Problem 1 (Main) (5pts). Solve by Fourier method

i — dug, =0, —rT<z<m,
u|x:f7r = u‘m:ﬂ' = 07

U= = 0, Upli—o = T — |x].

Solution. Observing that interval [—m, 7] is symmetric and the problem is
invariant with respect to x — —x, we conclude that u(z,t) must be also
invariant with respect to x — —x (that means, u(z,t) is an even function)
and we can consider problem on [0, 7] with u,|,—o = 0.

Plugging u(z,t) = X (x)T(t) into equation and boundary conditions and
separating variables we get

X"+ XX =0,

X'(0) = X(m) =0,

T" +4\T = 0.
Then
=(n %) , X, = cos((n+ 3)z),
= A, cos((2n + 1)t) + B, sin((2n + 1)t),
.y
2,.

ncos((2n + 1)t) + B, sin((2n + 1)t)] cos((n + 3)z)

with n =0, 1, . Therefore the general solution is

Mg

u(e, t) = [An cos((2n + 1)) + B, sin((2n + 1)t)] cos((n + 1)z).

i
o

n

Plugging into initial conditions we get

= ZA" cos((n+ 3)z) =0,
u(x,0) = Z(Qn +1)Bcos((n + 1)z) =7 —z,

and therefore A,, = 0 and

4 i .
B, 2n+1 7T/O 7w —x) cos( %)x)dx:m/o (m — x)dsin((n+ 3)z) =

2n+1 27r [(71'—.73 sin((n + ) )‘izg—k/owsin((n—i—%)x) dx} —

cos((n+ 1)) [ =

C (@2n+ 1) T =0 (2n+1)371

Finally,

u(z,t) = Z @M—Ll)%r sin((2n + 1)t) cos((n + 1)x).

n—=



Problem 1 (Late) (5pts). Solve by Fourier method

utt—umz(), 0<.T<7T,
u’CE:O - u’x:ﬂ- — O,

u|t:0 = 07 Ut|t:[] =1

Solution. Plugging u(z,t) = X (2)T'(t) into equation and boundary condi-
tions and separating variables we get

X"+ 2X =0,
X(0) = X(m) =0,
T" + \T = 0.
Then
A = 12, X, = sin(nx),
T, = A, cos(nt) + B, sin(nt),
Uy = [An cos(nt) + B, sin(nt)] cos(nz)
with n =1,2,3,.... Therefore the general solution is
u(z,t) = Z [An cos(nt) + B, sin(nt)] sin(nx).
n=1

Plugging into initial conditions we get

u(z,0) = Z A, sin(nx) =0,
n=0

u(z,0) = Z nB,sin(nz) = 1.

n=0
Therefore A,, = 0 and
2 & 2 Tr=1 2
B, = i sin(nz) de = - cos(nx)‘mzo =5 [1 — cos(nm)].

This vanishes for n even, and for n = 2m + 1 odd equals

4
(2m+1)%m

Finally,

u(wt) =Y @Mi;l)% sin((2n + 1)t) sin((2n + 1)).

n=0



Problem 1 (Early) (5pts). Solve by Fourier method
ut_uzm:(); 0<ZL'<7T,

u‘m:O = ua:lx:ﬂ' = 07

u|i—o = sin(z)

Solution. Plugging u(z,t) = X (z)T'(t) into equation and boundary condi-
tions and separating variables we get

X"+ AX =0,
X(0) = X'(m) =0,
T + 2T = 0.
Then
Ao =(n+1)% X, =sin((n + 3)z),
T, = A,e "2 3)% ,
= Ae” "2 2% sin((n + 3)z)
with n =0,1,2,.... Therefore the general solution is

> 1
= Z Ane” 2 gin((n + $)x).
n=0
Plugging into initial conditions we get

ZA sin((n + 3)z) = sin(z).

Therefore

2 [7 2 1 1 T 2n —1 " 2
An:_/ sin(x)sin<n+ x) dxz—(/ cos(n x) dm—/ cos(n+3x) dx)

2 1 <2n—1) 1 <2n—|—3> 8  (—1)"t
= — S1n T — S1n m = —

| 2n—-1 2 2n + 3 2 7 (2n—1)2n+3)
(~1jm+ (~1jr+1

8 ( 1)”“ —(2n+1)2t/4 _: 1
u(z,t) = Z Gn—1)@n s 3)6 sin((n + 3)x).



