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Problem 1 (15 pts). Solve by the method of characteristics the BVP for a
wave equation

utt − 9uxx = 0, 0 < x <∞, t > 0 (1.1)
u(x, 0) = f(x), (1.2)
ut(x, 0) = g(x), (1.3)
ux(0, t) = h(t) (1.4)

with f(x) = 4 cos(x), g(x) = 6 sin(x) and h(t) = sin(3t). You need to find
a continuous solution.

Solution. From (1.1):

u(x, t) = φ(x+ 3t) + ψ(x− 3t). (1.5)

Plugging to (1.2)–(1.3) we conclude that for x > 0 φ(x) + ψ(x) = 4 cos(x),
3φ′(x) − 3ψ′(x) = 6 sin(x); integrating the second equation we get φ(x) −
ψ(x) = −2 cos(x) (since we can select constant equal to 0 here) and finally

φ(x) = cos(x), ψ(x) = 3 cos(x) as x > 0. (1.6)

We need to find ψ(x) as x < 0. Plugging (1.5) into (1.4) we conclude that
φ′(3t) + ψ′(−3t) = sin(3t) as t > 0 and plugging x = −3t we see that
ψ′(x) = − sin(x)−ψ′(−x) = −2 sin(x) and therefore ψ(x) = 2 cos(x) +C as
x < 0.
Since ψ(+0) = 3, ψ(−0) = 2 + C we need for continuity C = 1. So

ψ(x) = 2 cos(x) + 1 as x > 0. (1.7)
Finally,

u(x, t) =
 cos(x+ 3t) + 3 cos(x− 3t) x > 3t > 0,

cos(x+ 3t) + 2 cos(x− 3t) + 1 0 < x < 3t.
(1.8)
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x

t
u(x, t) = cos(x+ 3t) + 2 cos(x− 3t) + 1

u(x, t) = cos(x+ 3t) + 3 cos(x− 3t)
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Problem 2 (15 pts). Solve IVP for the heat equation

4ut − uxx = 0, 0 < x <∞, t > 0, (2.1)
u|x=0 = 0, (2.2)
u|t=0 = f(x) (2.3)

with f(x) = xe−x
2.

Solution should be expressed through erf(z) = 2√
π

∫ z
0
e−z

2
dz.

Solution. We can safely ignore boundary condition and consider Cauchy
problem. Indeed, xe−x2 is an odd function. Thus

u(x, t) = 1√
πt

∫ ∞
−∞

ye−y
2
e−

1
t (x−y)2

dy =

1√
πt

∫ ∞
−∞

y exp
(
−1
t
x2 + 2

t
xy − t+ 1

t
y2) dy =

1√
πt

∫ ∞
−∞

y exp
(
− x2

t+ 1 −
t+ 1
t

(y − x

t+ 1)2) dy =

1√
πt

exp
(
− x2

t+ 1
) ∫ ∞
−∞

y exp
(
−t+ 1

t
(y − x

t+ 1)2) dy =

plugging y =
√
t/(t+ 1)z + x/(t+ 1)

1√
π(t+ 1)

exp
(
− x2

t+ 1
) ∫ ∞
−∞

(√√√√ t

t+ 1z + x

t+ 1
)

exp
(
−z2) dz =

x√
π(t+ 1)3/2 exp

(
− x2

t+ 1
) ∫ ∞
−∞

exp
(
−z2) dz =

x

(t+ 1)3/2e
− x2

t+1 .

Solution 2. Again, we can consider Cauchy problem. Observe that f(x) =
−1

2g
′(x) with g(x) = e−x

2. Also observe that for initial function g(x) solution
is v(x, t) = (t + 1)−1/2e−x

2/(t+1). Indeed it is obtained is known solution of
equation (2.1) by replacing t by t+ 1.
Then u(x, t) = −1

2∂xe
−x2/(t+1) = x(t+ 1)−3/2e−x

2/(t+1).
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Problem 3 (15 pts). Solve by the method of separation of variables
4utt − uxx = 0, 0 < x < 2, t > 0, (3.1)
u(0, t) = u(2, t) = 0, (3.2)
u(x, 0) = f(x), (3.3)
ut(x, 0) = g(x) (3.4)

with f(x) =
x 0 < x < 1,

2− x 1 < x < 2,
and g(x) = 0. Write the answer in terms

of Fourier series.

