University of Toronto, Faculty of Arts and Science
Final Examinations, December 13, 2016, 19:00-22:00,

EX 200

APM346 — Partial Differential Equations,

Section L5101

Instructor: Prof. Victor Ivrii
Duration — 3 hours

The 7 problems are independent. Total marks for this paper: 105.

The paper constitutes 40% of the final mark.
A list of useful formulas is attached in the last page. No other aids allowed.
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Problem 1 (15 pts). Solve by the method of characteristics the BVP for a
wave equation

Uy — Uy = 0, O<z<oo, t>0
u(z,0) = f(z),
Ut(i}j’,O) :g(gj)’

1
.2
3
e (0,) = h(t) 4

~—~~ —~~ —~
—_— — ~— —

with f(z) =4cos(x), ¢g(r)=6sin(x) and h(t) = sin(3t). You need to find
a continuous solution.

Solution. From (1.1):
u(z,t) = ¢(x + 3t) + Y (x — 3t). (1.5)

Plugging to (1.2)—(1.3) we conclude that for x > 0 ¢(x) + ¥ (x) = 4 cos(x),
3¢/ (x) — 3¢ (x) = 6sin(z); integrating the second equation we get ¢(x) —
Y(x) = —2cos(z) (since we can select constant equal to 0 here) and finally

o(x) = cos(z), Y(x) = 3cos(x) as x > 0. (1.6)

We need to find ¢(z) as x < 0. Plugging (1.5) into (1.4) we conclude that
@' (3t) + ¢'(—3t) = sin(3t) as t > 0 and plugging * = —3t we see that
Y'(x) = —sin(x) —/(—z) = —2sin(z) and therefore ¢(x) = 2 cos(x) + C as
x < 0.

Since ¢ (+0) = 3, ¥(—0) = 2+ C we need for continuity C'=1. So

W(x) =2cos(z) + 1 as x > 0. (1.7)
Finally,
cos(x + 3t) + 3 cos(x — 3t) x> 3t >0,
u(z,t) = (1.8)
cos(x + 3t) +2cos(x —3t)+1 0 <z <3t

]
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u(z,t) = cos(x + 3t) + 2 cos(z — 3t) + 1

u(x,t) = cos(z + 3t) + 3 cos(z — 3t)

X
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Problem 2 (15 pts). Solve IVP for the heat equation

duy — Uy, = 0, 0<x<oo, t>0, (2.1)
u|l‘:O - 07 .
uli=o = f(x) (2.3)

with f(z) = ze ™",

Solution should be expressed through erf(z e % dz.

= ek
Solution. We can safely ignore boundary condition and consider Cauchy
problem. Indeed, ze~ is an odd function. Thus

1 S N S Y
u(zx,t) == /_Ooye Vet gy =
1, 2 t+1,

7Tt/O:Oye:)cp(—t:z: + txy— Ty )dy

Vat SV TP T T el

1 o ( 7 ) ( t+ 1( x
[ X —_— —_— JR—
Jat O t Y
plugging y = /t/(t + 1)z +x/(t + 1)

1e:x:p(— v )/Z( LZ-l— ’ )exp(—zQ)dz:

T(t+1) t+1 t41 tt1
2
T T o0 )
‘V%@—%lﬁﬂEmpo_t+1>/¥o@q%_z)dZZ:
v 2
———55€
({417

]

Solution 2. Again, we can consider Cauchy problem. Observe that f(x) =
—39'(z) with g(z) = e~ . Also observe that for initial function g(z) solution
is v(x,t) = (t +1)"Y2e2"/t+)_ Indeed it is obtained is known solution of
equation (2.1) by replacing ¢t by ¢ + 1.

Then u(z,t) = _%8m67m2/(t+1) = z(t + 1)73/26—:52/(1%1)_ ]
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Problem 3 (15 pts). Solve by the method of separation of variables
duy — Uy = 0, O<x<2,t>0,
u(0,t) = u(2,t) =0,
u(z,0) = f(z),
w(z,0) = g(x)

x 0<x<l,

ith =
with f(z) {Q—x l<z<2,
of Fourier series.