Problem 1 (Deferred) (5pts). Solve by Fourier method

Ay — Uge = 0, O<z<m,
u:c|a::0 = ux|:c:7r = 07

u|i=o = sin(z), Ut|i=0 = 0.

Solution. Plugging u(z,t) = X (z)T(t) into equation and boundary condi-
tions and separating variables we get

X"+ AX =0,
X'(0)=X'(r) =0,
AT" + \T = 0.
Then
A\p =12, X, = cos(nz),

T, = A, cos (gt) + B, sin (gt)
Un, [A cos (2 ) + By, sin (Zt)] cos(nz)

withn=1,2,3,... and also \g =0, Xy = %, Ty = Ao + Byt,
Uy = %(AO + Bot). Therefore the general solution is

u(z,t) = $(Ao + Bot) + Z [A Cos <2 ) + B, sin (Zt)] cos(nz).

The initial condition w|;—g = 0 implies that all of the B, = 0. The other
initial condition gives

1 o
sin(z) = §A0 + Z cos(nx).

n=1

/0 sin(z) cos(nz) do = % (/OW sin((n + 1)z) do — /OW sin((n — 1)z) dx)
() ) s (e S

This vanishes for odd n, and for n = 2m even it equals

>1|~ =1|w

4
(4m? — 1)
Hence we obtain
2 4
=2_Z t) cos(2
u(z, e ; 4n2 cos nt) cos(2nz).



Problem 2 (Main) (5pts). In the ring {(r,0): 1 <r <2, —7w <0 < 7}
find solution

Au =0,
ur‘r:l = 07
U|r—2 = | sin(0)].

Solution. In polar coordinates Au = .+~ u,+1r"2uge. Plugging u(r,0) =
R(r)©(0) into equation we get (R” +r 'R')© + r~20"” = 0 and separating
variables we get w + %" = 0, and therefore

0" + X0 =0,
© 271 — periodic,
R"+rR — AR =0.

A = 12, ©,,,1 = cos(nh), ©,,2 = sin(nh),
Ry = Ay + By lIn(r) R,=A,r" + Br ", n=12...

but since problem is invariant with respect to # — —6 we may reject odd
©,,. Therefore

u(r,0) = (A0+Bo In(r +Z[A r" + B,r~"| cos(nd).

n=1

Plugging to boundary conditions we get
1
ur (1, :§BO+Z L) cos(nf) =0, = By =0, A, = B,
u(2,0) = §A0 + nzl An (27 4 27™) cos(nf) = | sin(6)]
and Ay = 2 ["sin(#) df = 1,

Ap (20 +277) :% /07r sin(#) cos(nf) df = 1 /O7r [sin((n + 1)0) —sin((n — 1)0)| df

™

is 0 for odd n and for even n is equal to — . Thus A,, = 0 for odd n

4
<4m2 _ 1)(22m + 2—2m)'

(n2 iDL

and As,, = —

Finally

2 N 2m —2m
T Z (4m? — 1) 22m 22 [T +r } cos(2mb).

m:l



Problem 2 (Late) (5pts). In the ring {(r,0): 1 <r <2, —7 <0 < 7}
find solution

Au =0,
u‘r:l = 07
U|7~:2 = Q2.

Solution. In polar coordinates Au = .+~ u,+1r"2uge. Plugging u(r,0) =
R(r)©(0) into equation we get (R” +r 'R')© + r~20"” = 0 and separating
variables we get w + %" = 0, and therefore

0" + X0 =0,

© 271 — periodic,

R"+rR — AR =0.