Solution. Separating variables u(x, t) = X(x)T (t) we get
X ′′ + λX = 0, (3.5)
X(0) = X(2) = 0, (3.6)
4T ′′ + λT = 0. (3.7)

Problem (3.5)–(3.6) has solution

λn = π2n2

4 , Xn = sin
(πnx

2
)
, n = 1, 2, . . . (3.8)

and therefore

Tn = An cos
(πnt

4
)

+Bn sin
(πnt

4
)
, (3.9)

and
u =

∞∑
n=1

[
An cos

(πnt
4
)

+Bn sin
(πnt

4
)]

sin
(πnx

2
)
. (3.10)

Plugging to (3.3)–(3.4) we get
∞∑
n=1

An sin
(πnx

4
)

= f(x),
∞∑
n=1

πn

4 Bn sin
(πnx

2
)

= 0.

and Bn = 0,

An =
∫ 2

0
f(x) sin

(πnx
2

)
dx =

∫ 1

0
x sin

(πnx
2

)
dx+

∫ 2

1
(2− x) sin

(πnx
2

)
dx =

8
π2n2 sin

(πn
2
)

=


8

π2(2m+ 1)2 (−1)m n = 2m+ 1,

0 n = 2m.
Then

u =
∞∑
m=0

4
π2(2m+ 1)2 sin

(π(2m+ 1)t
4

)
sin

(π(2m+ 1)x
2

)
. (3.11)
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Problem 4 (15 pts). Consider the Laplace equation in the sector

uxx + uyy = 0 in x2 + y2 < 16, x > −
√

3|y|, (4.1)

with the boundary conditions

u = 1 for x2 + y2 = 16, (4.2)
u = 0 for x = −

√
3|y|. (4.3)

(a) Look for solutions u in the form of u(r, θ) = R(r)P (θ) (in polar coordi-
nates) and derive a set of ordinary differential equations for R and P . Write
the correct boundary conditions for P .

(b) Solve the eigenvalue problem for P and find all eigenvalues.

(c) Solve the differential equation for R.

(d) Find the solution u of (4.1)–(4.3).

Solution. In polar coordinates {x = −r/2} is θ = ±5π
6 .

Separating variables we get domain

r2R′′ + rR′

R
+ P ′′

P
= 0 =⇒ P ′′ + λP = 0, (4.4)

P (−5π
6 ) = P (5π

6 ) = 0, (4.5)

r2R′′ + rR′ + λR = 0. (4.6)

Since problem is symmetric with respect to y = 0 we conclude that u is
even with respect to y (or θ) and then we consider Pn(θ) = cos(3

5(2n+ 1)θ),
λn = 9

25(2n+ 1)2.
Then r2R′′+ rR′+ 9

25(2n+ 1)2R = 0 =⇒ Rn = Anr
3(2n+1)/5 +Bnr

−3(2n+1)/5

and Bn = 0 since the last term is singular as r = 0. Then

u =
∞∑
n=1

Anr
3(2n+1)/5 cos(3(2n+ 1)

5 ) (4.7)

and
u|r=16 =

∞∑
n=1

An23(2n+1)/5 cos(3(2n+ 1)
5 θ) = 1 (4.8)

which implies

An = 2−12(2n+1)/5 × 12
5π

∫ 5π/6

0
cos(3(2n+ 1)

5 θ) dθ =


1

2(2m+ 1)π2−6m n = 2m+ 1,

0 n = 2m.
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Finally

u =
∞∑
m=1

1
2(2m+ 1)π2−6mr3(2m+1)/4 sin(3(2m+ 1)

4 (θ + 2π
3 )) =

∞∑
m=1

1
2(2m+ 1)π2−6m(−1)mr3(2m+1)/4 cos(3(2m+ 1)

4 θ)
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Problem 5 (15 pts). Consider Laplace equation in the half-strip

uxx + uyy = 0 y > 0, 0 < x < π (5.1)

with the boundary conditions

u(0, y) = u(π, y) = 0, (5.2)
uy(x, 0) = g(x) (5.3)

with g(x) = cos(x) and condition max |u| <∞.

(a) Write the associated eigenvalue problem.

(b) Find all eigenvalues and corresponding eigenfunctions.

(c) Write the solution in the form of a series expansion.

Solution. Separating variables u = X(x)Y (y) we get
X ′′

X
+ Y ′′

Y
= 0 =⇒ X ′′ + λX = 0, (5.4)

Y ′′ − λY = 0, (5.5)
X(0) = X(π) = 0. (5.6)

Solving (5.4), (5.6) we have

λn = n2, Xn = sin(nx) n = 1, 2, 3, . . . , (5.7)

and then solving (5.5) we get Yn = Ane
ny + Bne

−ny and the last term as
growing for y > 0 we need to drop. So

Yn = Bne
−ny (5.8)

and
u(x, y) =

∞∑
n=1

Bne
−ny sin(nx). (5.9)

Plugging to (5.3) we get
∞∑
n=1
−nBn sin(nx) = cos(x). (5.10)

and

Bn = − 2
nπ

∫ π
0

cos(x) sin(nx) dx = − 1
nπ

∫ π
0

(
sin((n+1)x)−sin(n− 1)x)

)
dx =

1
nπ

(cos(n+ 1)x
n+ 1 − cos(n− 1)x

n− 1 )
)∣∣∣∣x=π

x=0
.
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with underlined term 0 as n = 1. Then