1
2
3
4

A~~~ I~/
w w W w
— — ~— ~—

and g(x) = 0. Write the answer in terms

Solution. Separating variables u(z,t) = X (z)T'(t) we get

X"+ AX =0, (3.5)
X(0)=X(2) =0, (3.6)
AT" + 2T = 0. (3.7)
Problem (3.5)—(3.6) has solution
72n? ., TNT
Ay = T X, = sin(—-), n=1,2, (3.8)
and therefore
mnt mnt
T, = Ay cos(—— 1 ) + By sin(~—— 1 ), (3.9)
and
0 mnt m™mit\] . ,TNT
nX_:l[A cos(~—— 1 ) + By sin(~—— 1 )] sm(T) (3.10)
Plugging to (3.3)—(3.4) we get
TN
55 Ausin(™) = 1)
X TN ™Xx
nz::l 4B sm( 5 ):0.
and B, =0,
1
A, —/ f(x)sin ij) dx —/0 xsin(ﬁ2 dx—l—/ (2—=x sm(WTLI) dr =
8
~1)™ n=2m+1
i Sin(@) ={ m2(2m+ 1)2( )uon m+ 5
2n?
0 n = 2m.
Then
o0 4 2 1)t 2 1
u= sin(TEPE Db g (@Em A Dy gy
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Problem 4 (15 pts). Consider the Laplace equation in the sector
Ugg + Uyy = 0 in 22 +y® < 16,2 > —V3|y|, (4.1)
with the boundary conditions
u=1 for x* +y* = 16, (4.2)
u=>0 for = —V3|y|.

(a) Look for solutions w in the form of u(r,0) = R(r)P(#) (in polar coordi-
nates) and derive a set of ordinary differential equations for R and P. Write
the correct boundary conditions for P.

(b) Solve the eigenvalue problem for P and find all eigenvalues.
(c) Solve the differential equation for R.
(d) Find the solution u of (4.1)—(4.3).

Solution. In polar coordinates {x = —r/2} is § = £°T.
Separating variables we get domain

TQR" 4 TR/ P//

— = P4+ \P = 4.4

7 +5 0 = P+ 0, (4.4)
o T

P(_F) = P(@) =0, (4.5)

r*R"+rR + AR = 0. (4.6)

Since problem is symmetric with respect to y = 0 we conclude that u is
even with respect to y (or §) and then we consider P,(6) = cos(2(2n +1)9),
An = 5(2n+1)%

Then r’R" +rR' + %(271 +12R=0 = R, = A,r3C+0/5 L B p=3Cnt+1)/5
and B,, = 0 since the last term is singular as r = 0. Then

0 2 1
u=Y3 A,/ cos(?)(n5+)) (4.7)
n=1
and
OO 3(2 1
Ulr=16 = D A, 23Cn+1)/5 cos((nJr)Q) =1 (4.8)
n=1
which implies
12 3(2n + 1 ! g~ om 2m + 1
57 /6 _— n=2m+1,
A, = 9—12(2n+1)/5 o 577-/0 / COS((nS—i_)e) df = 2(2m + 1)7‘(‘
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Finally
o0 1 B . 3(2m+1) o
— = 9=b6m, 3(2m+1)/4 AT g o 2y =
“ mzzl 22m+ )7 " sin( 4 0+ 3 )
o0 1 2 1
Z 2—6m(_1)mr3(2m—|—1)/4 COS(S( m + )0)
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Problem 5 (15 pts). Consider Laplace equation in the half-strip
Uy + Uy =0  y>0, 0<z<7 (5.1)
with the boundary conditions

U(O, y) = u(ﬂ-v y) =0, (52)
uy(,0) = 9(a) 5.3

with g(z) = cos(z) and condition max |u| < oo.

(a) Write the associated eigenvalue problem.

(b) Find all eigenvalues and corresponding eigenfunctions.
(c) Write the solution in the form of a series expansion.