A = 12, ©,,,1 = cos(nh), ©,,2 = sin(nh),
Ry = Ay + By lIn(r) R,=A,r" + Br ", n=12...

but since problem is invariant with respect to # — —6 we may reject odd
©,,. Therefore

u(r,0) = (A0+Bo In(r +Z[A r" + B,r~"| cos(nd).

n=1

Plugging to boundary conditions we get

1
u(1, :§A0+Z n)cos(nd) =0, = Ay =0, A, B,
u(2,0) = —Bo In(2) + ZA ™) cos(nf) = 6>
and By = f 62 df = oL
B 2 T ) 2 T ) ' 4 s ‘
A,(2"—=27") == [ 67cos(nf)df = — [ 6°dsin(nf) = —— [ 0Osin(nd)do =
T Jo nt Jo nt Jo
4 T 4 T 4
- —— 1)t
”27T/0 0 dcos(nf) = o [9 cos(nm) — /0 cos(nf) d@} n27r( )
Finally
_ ™ - 4 n—1|..n —-n
u(r,0) = Tn(2) In(r) — ; (27— 2w)ﬁ(—l) [T +7r ] cos(nb).



Problem 2 (Early) (5pts). In the half-disk {(r,0): r <2, 0 < 8 < 7}
find solution

Au =0,
U|9:0 - u|9:7r - 07
Ulpmg = O(m — 0).

Solution. In polar coordinates Au = . +r " u, +1"2uge. Plugging u(r,0) =
R(r)©(f) into equation we get (R” +r~'R')© + r~20” = 0 and separating
variables we get w + %" = 0, and therefore

0"+ X6 =0,
©( 27 — periodic)0) = O(w) =0,
R"+rR — AR =0.
Then
A, = 12, ©,, = sin(nh),
R, = A"+ Br ", n=12,...

but since solution must be regular as r = 0 we must reject r=". Therefore

u(r,0) = Z Apr"sin(nf).
n=1
Plugging to boundary conditions we get

u(2,0) = i 2" A, sin(nf) = 6(m — 0)

n=1
and
2 (7 ) 2 T
A, =— [ O0(m—0)sin(nd)dod = — / O(m — 0) dcos(nb) =
2n Jq 2"nm J,
s 2 s
o /0 ( — 26) cos(nf) b = 5 25 /O ( — 20) dsin(nf) —
4 s
- / sin(nd) d
22t J,
which is 0 for even n and —ﬁ for odd n. Finally

u(r,0) = — Z o 1)322m_27rr2 sin(2m@).
m=0



Problem 2 (Deferred) (5pts). In the disk exterior {(r,8): r > 1, —7 <
0 < m} find solution

Au =0,
uly—1 = 0],

max |u| < 00.

Solution. In polar coordinates Au = . +7" u,+r"2ugy. Plugging u(r,0) =
R(r)©(0) into equation we get (R” +r~'R')© + 720" = 0 and separating

variables we get £ 4 ©7 — (0 and therefore

R 5}
0"+ X6 =0,
© 27 — periodic,
R'+rR — AR =0.
Then

A\ =12, ©,.1 = cos(nh), O,,2 = sin(nh),
Ry = Agln(r) + By R, = A"+ Br ", n=12 ...

but must solution must be bounded we must reject In(r) and r".

u(r,0) = %BO + Z r~"[A, cos(nf) + B, sin(nd)].

n=1
Plugging to boundary conditions we get
1 o0
u(1,0) = 5 Ao + > "[A cos(nb) + B, sin(nd)] = |6,

n=1

and since |6 is even function B, = 0 and Ay = 2 [ 0d0 =,

27 2) T 2 T
A, =2 / fcos(nd)di = — | 0dsin(nd) = —— [ sin(n) do,
0

nw J, nw J,
which is 0 for even n and ——;- or odd n. Finally

u(r,0) = ;T - Z: mr2ml cos((2m + 1)6).

m=0



Problem 3 (Main) (5pts). Find the solution u(x,t) t
Uyt = —MUgrre —o0 <z <00,

dlyo = 1 |z] <2, trlpeo = 0

max |u] < 0o.

Solution. Making partial Fourier transform F,_,,u = 4 we get

Ty = —4ka,
a‘t=0 - g: a’t:() = iL
with ) (2%)
1 k 1 - sin(2k
N —1x dr = —2ik 21k —_
g 21 ), ¢ v —2ikm [e } km

and h = 0. Then
in(2
sm( k) cos(2k?t)

a(k,t) =

and
sin(2 COS (2k2t)e™™ dk =

2
/ sin(2 cos(2k2 ) cos(kx) dk.
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Problem 3 (Late) (5pts). Find the solution u(x,t) t
—co<r<oo, t>0,

Ut = Ugy

| 1—2? |z <1,
ule o —
R Iz > 1,

max |u] < 0o.

