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N(a,a,a;a,)=N-)>, N@) + Y N@a) -} N@aa)

Here N = (231)
~ (Just put 8 ballsin box i and
N(a) = (4+18 1) fill arbitrarily for the
remaining 10)
_ (Put 8 ballsin both
N(a a) = (‘“g 1) - (g) i and j, fill arbitrarily from here on)
N(@aa)=0 (3x8=24>18)

~N@,a,a;a,)= (231) -4 ( ig) + (g) (g) = 246

Exercise2 Let A,B befinitesets,|A| =n,

B| = k. Find the number of onto functionsf: A -~ B

Solution: If n<k, theanswer isO. Assumen > k. The number of functions without restriction is
k"

For 1 < i< k, let & denote the property that a function does not have the i et of B in its range.
ThenN(a) = (k- )™
N(a’,) counts the functions which do have the i element of B in their range, and

N(a',a’, - &) counts those functions which do have the 1st, 2nd, - , k™ et of B in their
range, i.e. the onto functions.

Notice that N(a g) = (k - 2)" while N(ailaiz, ...,q) =(k-n"
Also, the number of r-tuplesis ( l:) :

Ilr(]:lsi a,-a) =K'- (‘I) k-1 + (‘;) k-2)- -

=k!I(S( n,k)) = k!(Stirling # of 2nd Kind).
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Exercise: The number of derangementsD,

Let g be the property that i isin its natural position in the permutation =, i.e. w(i) =1i.
Then D, is the no. of perms with none of the properties a.

ThenN =n!,N@@) =(n-1)!,N(@@a)=n-2)!
N(ailaiz, q) = (n-r)! The number of r-tuplesis ( l:) . Thus,
D, = N@, ;- a9 = Y (-2y( ) (n-ny

r=0

Exercise: (Euler Phi Function) Let n= p,”p,>..p, ¢

Denote by ¢(n) the number of integers

from1ton(incl.) rel. primeton. Find ¢(n).

Let a be the property that an integer in [n] isdivisible by p. Then ¢(n) =N(a’, &', - &,). Here

N:n,N(a):Q,N(qq): N e

P PP

n n n
Thus, ¢(n) =n - —+ _
zi: pi ilz#j:z pilpiz Z pi P;.B;

1123

-nl1 - Ll {12
P; P, Py
Generdization

Suppose we want the number of objects which have exactly m of the properties (any m of ther
propertieswill do, m € [O,r]. Let e, be this number. Let s,, be the number of objects

=2 N@aa, -3
where the sum is taken over al choices of m distinct properties (ail,-u E! )
N.B. s, counts elements more than once. Every element counted by s, has at |east m properties but

those with more than m properties get counted many times. For example, if an object has the
propertiesa &, - , 8y 1, it gets counted in N(a, & - &),

N(& & a5 ay. 1), N(@,& & - ay.,) €fc.
! !
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“a missng” “amissing”
Theorem:

_ m+1 m+2
em_sm-( 1 )Sm+1 +( 2 )Sm+2_'“

r-m r-m
G (mg p) Spap + o+ (D) (mﬁ_m ) s

If s, =N, thisyields the inclusion - exclusion formulafor m = 0.
Proof: Let’s consider any object x.

1) If it has fewer than m of the propertiesit contributes O to LHS and O to each of
Spr Speps- S0 0to RHS.

2) If x has exactly m propertiesit’s counted onceine,, onceins,, Otimesins,,,, -~ S SO
we're OK.

3) If X hast properties, m <t < r, then x contributes
0 to LHS, but is counted ( rtn) times
in t timesin t times
S’n’ m+1 S’n+1"“’ t
ingandOtimesins,, .., S-

Thus, on RHS x is counted.

() () () + () () -
E (m+(t—m)) (t) e,

t-m t

ForO<k<t-m,use

(ml:k) (mak) - (E:rl;)l (m+k)!(tt!—m—k)!

_ 1

m! kl(t - m-k)!

