APM346, L0201, Spring 2018, Final Exam, Wednesday, April 11 2/18

Problem 1 (15 pts). Solve by the method of characteristics the BVP for a
wave equation

Uy — 16U, = 0, O<z<oo,t>0
u(z,0) = f(z),

w(2,0) = g(x),
(ua —u)(0,1) = h(t)

~—~~ —~~ —~
—_— — ~— —

1
2
3
4

with f(z) = 4e72*, g(x) = 16e7 % and h(t) = e ®. You need to find a
continuous solution.
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Problem 2 (15 pts). Solve IVP for the heat equation

2Uy — Uy = 0, 0<x<oo, t>0, (2.1
u|x:0 = 0, (22)
ulimo = () 2.3)

with f(z) =e™".

Solution should be expressed through erf(z e dz.

- L[

Solution. We can consider Cauchy problem with odd function f(z)

= J(x)e_m,
o(x) = %1 for x 2 0. Thus
u(z, t) =
e Ve n—2)? g Ve~ u =) gy =
m/ ’ ! ﬁ/ o !

—r+i —5(y+t—x)? a:+ 5 (y—t—z)? _
\/2_7rt/0 e ay m/ o

and setting z := £ (y—=x=+t)/v/2t in the first and second integrals respectively

1 _ t (00 2 1 t [OO 2
—e ”2%%6 “dz ——e“?ﬁﬂe “dz,

and finally

u(z,t) = ;(1 — erf(t\/_Q_f)>e_x+5 — (1 — erf(t il x))e“ﬁ.
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Problem 3 (15 pts). Solve by the method of separation of variables

Uy — Uz + 4u =0, O<z<m t>0,
u(0,t) = u(m,t) =0,

u(z,0) = f(x),

u(z,0) = g(z)

A~~~ o/~ —~
w w W w
~— ~— ~— ~—

1
2
3
A4

with f(z) = 0 and g(x) = 2> — mz. Write the answer in terms of Fourier

series.
Solution. Separating variables u(xz,t) = X ()T (t) we get

X"+ AX =0,

X(0) = X(m) =0,

"+ A+4)T =0.
Problem (3.5)—(3.6) has solution

A\, = n2, X,, = sin(nx), n=12 ...

and therefore

T, = A, cos((n® + 4)V%t) + B,((n* + 4)?1),

and

u = ioj {An cos((n? + 4)Y%) + B, ((n* + 4)1/2t)} sin(nx).

n=1

Plugging to (3.3)—(3.4) we get

gk

A, sin(nz) = 0,
1

n

(n® + )2 B, sin(nz) = 2* — mz.

M8

|
-

n

and therefore A,, = 0,
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2
(n® +4)?B, = —/0 (z* — 7) sin(nz) do =
7T

2 7 2
o (z* — ) d cos(nz) = g (2x — ) cos(nx) dx =
2 ™ . 4 T
—5k (22 — ) dsin(nx) = —— 5k sin(nw) dz =
0 n = 2m,
4 =7
—cos(na:)’ = 8
™’ = - n=2m+ 1.
w(2m+1)3
Then
e 8
u(z,t) =— Y. sin((2m+1)z) sin(y/(2m + 1)2 + 4t).

m=0 (2m + 1)3m\/(2m + 1)2 + 4

]
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Problem 4 (15 pts). Consider the Laplace equation in the sector

1
Uggy + Uyy = 0 in Z§x2—|—y2<4,y>0, (4.1)
with the boundary conditions
u=1 for 2%+ y* =4, (4.2)
1
u=-—1 for % 4 9 =7 (4.3)
uw=0 for y =0, (4.4)

where 6 is a polar angle.

(a) Look for solutions w in the form of u(r,8) = R(r)P(#) (in polar coordi-
nates) and derive a set of ordinary differential equations for R and P. Write
the correct boundary conditions for P.

(b) Solve the eigenvalue problem for P and find all eigenvalues.
(¢) Solve the differential equation for R.
(d) Find the solution u of (4.1)—(4.3).

Solution. In polar coordinates {y = 0} is 6 = 0, 7.
Separating variables we get

7“2 R// s R/ P//

— = P+ \P = 4,
7 + 2 0 = P"+ 0, (4.5)
P(0) = P(m) =0, (4.6)
R’ +rR + AR = 0. (4.7)

This problem has solutions \, = n? X, =sin(nf), n=1,2,....
Then ?’R" +rR' +n?R=0 = R, = A,7" + B,r~". Then

—_

n=

= > (A" + B,r ") sin(n)
and using (4.2), (4.3)
U= = DY (2"A, +27"B,)sin(nf) =

n=
ul,—

—_

= io:( 27"A, + 2"B,)sin(nd) = —1

1
2
n=1
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which implies
o0

(2" 4+27") (A, + By)sin(nd) =0 = (A, +B,) =0

n=1

(2" —=2"")(A, — By)sin(nf) =2 = (2" —-2"")(A, — B,) =

n=1

’ S S

— /W sin(n@) df = { 7(2m + 1) ’

Al

0 n =2m
which implies As,, = Bs,, = 0 and
4

Asmi1 = —Bomi1 = m(2m + 1)(22m+1 — 2-2m-1)

Finally
o0 4
U=y (r¥mt — 72Dy gin((2m + 1)6).

=0 7T(2m + 1)(22m+1 _ 2—2m—1)
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Problem 5 (15 pts). Consider Laplace equation in the half-strip

Uy + Uy = 0 y>0,0<a;<72T (5.1)

with the boundary conditions

u,(0,y) = ul(z

5 ¥) =0, (5:2)
(uy —u)(z,0) = g() (5-3)

with g(z) =1 and condition max |u| < oco.

(a) Write the associated eigenvalue problem.