Bn =


0 n = 2m+ 1,

− 4
mπ(4m2 − 1) n = 2m

and
u(x, y) =

∞∑
m=1
− 4
mπ(4m2 − 1) sin(2mx)e−2my
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Problem 6 (15 pts). Solve as t > 0
utt −∆u = 0, (6.1)

with initial conditions

u(x, y, z, 0) =
 1 r :=

√
x2 + y2 + z2 < 1,

0 r ≥ 1,
ut(x, y, z, 0) = 0 (6.2)

and solve by a separation of variables.
Hint. Use spherical coordinates, observe that solution must be spherically
symmetric: u = u(r, t) (explain why).
Also, use equality

rurr + 2ur = (ru)rr. (6.3)

Solution. Solution is spherically symmetric because the problem is. Then

utt −
(
urr + 2

r
ur
)

= 0 r > 0, t > 0. (6.4)

Multiplying by r and using (6.3) we arrive to the first equation below:
vtt − vrr = 0 r > 0, (6.5)
v(0, t) = 0, (6.6)

v(r, 0) = g(r) =
 r r < 1,

0 r ≥ 1,
vt(r, 0) = 0. (6.7)

Continuing g(r) as and odd function g̃(r) =
 r |r| < 1,

0 |r| ≥ 1,
and solving

Cauchy problem we get

v(r, t) = 1
2
(
g̃(r + t) + g̃(r − t)

)
=



0 r > t+ 1,
1
2(r − t) 1− t < r < t+ 1,

r 0 < r < 1− t,
0 0 < r < t− 1

(6.8)

and finally

u(r, t) = r−1v(r, t) ==



0 r > t+ 1,
1
2r(r − t) 1− t < r < t+ 1,

1 0 < r < 1− t,
0 0 < r < t− 1

(6.9)



APM346, L5101, Fall 2016, Final Exam, Tuesday, December 13 15/20

r

t r = t− 1 r = t+ 1r = 1− t

v = 0

v = 0

v = 1
2(r − t)

v = r

r

t r = t− 1 r = t+ 1

u = 0

u = 0

u = 1
2r(r − t)

u = 1

Continued
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Problem 7 (15 pts). Solve using (partial) Fourier transform with respect
to y

∆u := uxx + uyy = 0, x > 0, (7.1)
u|x=0 = g(y), (7.2)
max |u| <∞ (7.3)

with g(y) = 2
y2+1 .

Hint. Fourier transform of g(y) is ĝ = e−|η|.

Solution. Making Fourier transform we get

ûxx − η2û = 0, x > 0, (7.4)
û|x=0 = ĝ(η) = e−|η|, (7.5)
max |û| <∞ (7.6)

and solving (7.4) we see that û = A(η)e−|η|x + B(η)e|η|x; (7.6) implies that
B(η) = 0 and (7.5) implies then A(η) = e−|η|. Then û(x, η) = e−|η|(1+x) and

u(x, y) =
∫ ∞
−∞

û(x, η)eiηy dη =
∫ 0

−∞
eη(1+x+yi) dη +

∫ −∞
0

e−η(1+x−yi) dη =

1
1 + x+ yi

+ 1
1 + x− yi

= 2(1 + x)
(1 + x)2 + y2 . (7.7)
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Appendix: Some useful formulas.
Not exam problems.

You may detach this page

1. The two dimensional Laplacian in polar coordinates:

∆f = ∂2f

∂r2 + 1
r

∂f

∂r
+ 1
r2
∂2f

∂θ2 .

2. The Stokes theorem ∫
D

∂f

∂xi
dx =

∫
∂D
fni dσ

where n (with components ni) is the unit normal vector pointing outside.

3. The complex Fourier series of a periodic function f(x) of period 2l, defined on
the interval (−l, l) is

f(x) =
+∞∑

n=−∞
cne

πinx/l

with the coefficients cn given by the formula

cn = 1
2l
∫ l
−l
f(x)e−πinx/ldx

4. The Fourier transform of a function f(x) is defined by

f̂(k) = 1
2π

∫ ∞
−∞

e−ikxf(x)dx.

The inverse Fourier transform is

f(x) =
∫ ∞
−∞

eikxf̂(k)dk.

Here some of its properties:

(a) if g(x) = f(ax) , then ĝ(k) = 1
|a|
f̂(k
a

);

(b) f̂ ′(k) = ikf̂(k);
(c) if g(x) = xf(x) then ĝ(k) = −if̂ ′(k);
(d) if g(x) = f(x− a), then ĝ(k) = e−iakf̂(k);
(e) if h = f ∗ g, then ĥ(k) = 2πf̂(k)ĝ(k);
(f) if f(x) = e−x

2/2, then f̂(k) = 1√
2πe
−k2/2.