= [ ("7
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to show that above sumisO.

Corollary Let L, be the number of elements. that satisfy at least m of the r properties. Then

s () s (7

m+pn“m(;ﬁJa

Exercise: In how many ways can one arrange the letters in CORRESPONDENTS so
a) no pair of identical lettersis consecutive

b) exactly 2 pairs of identical letters are consecutive

C) at least 3 pairs of identical letters are consecutive

Solution Let g be the property that 2 identical letters i are consecutive. Then we can treat these
asasingle unit in any arrangement of |etters.
Five pairs (O,R,E,S,N), four singles (C,P,D,T).

N(a) = 13!/2* N= 14
25
N(a g) = 12!1/2°
_ _([5) 12
N(ag a = 111/2° %_(2] 5

N (——) = 10!/2
4

N (w—f) =9l
5

,,,,,_14!_513! 512!_511! 510!_5c
IN@odzdedsan) == (1)?*(2)? (3);+(4)— (5)

96



S. Tanny MAT 344 Spring, 1999

MORE ‘DERANGEMENTS’
Suppose the perm on [n] has exactly k fixed points. Define properties g as before, N(a) = (n - 1)! and
so on. Then

e o P LG ERREE L (U

:(E) (n—k)!—(kll)(kr:l) (n-k-1)! +(k;2)(kr+‘2)(n—k—2)! ...+(-1)n-k(n[‘k)01(ﬂ)

(5 oo

(4en

(Of course! Just choose the k fixed poi ntsin( E) ways, “derange” al the other pointsin D,,_, ways!)
LetE(x)= ) ex™

EX) =(S-S,+S,- .+ (1)) +

X

51—@) 52+(§]53-~~ +(-1)f1(rf1) s,

sz—(f) 53+(‘2‘) S, .. +(-1)f2(rf2) s,
[sm—( m 1) sm+1+( m2+2) S +(—1)”'(r _rm) Sr}xr + o+ S
=So+51(X-1)+Sz(X2 - (i)x + 1)+%(x3 - (i’)xZ + (2)x—1)+...
+S(x m—( T) xm1+( r;) xmz...+(—1)m1( mn—]l) x+(—1)m) + .

Sr(xr - (:rL) xr1+(£) x'2. +(_1)r‘{r[1) x+(—1)r)

r
SEX) =) S (x - pm 'Wow - looks simple!
m=0

+ X2+

Z er:%(E(l) - E(‘l)),z e2j+1_%(E(1) = E(-1)
J

i
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Exercise: Isit true that

szzr:(rjn)ej ?

j=m

How might this relate, if true, to the earlier formulafor e, ?

Exercise: Show that if (2k + 1) objects are place in k drawers, at least one drawer will contain 3 or
more objects.

Generalize the above to (mk + 1) objectsin k drawers.

Exercise: Suppose acircleisdivided into 200 congruent sectors and 100 are coloured red, other 100
blue. A smaller circleisaso so divided and coloured (i.e. 100 sectors red, 100 blue) and placed
concentrically on the larger circle. Prove that no matter how the 100 red sectors are chosen for each
circle, the smaller circle can be rotated so that at least 100 sectors of the two circles match in colour.

(Hint: How many matches do you get in total asthe smaller circleis rotated through 360° while the
larger circle remains fixed?)

DIRICHLET DRAWER (PIGEONHOLE) PRINCIPLE

“k + 1 pigeons in k pigeonholes

= at least one pigeonhole has 2 or more pigeons”
Peter Gustuv Lejeune Dirichlet (1805 - 1859)
Exercise 1: Select n + 1 numbersfrom {1, 2, ..., 2n}

Then 2 arerelatively prime.

Solution: 2 must be consecutive, hence this pair are relatively prime.
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Exercise 2: Let G beagraph. A cliguein G is acomplete generated subgraph in G, i.e. a collection of
verticesin G where each pair of verticesisjoined by an edge.