(b) Find all eigenvalues and corresponding eigenfunctions.

(c) Write the solution in the form of a series expansion.

Solution. Separating variables u = X (2)Y (y) we get

);/ﬁ;/:o — X"+ \X =0, (5.4)
Y" —AY =0, (5.5)
X(0) = X(3) = 0. (5.6)
Solving (5.4), (5.6) we have
A\, = 4n?, X, = sin(2nx) n=123,...,
and then solving (5.5) we get
Y, A, e " + B,e*" n=1,23,...,

and the last term as growing for y > 0 we need to drop:

Y, = A,e " n=123,....
Then -
u(z,y) = Y. Aye” ¥ sin(2nz). (5.7)
n=1

Plugging to (5.3) we get

io: Ap(—=1—2n)sin(2nx) =1

n=1
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and
4 z 2 =3
Ay=———— [?sin(2nz)de = ———— cos(2 =
(2n+ D)7 /0 sin(2ne) d n(2n + 1) cos(2na) 2=0
9 0 n=2m,
2n + 1) (cos(nm)—1) = ! 2m + 1 0,1
nizn s — n=:zm m = Ce
(2m +1)(4m + 3)7 T
Then
o0 4
= — —UmEDy cog((4m + 2) ). 5.8
ur0) == 3 G T es(m 20 (68)

[]
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Problem 6 (15 pts). Solve as t > 0
Ut — Au = 0, (61)

with initial conditions

1 . o 5 5 5
T <
u(z,y,z,0) =0, w(zr,y,z0) = roosin(r) r \/37 +y? 4+ 22 <,
0 r >,

(6.2)

and solve by a separation of variables.

HINT. Use spherical coordinates, observe that solution must be spheri-
cally symmetric: v = u(r,t) (explain why).

Also, use equality

TUpr + 20, = (TU) (6.3)
Solution. Solution is spherically symmetric because the problem is. Then
2
uy — (U + ~u,) =0 7 >0, >0. (6.4)
r
Multiplying by r and using (6.3) we arrive to the first equation below:
Vg — Upp = 0 r >0, (6.5)
v(0,t) =0, (6.6)
i 0<r<m,
w0 =0. a0 =)= {7 T )
0 r>T,
~ i —nm<r<
Continuing h(r) as and odd function h(r) = {gln(fr’) | ‘7; ST and
rl >,

solving Cauchy problem we get
1 pr+t -
v(r,t) = 2/7% h(z) dz
which is 0 for r > |t| + 7 and for 0 < r < |t| — m. Otherwise it is

v(r,t) = ;/ sin(z) dz = (cos(z )— cos(z+)> = Sin(;(zur—l—z_))sin(;(zur—z_));

z_ =max(r —t,—m), z = min(r + ¢, 7). Then, for r > 0, t > 0, we have
0 r>t+m,
1

o(r 1) = 5(1—COS(T—7§)) t—m<r<t+mr+t>m,

sin(r) sin(t) r4+t<m,
0 O<r<t—m.




APM346, L0201, Spring 2018, Final Exam, Wednesday, April 11 15/18

and, finally,

u(r,t) = r v

r=m—1

(Ta t) =

0 r>t+m,

1
§T_1(1+cos(r—t)) t—m<r<t+mr+t>m,

r~1sin(r) sin(t) r+t<m,
0 O<r<t—m.
r=t—nm r=t+m
=0
v=3(1+cos(r —1t))
v=20

u = r~Lsin(r)sin(t)
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Problem 7 (15 pts). Solve using (partial) Fourier transform with respect

to y

AU = Uyy + Uy = 0, x>0, (7.1)

ux‘x:O - h(y)7
u—0 as r — 400 (7.3)

4y

with h(y) = [(SIEE
HiINT. Fourier transform of ¢g(y) = ﬁ is g = eIl and h(y) = —4'(v)-

Solution. Making Fourier transform we get

x>0, (7.4)

aIJT:O - il(n)v .
a—0 as r — 400 (7.6)

and solving (7.4) we see that @& = A(n)e” " 4 B(n)el®; (7.6) implies that

B(n) =0 and (7.5) implies then A(n) = —|77\*1fl(77).A
Due to hint and properties of Fourier transform h(n) = —ing(n).
Then @(x,n) = io(n)eMI+?) with o(n) = +1 for n = 0, and

u(w,y) = /_O:O a(z,n)e™ dny = z/_o; U(y)e—lnliriny dn

0 . —00 .
— n(1+a-+yi) ; —n(1+z—yi)
= z/_ooe dn + Z/O e dn
1 B 2y

i
__1—|—x+yz'+1+x—yi_ (1+x)2+9y2




APM346, L0201, Spring 2018, Appendix to Final Exam 1/2

Appendix: Some useful formulas.
Not exam problems.
You may detach this page

1. The 2D Laplacian in polar coordinates and 3D Laplacian in spherical coordinates:

Pf 10f 10%f

o2 T ror r2oe

OPf 20f 19% 1
M=ot 0 T ag Tt

Af =

af 1 9
96 " p2sin?(9) 007

2. The n-dimensional Stokes theorem

- Of
/Dﬁxidx:/@nyidO’

where v (with components 1;) is the unit normal vector pointing outside.

3. The complex Fourier series of a periodic function f(z) of period 2I, defined on
the interval (—[,1) is

400 )
f(l'): Z Cnemnx/l

n=—oo

with the coefficients ¢, given by the formula
1 .
_ —minz/l
Sy Llf(x)e dx .

4. The Fourier transform of a function f(z) is defined by

A 1 [

(k) e " f(x)dx.

:%_OO

The inverse Fourier transform is

f@)=/

oo

e f(k)dk .

Here some of its properties:
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