution
Radial Solution

Using (19) for k
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Radial Solution
Radial Solution

Using (19) for k
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Eigenfunctions

wﬁ,m,n = Pé,n(p) Yé,m(qb’ 9) T,,(t)
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Eigenfunctions

wﬁ,m,n = Pé,n(p) Yé,m(¢> 9) Tn(t)
Taking eigenfunctions from (3), (6), (13), and (23)
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Eigenfunctions

Wé,m,n = Pé,n(p) Yé,m(¢> 9) Tn(t)
Taking eigenfunctions from (3), (6), (13), and (23)

1
LDZ,m,n(n d)v 97 t) =Cc— ( P

I 2 o
- e ni Liz_*él_l(—)Pé"(cos O)e’"@eﬁt
P \ nai nai

(24)
with n eN, ¢ ¢Zt, m ¢Z and n-1 > ¢ > |m| and c is normalization constant
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Eigenfunctions

Wé,m,n = Pé,n(p) Yé,m(¢> 9) Tn(t)
Taking eigenfunctions from (3), (6), (13), and (23)

1
L-Dg,m,n(n d)v 97 t) =Cc— ( P

I 2 —
- e ni Lig_*él_l(—)Pé"(cos O)e’"@eﬁt
P \ nai nai

(24)
with n eN, ¢ ¢Zt, m ¢Z and n-1 > ¢ > |m| and c is normalization constant

Note: Not considering spin, ¢ has 2¢ 4 1 degrees of freedom or degeneracy

n—1
and n has E (20 + 1) = n? degrees of freedom
(=0
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Example

n=1=¢=0and m=0
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Example

n=1=¢=0and m=0

P

e 4

Pn:l,Z:O(p) = a

P(p) =1
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Example

n=1=¢=0and m=0

Franz Altea (University of Toronto)

_ P
e
Pn:l,Z:O(p) =
a1
P(p)=1
c _r_E
Up—14=0,m=0 = —e 1 " ‘

ai
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Example

n=1=¢=0and m=0

Franz Altea (University of Toronto)

_ P
e
Pn:l,Z:O(p) =
a1
P(p)=1
c _r_E
Up—14=0,m=0 = —e 1 " ‘

ai

// w2dv =1
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Example

2 o
// e ndv=1
a1
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Example

2p
// ealdV:l

oo
c2/e alp2dp—al
0
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Example
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Example
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General Solution

S 1Lp ™ 2 o (200 0m img  —akt
Vomn= ) Cntm’) (,m) e "yl )P (cos0)e™ e
|m|<é<n=1
(25)
where leZt and meZ
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