Let w(G) be the size (# of vertices) of the largest cliquein G.
Then x(G) > w(G), where x(G) is the chromatic number of G.
(Vertices of clique = pigeons, colours = holes)

{a, b, c, d}
not {d,e, f}
{a,b,c.d,e,f} {b, h}

Generdization 1 If n pigeons are placed into k pigeonholes, then at least one hole contains more than

mT_1| pigeons. | x| = greatest integer < X.

Proof: If not, then there are at most k m_—1|

< m-1<mpigeons, contradiction

Corallary: Given any set of numbers, there is adways a number whose valueis > (also <) the average
value of the numbersin the set.

Application: G agraph, W aset of vertices. W is an independent set of G if no two verticesin W are
joined by an edge. Let o(G) be the size of the largest independent set in G (independence no.)

If G iscoloured with x(G) colours, then each subset containing all vertices of afixed colour isan
independent set, and V(G) is partitioned into x(G) independent (digoint) subsets.

V(G)]

x(G)
«(G) isthe size of largest independent set, o.(G) > % or x(G)a(G) > |V(G)|
X

Average size of each subset is and since

Theorem (Erdos, Szekeres) Given a sequence of n? + 1 distinct integers, there is an increasing
subsequence of length n + 1 or a decreasing subsequence of length n + 1.
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Example:
(P=16:432187651211109 161514 13)

Proof: Denote the sequence by X, , X, , .., X2, ,. Lett; bethelength of the largest increasing
subseguence beginning with x,. If any t; > n+ 1, we'redone. Thus, assumel < t; < n. Thenwe
have

(n? + 1) valuest; al between 1 and n so that at least

2,1)-
[(” D) g=net

n

of the increasing subsequences have the same length. It follows that the x; ‘s associated with these
subsequences (that is, the initial term of each one) form a decreasing subsequence (of length
n+1).

To seethis, notethat if t; =t, and i <j then x; > x;. (For if not then x; < X, and i <} so the subsequence
starting with x; and then x; and all the t; = t; elements associated with x; asinitial point is an increasing
subsequence of length t, + 1, contradiction since t; was supposed to be largest increasing subsequence
starting at i.) Now, al the x; form a decreasing subsequence as required.

Theorem Suppose p;, P, - , P, &€ positiveintegers. If p, + ... + p, - (K - 1) pigeons are put into k
holes then either the the 1st hole contains > p, , the2nd > p, ..., thekth > p,.

Proof If not, the # of pigeonsis at most

k
Y (p-1) = ) p, - k whichis1toosmall!
i=1

k
i=1

Recall the game of SIM - remember that there was always awinner (form ared or blue )

Theorem In agroup of 6 people there are either 3 mutual friends or 3 mutual strangers. [ Equiv.,
colour the edges of the complete graph on 6 points with 2 colours R and B. Then thereisaR or B
Al
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N.B. 6 isthefewest for which thisistrue

Suppose Sisany set of 6 elements. Let T be the two
elementsof R, |T| :(E’) LeteT=XuY,XnY=0. Then

a) thereis a3 element subset of Sall of whose 2 element subsets are in X
or: b) thereisa3 element subset of Sall whose 2 elt. subsetsarein Y.

MORE GENERAL

Suppose p, g > 2, integers.

Divide S as above, assume |S| = N.
Then N has the (p,q) Ramsey property (Frank Plumpton Ramsey 1903 - 1930) if:

a) thereisap element subset of Sall whose2 element subsetsarein X.

or:
b) thereisaof element subset of Sall of whose 2 element subsetsarein Y.

Exercise: N = 6 has the (3,3) Ramsey property
N = 5 does not have the (3,3) Ramsey property.

N.B. If Nis(p,g) - Rand M >N thenM is
(p.0) - R.

Proof Let|S|=M,S, cS,

S/ =N
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Divide the 2 elements subsets of S, into X,Y.

Then thereis ap element subset of S, whose 2 element subsets arein X or a g element subset of S,
whose 2 element subsetsarein Y.

Put al the remaining 2 element subsets of Sarbitrarily in X and Y.