Solution. Separating variables u = X (x)Y (y) we get
X// Y//

— = X"+ AX = 4
¥ Ty 0 = X"+ 0, (5.4)
Y —\Y =0, (5.5)
X(0)=X(m)=0. (5.6)
Solving (5.4), (5.6) we have
A = 12, X, = sin(nx) n=123,..., (5.7)

and then solving (5.5) we get Y,, = A,e"Y 4+ B,e™™ and the last term as
growing for y > 0 we need to drop. So

Y, = Bne_ny (58)
and
u(z,y) = > Bpe Wsin(nz). (5.9)
n=1
Plugging to (5.3) we get
> —nB,sin(nz) = cos(x). (5.10)
n=1
and
B, = —— [Tcos(z) sin(na) dz = —— [ (sin((n+1)2)—sin(n — 1)z)) d
w = —— [ cos(z)sin(nz)dr = —— [ (sin((n+1)x)—sin(n — 1)x)) dx =
nm /0 nm /0 - I
l(cos(n + 1)z B cos(n — 1)z ) x=
nm n—+1 n—1 z=0
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with underlined term 0 as n = 1. Then

0 n=2m+1,
B, = 4 ,
p— n f—
mm(4m? — 1) "
and N 1
u(x,y) = >, — sin(2ma)e 2™

m—1 mm(4m? — 1)
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Problem 6 (15 pts). Solve as t > 0
Ut — Au = 0, (61)
with initial conditions

1 r=ya24+y2+22<1,
M%%%®={O r>¥

u(z,y,2,0) =0 (6.2)

and solve by a separation of variables.

HINT. Use spherical coordinates, observe that solution must be spherically
symmetric: u = u(r,t) (explain why).

Also, use equality

TUpr + 20, = (TU) (6.3)
Solution. Solution is spherically symmetric because the problem is. Then
2
wg — (U +~u) =0 7 >0,t>0. (6.4)
r
Multiplying by r and using (6.3) we arrive to the first equation below:
Vit — Upp = 0 r> 0, (65)
v(0,t) =0, (6.6)
r r <1,
w0 =a =0 TS wr0) =0 (6)
. o roo <1 .
Continuing ¢(r) as and odd function g(r) = 0 I >1 and solving
r — I
Cauchy problem we get
0 r>t+1,
1 H t) l-t<r<t+1
—(r — — r
o(rt) = S(30r+6) +4(r = 1)) = { 2 ' (6.8)
r O<r<l-—t,
0 O<r<t—1
and finally
0 r>1t41,
1
—(r—1 1—1 t+1
u(r,t) = rto(rt) == 270(7“ ) sr<ttd (6.9)
1 0<r<l1-—t,
0 O<r<t—1
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t
v=20
U:%(r—t)
v=r
v=20
r
t
u=20
u:%(r—t)
u=1 u=20
r
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Problem 7 (15 pts). Solve using (partial) Fourier transform with respect

to y
AU = Ugy + Uy = 0, x>0, (7.1)
ula=0 = 9(y), (7.2)
max |u| < oo (7.3)
with ¢g(y) = y22+1.

HINT. Fourier transform of g(y) is § = e/l

Solution. Making Fourier transform we get

llgw — n*0 = 0, x>0, (7.4)
gm0 = §(n) = 7, .
max |i] < oo (7.6)

and solving (7.4) we see that @& = A(n)e” """ + B(n)el*; (7.6) implies that
B(n) = 0 and (7.5) implies then A(n) = e . Then @(z,n) = e M1+%) and

> . 0 ' - T—Yt
u(a:,y) — /_OO u(x,n)emy dn = /_oo e(+z+yi) dn _|_/0 o n(1+z—yi) dn =
1 1 214w

1—|—x—i—y7j+1—l—x—yz’_ (1+2)2+y?

(7.7)

]
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Appendix: Some useful formulas.
Not exam problems.
You may detach this page

. The two dimensional Laplacian in polar coordinates:
0? 10 102
[ 108 10

A =r o T o

. The Stokes theorem

of
/D o, dr = /8D fn;do

where n (with components n;) is the unit normal vector pointing outside.

. The complex Fourier series of a periodic function f(x) of period 2l, defined on
the interval (—[,1) is

+00 )
f(ZU): Z Cnemnm/l

n=—oo

with the coefficients ¢,, given by the formula
1 ,
_ —minz/l
e =g [ f@)e e

. The Fourier transform of a function f(x) is defined by

A 1 [

(k)

The inverse Fourier transform is

ek f(x)da.

zg_oo





