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Problem 1 (4pt). Solve by Fourier method

utt − uxx = 0 0 < x < π, (1.1)

u|x=0 = 0, (ux + αu)|x=π = 0 (1.2)

u|t=0 = sin(x), ut|t=0 = 0 (1.3)

with α ∈ R.
Hint: We know that λn are real but since we do not know the sign of α we
do not know if it all λn ≥ 0; so you must consider the case of some of λn < 0.
Note: Only find equations for eigenvalues.

Solution. Separation of variables leads to

X ′′ + λX = 0, (1.4)

X(0) = 0, (X ′ + αX)(π) = 0 (1.5)

T ′′ + λT = 0. (1.6)

(a) Consider λ = k2 > 0. Then X = A cos(kx) + B sin(kx) and plugging
to boundary conditions we get A = 0, B

(
k cos(kπ) + α sin(kπ)

)
= 0, and to

have a nontrivial solution we need k cos(kπ)+α sin(kπ) = 0 which for α 6= 0
is equivalent to

k = −α tan(kπ). (1.7)

Solving graphically

x

Figure 1: Brown line for α > 0, red line for α < 0.
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(b) If λ = 0, then X = A + Bx; plugging into boundary conditions we get
A = 0, B(1 + απ) = 0 and we have nontrivial solutions only for α = −1/π.

(c) Let λ = −k2 < 0. Then X = A cosh(kx) + B sinh(kx); plugging into
boundary conditions we get A = 0, B

(
k cosh(kπ) + α sinh(kπ)

)
= 0, and

we have nontrivial solutions only for k cosh(kπ) + α sinh(kπ) = 0, which is
equivalent to

k = −α tanh(kπ). (1.8)

It has only one solution and only for α < −1/π.

x

Figure 2: Brown line for α > −1/π, red line for α < −1/π.

Continued on the other side
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Problem 2 (4pt). Solve

uxx + uyy = 0 −∞ < x <∞, 0 < y <∞, (2.1)

(uy + αu)|y=0 = g(x) =

{
1 |x| < 1,

0 |x| > 1
(2.2)

max |u| <∞. (2.3)

Hint: Use partial Fourier transform with respect to x. Write solution as a
Fourier integral without calculating it.
Find restriction to α , so that there will be no singularities.

Solution. After partial Fourier transform

− k2û+ ûyy = 0 0 < y <∞, (2.4)

(ûy + αû)|y=0 = ĝ(k). (2.5)

One can calculate easily ĝ(k) = sin(k)
πk .

Solving (2.4) we get û = A(k)e−|k|y + B(k)e|k|y and B(k) = 0 due to (2.3)

and plugging to boundary condition we get A(k)(−|k| + α) = sin(k)
πk =⇒

A(k) = sin(k)
πk(α−|k|) ,

û =
sin(k)

πk(α− |k|)
e−|k|y. (2.6)

and

u(x, y) =

∫ ∞
−∞

sin(k)

πk(α− |k|)
e−|k|y+ikx dk. (2.7)

There will be singularity for |k| = α which is excluded by α < 0.
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Problem 3 (4pt). Using Fourier method find eigenvalues and eigenfunctions
of Laplacian in the rectangle {0 < x < a, 0 < y < b} with the boundary
conditions:

uxx + uyy = −λu 0 < x < a, 0 < y < b, (3.1)

ux|x=0 = ux|x=a = u|y=0 = u|y=b = 0. (3.2)

Solution. Separating variables u = X(x)Y (y) we arrive to

X ′′

X
+
Y ′′

Y
+ λ = 0 (3.3)

Then

X ′′ + µX = 0, (3.4)

X ′(0) = X ′(a) = 0 (3.5)

and

Y ′′ + νX = 0, (3.6)

Y (0) = Y (b) = 0 (3.7)

and

λ = µ+ ν. (3.8)

Next

µm =
π2m2

a2
, Xm = cos

(πmx
a

)
, m = 0, 1, 2, . . . , (3.9)

νn =
π2n2

b2
, Yn = sin

(πny
b

)
, n = 1, 2, . . . , (3.10)

and finally

λmn = π2
(m2

a2
+
n2

b2

)
, umn = cos

(πmx
a

)
sin
(πny
b

)
, (3.11)

with m = 0, 1, 2, . . ., and n = 1, 2, . . ..



APM 346-L0201, Spring 2018 Term Test 2, March 20 8/12

Problem 4 (4pt). Consider Laplace equation in the disc with a cut

urr +
1

r
ur +

1

r2
uθθ = 0 r < 9, 0 < θ < 2π (4.1)

with the Dirichlet boundary conditions as θ = 0 and θ = 2π

u|θ=0 = u|θ=2π = 0 (4.2)

and the Neumann boundary condition as r = 9

ur|r=9 = 1. (4.3)

Using separation of variables find solution as a series.

Solution. Separating variables u(r, θ) = R(r)Θ(θ) we get

r2R′′ + rR′

R
+

Θ′′

Θ
= 0

and therefore both terms are constant:

Θ′′ + λΘ = 0, (4.4)

Θ(0) = Θ(2π) = 0 (4.5)

and therefore λn = n2

4 , Θn = sin(nθ2 ), n = 1, 2, . . .. Then

r2R′′ + rR′ − n2

4
R = 0 (4.6)

and R = Arn/2 + Br−n/2 where we drop the last term as it is singular at
r = 0. So un = Anr

n/2 sin(nθ2 ) and

u =
∞∑
n=1

Anr
n/2 sin(

nθ

2
). (4.7)

Plugging into (4.3) we get

∞∑
n=1

An
n

2
3n−2 sin(

nθ

2
) = 1; (4.8)
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then

An =
2

n
32−n × 1

π

∫ 2π

0

sin(
nθ

2
) dθ =


0 n = 2m,

8 · 31−2m

(2m+ 1)2π
n = 2m+ 1

(4.9)

and

u =
∞∑
m=0

8 · 31−2m

(2m+ 1)2π
r(2m+1)/2 sin(

(2m+ 1)θ

2
). (4.10)

Continued on the other side
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Problem 5 (4pt). Find Fourier transforms of the function

f(x) = cos2(x)e−|x| (5.1)

and write this function as a Fourier integral.

Solution. The simplest:

f̂(k) =
1

π
Re
(∫ ∞

0

cos2(x)e−|x|−ikx dx
)

=

1

2π
Re
(∫ ∞

0

(
1 + cos(2x)

)
e−x−ikx dx

)
=

1

4π
Re
(∫ ∞

0

(
2 + e2ix + e−2ix

)
e−x−ikx dx

)
=

1

4π
Re
(∫ 0

−∞

(
2e−x(1+ik) + e−x(1+ki−2i) + e−x(1+ki+2i)

)
dx
)

=

1

4π
Re
( 2

1 + ik
+

1

1 + ki− 2i
+

1

1 + ki+ 2i

)
=

1

2π

( 2

1 + k2
+

1

1 + (k − 2)2
+

1

1 + (k + 2)2

)
.