Solution. Making partial Fourier transform F,_,,u = 14 we get

i, = —k*,
ﬁ/’t:O - gv

with

N 1 ! 2\ —ixk 1 ! —izk 1 —ixk —ixk

9=5- _1(1 —x%)e " dr = - /_1566 dr = . [m ‘x——l N /_16 dx]

1 1 ..
o [— cos(k) + k™1 sm(k)} = [sin(k) — k cos(k)].
Then

1 Sln(k) k:cos(k)]e_k2

/ —— [k cos(k) — sin(k)] e F etk gl =

u(k,t) =

[sin(k) — k cos(k)]e Kt cos(ka) dk.



Problem 3 (Early) (5pts). Find the solution u(x,t) to

U = 4y —oco<zr<oo, t>0,

max |u] < 0o.

Solution. Making partial Fourier transform F,_, u = 1 we get

ﬂt — —k?211,
,a’tZO = gv
with
1 0 ) 0
g:_[/ emk‘+mdm+/ ezzk :dei|:
2 L) _ o 0
Lra—iy+avin)] = —
2 (14 k)7
Then
~ 1 —4k%t
k) =y
and
o 1 o o 2 2
t) = P e # zkrdk:/ e ¥ - ]{Z dl{?
u(z,t) /_OO a +k2)7r6 e G —|—k:2)7re cos(kx)

11



Problem 3 (Deferred) (5pts). Find the solution u(z,t) to

U = Ugy — 4U —o0 < T < 00,
—z2/2
U|t:0 = O, Ut|t:0 =€ / .

Solution. Making partial Fourier transform F,_,,u = 1 we get

=0 = 0, Qglemo = h
with h = —b=e~**/? (standard F.T.) Then

1
(k,t) =——————e "2 sin(VkZ + 4t)
2m(k? +4)

and

u(z,t) :/ ¢ PPsin(VE? + 4t)e™ dk =

0o \/2m(k? + 4)

o 2 2
/ Te_k /2 sin(VE2 + 4t) cos(kx) dk.
0 T

k2 4+ 4)

12
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Problem 4 (Main) (5pts). In the half-plane {(z,y): z > 0, —c0 < y <

oo} find solution

Au =0,

u|z:0 - €—|y"

max |u| < 00.

Solution. Making partial Fourier transform F'y — ku = u we get

Gy — k20 = 0,

a’ﬂ:=0 = g(k)
with §(k) = —gzrgy- Then @ = A(k)e ™+ B(k)el” and B(k) = 0 since the
corresponding term is growing with respect to  — +o00. So & = A(k)e~ kI

and from the boundary condition we conclude that A(k) = g(k) = m
S0

. 1
u(x, k’) = me

—|klz

and

> 1 —|k|x+1
u(;];7y):/_oome \k\Jrkydk

9 2 el
:/0 me Ikl COS(ky) dk.
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Problem 4 (Late) (5pts). In the half-plane {(x,y): z > 0, —co <y < 0o}
find solution

11—yl <1,
I B A
0’ |y| Z 17

Solution. Making partial Fourier transform Fy — ku = u we get
lge — (K* 4+ 4)0 = 0,

and the Fourier transform of the boundary condition is

. 1 [t " 1 ! .
_ . —iky — o —iky
) =5 [ =l ay = [ (1= lulde

1 -1

i [eman - = i [ [ ey [ etay)
2ikm |4 2k2m L), 0

1 ik - _ 1
:m[(l —e®)— (e —1)] = %(1 —cos(k)).