Since any p element or g element subset of S, is also such asubset S of the desired property
described above for S, followsfor S. Thus, M is(p,g) - R.

Theorem (Ramsey): If p,q>2then3d N > Nis(p,g) - R.

The smallest such number N is denoted by R(p,q), called a Ramsey number .

Finding Ramsey Numbers

1. R(3,3) =6, since6is(3,3) - Rwhile 5 (thus al smaller) is not.

If G=(V,E), then G = (V,E") (complement) has same vertex set as G and all the edgesin G° are
edges not in G (complement of E w.r.t. complete graph on vertex set V).

Theorem: N is(p,g) - R = for every graph G with N vertices, either G has a complete subgraph of p
vertices (p-gon) or G° has a complete g-gon. (CLIQUE)

S = vertex set of graph G.

2 element subsets of S = edgesin G.

(Cligue G° =Independent set in G.)

Theorem: i) R(p2) =p
i) R(2,0) =0

Proof: i) R(p,2) > p (if not, clearly no p element subset at all, and could put al the two element
subsets into one set X, haveY = o)
Every graph of p vertices, either it's complete or its complement contains at least one edge. Thus,

R(p,2) < p. - R(p,2) = p.
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(i) In general R(p,q) = R(q,p) by symmetry of the definition of R(p,q).

Theorem: N is(p,g) - R = for every graph G of N vertices, either G has aclique of p verticesor G
has an independent set with g vertices.

Theorem: N is (p,g) - R = whenever we colour the edges of K, either R or B then either K hasa

complete R p-gon or a complete B g-gon.

Proof: Given any edge colouring of K, let G be the graph whose vertices are those of K, and
whose edges are R. Then by earlier result, G has a clique of p vertices (R p-gon) or an independent
set of q vertices (B g-gon).

N.B. R(p,q) isHARD to determine.

This graph has 8 vertices

It has no », no independent set of 4 vertices
~R(3,4) >8R ((34)>9

Infact, R(3,4)=9

Take regular 13-gon to show R(3,5) > 14
Take regular 27-gon to show R(4,4) > 18
In both cases equality holds.

Theorem: R(p,q) < R(p.-1) +R(p-1,0)

If p>2,qg> 2then
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p+q-2

R(p.0) < ( o1 )

From these it follows that

R(3,4) < R(3,3) + R(24) = 6+4=10

In fact, can show that when R(p,q - 1) and

R(p - 1, g) are both even, and p,q > 3 then
R(p.g) < R(pg-1) +R(p-1,0)-1

~R(34) <9

But we showed R(3,4) > 9, hence R(3,4) = 9.
Similarly, R(3,5) < R(3,4) + R(25) =9+5=14

Generdizations

1) Consider r element subsets of N element set (rather than just r = 2):

Nis(pgir)-R<=:

Spring, 1999

a) given any set Sof N elements, if we divide the r element subsets of Sinto two

collections X, Y then either :

. p element subset of S, al of whose r-element subsets are in X
. g element subset of S, al whose r-element subsetsarein Y

N exists, least N isR (p,q;r)
eg.R(3,3;2) =R(3,3) =6
R(p.g;r) = R(p,0)

TheoremR(p,g;1) =p+q-1

Proof: LeeN=p+qg-1 ThenNis(p,g;1) - R. Toseethis, suppose |S| = N. Divide the 1-element
subsets of Sintotwo classes X and Y. Then |X| > por |Y| > g by the pigeonhole principle (actually
acorollary), so one of the 2 conditions of (p,g;1) - R hold. Thus, R(p,q;1) < p+q-1. To seethat

R(p,q,1) - R. Toseethat R(p,q;1) > p+ Q- 1, itisenough to show that

p+q-2isnot (p,g;1) - R. To seethis, just split the 1 element subsets of Sinto two classes X,Y with

X|=p-1,|Y|=q-1.

N.B. Thisiswhy Ramsey is thought of as generalized P.P.
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