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Problem 1 (4pt). Solve by Fourier method

Upp — Uz = 0 O<zx<m, (11)
u|:17:0 - _u|:17:7r7 uz|x:0 - _ux|:17:7r7 (12)
Ult:() = 1, ut|t:0 = 0. (13)

HINT: )\, > 0. Also remember how solution looks like in the case of double
eigenvalues.

Solution. Separation of variables leads to

X"+ AX =0, (1.4)
X(0)=—-X(), X'(0)=-X(n), (1.5)
T"+ AT =0 (1.6)

We know that for this BVP A > 0, obviously A\ =0 — X = A+ Bz and
boundary conditions imply A =0, B = 0.
Consider A = k? > 0; then X = Acos(kx) + Bsin(kx). Then (1.2) implies

A = —Acos(km) — Bsin(km) A(1+ cos(km)) + Bsin(kr) =0
{kB = kAsin(kr) — kB cos(kn) {

with determinant (14 cos(k7))?+sin®(km) which is 0 iff k7 = (2n+1)7 with
n=0,1,..., in which case we have two independent solutions cos((2n+1)z)
and sin((2n + 1)z).
Meanwhile (1.6) implies 7' = A cos((2n + 1)t) + Bsin((2n + 1)t) and taking
into account Hint
u(z,t) = Z {(An cos((2n + 1)t) + Cysin((2n + 1)t)) cos((2n + 1)z)+
n=0

(B, cos((2n + 1)t) + Dy sin((2n + 1)t)) sin((2n + 1):(;)}

and initial conditions imply

w0, =3 [An cos((2n + 1)) + C, sin((2n + 1)93)} —1
u(0,t) = i@n +1) {Bn cos((2n 4+ 1)x) + D, sin((2n + 1):(:)} =0

o

3

— Asin(km) + B(1 + cos(km)) =0
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and then B, = D,, = 0,

2 m
A, = ;/0 cos((2n + 1)x) dx = 0,
2 (7 4
C, = ;/0 cos((2n + 1)x) dx = R
and N
w(w, ) = ; ﬁ cos((2n + D)) sin((2n + Da)  (L.7)
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Problem 2 (4pt). Solve

Upy + Uyy = 0 —o0o <z <00, 0<y< oo, (2.1)
1 |z| <1,

o= = 2.2

o =ge) = {5 73] 22)

max |u| < oo. (2.3)

HinT: Use partial Fourier transform with respect to x. Write solution as a
Fourier integral without calculating it.

Solution. After partial Fourier transform

—kK*a+1d,=0 0<y<oo, (2.4)
iily—o = §(k). (2.5)

sin(k) .

One can calculate easily g(k) =
Solving (2.5) we get @ = A(k)e " v + B(k)el*v and B(k) = 0 due to (2.3)
and A(k) = %,

sin(k) ey (2.6)
k

and

u(w,y) = / #eﬂkyﬂm dk = 2/ Me_ky cos(kx)dk.  (2.7)
- 0

o T s

[]
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Problem 3 (4pt). Using Fourier method find eigenvalues and eigenfunctions
of Laplacian in the rectangle {0 < =z < a,0 < y < b} with Neumann
boundary conditions:

Ugz + Uyy = —AU O<z<a, 0<y<b, (3.1)

um|x:0 = ux’x:a = uy|y:0 = Uy‘y:b = 0. (32)

Solution. Separating variables u = X (z)Y (y) we arrive to

XI/ Y//
Tty tA=0 (3.3)
Then
X"+ uX =0, (3.4)
X'(0) = X'(a) =0 (3.5)
and
Y'+vX =0, (3.6)
Y'(0)=Y'(b) =0 (3.7)
and
A=pu+v. (3.8)
Next
72m? T
Hm = — 5 Xm:cos( - ), m=12..., (3.9)
2,2
v, = Wb;l 7 Ynzcos(;qzy), n=12 ..., (3.10)
and finally
2 2
A, = T2 (% + 2—2), U = COS(T‘—ZLQ:) COS(W—Z?J), m,n=20,1,2...
(3.11)
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Problem 4 (4pt). Consider Laplace equation in the sector

1 1 3
uw+—ur+—2uag=0 r<8 0<f<-=-m
r r 2

with the Dirichlet boundary conditions as # = 0 and 6 = %7‘(‘
ulp—o = ulp_z, =0
and the Dirichlet boundary condition as r = 8
ul—g = 1.
Using separation of variables find solution as a series.
Solution. Separating variables u(r, ) = R(r)O(6) we get

7“2R//+7“R/ @//
R e

and therefore both terms are constant:

0

0"+ 20 =0,

O(0) = @(gw) ~0

and therefore \, = 47"2, 0, = sin(%), n=1,2,.... Then

(4.2)

(4.3)

(4.6)

and R = Ar?/3 + Br—2"/3 where we drop the last term as it is singular at

r=0. So u, = A,r*/? sin(%'9) and

- 2
u = Z A3 Sin(%e).

n=1

Plugging into (4.3) we get

- 2
3o A2 sin(%e) —1;

n=1

(4.7)
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then
0 n=2m
4 [ 2ng ’
A =27 sin(%) g ={ g2 N CE)
s _— —
0 2m + L)r neem
and -
_ —  2%m 202m+1)/3 _:
u=> G D) sin(=(2m 4 1)6). (4.10)
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Problem 5 (4pt). Find Fourier transforms of the functions
fi(z) = e~*¥lo(£2) (5.1)

and write these function as a Fourier integrals, where 6 is a Heaviside func-
tion: (t) =1 fort > 0 and 6(¢t) =0 for t < 0.

BonNus (1pt). Write Fourier transforms of the functions g(z) = fi(x)+f_(x)
and h(z) = fi(z) — f-(2).

Solution. The simplest:

—zka:
d —
f( 27r / f(z T =

e—zk‘m T dr =
27T

1 1
om(e +ik)  2mi(k —ig)’

Then since f_(z) = f.(—xz) we conclude that f_(k) = f (—k) = —m
Conversely

fe(z) ==+ /_Z meﬁm dk.
[]
Bonus Solution.
9(k) = Fo0)+ ) =~ (5:2)
W) = Fo (k) = () = —— (5.3)