Then
i = A(k>€—\/k2+4|z\ + B<k)€+vk2+4|x|

and boundedness implies that B(k) = 0. So A(k) = h(k), and
1
a(x, k) = ——(1 — cos(k))e” v+l
k2T

So

u(x,y) :/ ——(1 — cos(k))eVFHliky g

2
o K2



Problem 4 (Early) (5pts). In the half-plane {(z,y): z > 0
oo} find solution

Au—u=0,
< T
il = { cos(y). Iyl < 3.
0, lyl = 3,

Solution. Making partial Fourier transform F'y — ku = u we get
G — (K* +1)0 =0,

with Fourier transform of the boundary condition given by

R 1 /2 ‘ 1 w/2
h(k) :2—/ cos(y)e ™ dy = —/ cos(y) cos(ky) dy
T

w/2 T J_x/2
1 /2

=3 | , [cos((k 4+ 1)y) 4 cos((k — 1)y)] dy

:% [k i : sin((k + 1)7/2) + 2 i 1 sin((k — 1)7/2)}
1 1 1

:%cos(lmr)[k_i_l - k:—l] T (k2= D

cos(k).

Then

and boundedness implies that B(k) = 0. So A(k) = h(k), and

w(x, k) = — cos(km)e”VEHll,

o
(k2 —1)m
Finally,

> 1 —VE2+1|z| i
u(z,y) = —/_Oo mcos(lm)e KLzl giky g
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Problem 4 (Deferred) (5pts). In the half-plane {(x,y): 2 > 0, —o0 <
y < oo} find solution

Solution. Making partial Fourier transform F,_,,u = 4 we get
lipe = k20,

with Fourier transform of the boundary condition given by

b= /1 (1— y)e v do = — /1 yo W dy = [ye’iyk\yZI - /1 e~k dy} =
21 J_4 —ikm J_4 —k2m v=—1 J
1

[— cos(k) + k7! sin(k)} = % [sin(k) — k cos(k)].

k2

Then
o= A(k)e Ml 1 B(k)ee!
and boundedness implies that B(k) = 0. So A(k) is equal to the Fourier

transform of the boundary condition, and

u(zx, k) = % [sin(k) — kcos(k:)}e_kl”"‘.

Finally,

u(z,y) = /_OO —— [sin(k) — kcos(k;)}e_k'x'eiky dk.
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Bonus Problem (Main) (3pts). Suppose that

= / e £ () dy.

Solve explicitly for f(x). (Le. do not leave your answer in integral form!)
Solution. Equation could be rewritten as

fxg=nh

22

with g(z) = le "l h(z) = e~ 7.
Making Fourier transform we get f(k)j(k) = h(k). Since

1 A 1 k2
g(k) = ——— h(k) = T
o) = s ) = =
we get
Flk) = 27 (2 +1) x ——e s
s
Then
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Bonus Problem (Late) (3pts). Suppose that
z2 0 1
e T = / flz —y)e2?dy.

Solve explicitly for f(x). (L.e. do not leave your answer in integral form!)

Solution. Equation could be rewritten as

xT

e’ x <0, 2
h .
0 x>0,

with g(x) = {

Making Fourier transform we get f(k)j(k) = h(k). Since
1 A 1 2
(k) = =———— h(k) = —=e7*
we get
R 1 2
k) =2m(1—Fki) x ek
k) = 2m(1 = ki) x <=
Then
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Bonus Problem (Early) (3pts). Suppose that

e = / flz —y)e ?dy.
0
Solve explicitly for f(x). (L.e. do not leave your answer in integral form!)
Solution. Equation could be rewritten as
fxg=nh

0 < 0,
with g(x) = {e“ z 50 h(z) = e ",

Making Fourier transform we get f(k)j(k) = h(k). Since

1 ~ 1 k2
Gg(k) = ———— hik) = K
0= s e = e
we get
~ 1 &2
k) =2m(1+ ki) x e T,
fik) = 2m(1+ ki) x =
Then

flz) =2n(1 4 0,)e™™ =2r(1 — 2z)e ™.
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Bonus Problem (Deferred) (3pts). Suppose that

— 1 —2(z—y)?
z dy.
v/ 61 /_0:6 f(y)dy

Solve explicitly for f(x). (Le. do not leave your answer in integral form!)

_a?
e 2

Solution. Equation could be rewritten as

fxg=nh

2

with g(z) = \/Lﬁ?e_%a h(z) =e 7.

Making Fourier transform we get f(k)j(k) = h(k). Since

j(h) = —= x o= %, hlh) = ——c%
= — — i = e y
J o 8 21
we get
~ 3k2 1 K2
k) =2V6re s = 87 x e 2, a=3%
fk) = 2v Vara ;
Then
L‘Lz2 2z2



