S. Tanny MAT 344 Spring 1999

Non-Linear DFE

Exercisel  Y,Y,,=YZ,.,Y,=1Y,=2

Followsthat Y, # 0 Vn.

Yn+l
Lt W, = —=. Then W, =W, W, =2
n

AW,=2-Y,,,=2Y, =Y, =2 (Y,=1)

N.B. Could also linearize with |ogs.

. 2 2 2 _
Exercise 2 Yn+2 + 3Yn+1' 4Yn =0

Set W, =VY,2
Wn+2+3Wn+1'4Wn:0

Wn = Cl('4)n + C= Yn = V Cl(_4)n + Cz

Solving Recurrences Using Generating Fn

*Basic Idea: G.F. isformal power series with the coeff of interest to us related by the recursion.
Using forma manipulations this leads to aformal expression (hopefully a recognizable closed form)
from which the coefficients of the FPS can be determined.

Exercise: a,.,=-2a,+1 8=0,a=1
Define A(x)= ) ax" (“FPS’)
n>0
SAX) =a+) ax” “Formal manipulation”

n>1

= aO+ Z 6‘Hlxr“l

n>0

_Y (29, +1)x"?

n>0

:22 %Xnﬂ' " Z Xn+l

n>0 n>0
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X

SA =2 Y ax” +%:2xA(x)+ﬁ.

n=0

A= — X “Closed Form”

T (1-%(1-2X)

X Y ox"e Yy o

n>0 n=0

xz[izi)x”

n>0\j=0

2y ax" =) (0 1-q)xnet

n>0 n>0

Comparing coefficientswe see that a, = 2"- 1

N.B. If 2 FPS are equal, they are the same coefficient by coefficient.

Exercise: Fo.o=F tFn=20,FR=F=1

LetF(x)= Y F x" “FPS’

n>0

=F+Fx+) Fx"

n>2

=1+x+ Y F x"?2

n+2
n>0

- n+1 2 n
—1+x+xz% F X" hex E%an
nx nx

=1+x+), (Fn+1+Fn)Xn+2

n>0
=1+Xx+X[F(X) - F)] + Xx2F(X)
F(x) = 1 + x F(X) + x°F(x)

1

F(x) = —
1-x-X

How can we determine the coeff of the FPS for F(x) from this?

Use Partial Fraction Expansion of RHS!
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ol

1-x-x=(1-xR)(1-XxR) R,= 1%

1 [ R R
~F(X) = =R ll - }
.~ R -XR, 1-xR

- L{Z(Rf*l - Rf‘*l)x ”}
n>0

5

k= E(Rfd - Rf]+l>
5
Sometimes we use e.g.f. just as successfully.

F
Fox) =) —x"
nohl .
=1+x+ N2 yne2
n>0 (n+2)|
I:n+l+|:n
n>0 (n+2)|

=1+x+ n+2

F . .+F
SE) =1+ ) LDy
n>0 (n+1)|

n+1

F F
= 1+ n_+lxn+1 + Z n_ yn+l

nso (N+1)! n-o (n+1)!
- _ I:n n+1
=1+ (F(x) -1+ %Wx
F
SF)=F) Y —:‘x”
n-0 Ik
=F'(x) + F(X)

This can be solved using ODE approach for FPS (same as if F(x) area (or complex) function).
F(X) = ¢, + cet*
where1l=F,=F0) =c, + ¢,

1=F,=F(0)=¢R, + R
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Solveforc,,c,:

SFX = (R R e
5

F 1 1 one1 ooy un
.-.E)FTX”:EE)H(FL LR x
nx . n> H

DERANGEMENT RECURSION

D, = number of permsin S, with no fixed points.
Dnv1=n(D,+ Dy ) D,=0,D,=1
1
LINEAR BUT NOT CONSTANT COEFF.

Define D, = 1 to make recursion hold for

n=1
D
LetDX)= ), —2 x"
n>0 n!
D
=1+ Z N xn
n>2 n!
:1 n+2 n+2
n>0 (n+2)|
D
D'(x) = n+2 n+1
* nz;) (n+1)!
— Dn+l * Dn Xn+1
n>0 n!
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Doesn't look too promising? What now?

= X[Z P x”) + xD(x)

n!

D’(X) = x (D(x) - Dy)" + xD(x)
=xD’(x) + xD(x)

=~ D'(X) (1-x)=xD(x)

D _ x _ 1 1

" D(X)  1-x  1-x

~inD(X)=(n(1-x)-x+c

D(x) = 1 e Xe®
1-x

ButD(0)=D,=1—-€=1(=c=0)

e*X
~ D(X) =
) T x

Spring 1999

If you don’t know ODE, there is another way to get this result: (See Roberts, pp. 224 ff)

D
D(X)=1+ N2 yn+2
®) r; (n+2)!

Dn+2: (n + 1) (Dn+1+ Dn)
1

If only thiswere (n + 2) instead! ? We can show (see Roberts, p.225)

Dn+2 = (n + 2) Dn+1 + (_1)n+2
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D _1\nh+2y,Nn+2
D) =1+ Y —ntynzy y CDTXTE
n=0 (n+1)| n=0 (n+2)|

=1+x[D(x)-1] +(e*-1+x)
~D(X)=1+xD(x)-x+e*-1+x.
=xD(x) + e*

- D(X) = €¥(1 - X)

:( _i+x_—...](1+x+x2+...)

1! 2!
D o0
Y xko vyt oty et xx
o k! k-0 1! 2! k!
1 1 k 1
. = ki - = - - -
=~ De=K! (1 T + o + (-1) k!)

Counting Bracketings in Products

In how many different ways can the “product” x,,X, ... X,, be parenthesized?

€g (X, 1
(X1 X)) 1
(X1 X2) Xq) }
(Xi(x%5)) ) 2
Let the number beb,. Thenb, =1, b, =1, b, = 2. To bracket n letters, bracket firstr, lastn-r
n-1

bn=Zl b b, . , nh>2
r=
Letb,=0. Then
n
bn=z(:) b b, . ., nN>2
r=
Let B(x) = Y b x"
n=0
n
(B(x))* =Y ¢, x" , =) bhb,
n=0 r-0
=Y b x"
n=2
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=B(x) - X

-~ B(X)?-B(X) +x=0.

Bx) = LEV1-4X
2
Two possible solutions - must check each

a3 (Y eane

n>0

Y\ an 2 (2n-2
Show (n)(4) = ﬁ(n—l) ,n>1

“BX) =Y %( 2nn_—12) x " (-iveroot req' d!!)

b, 1(2n—2

= n—l) Catalan (1814-94)

If we take the positive root we get
1{2n-2
B(x)=1- —( ) x"
(x) nZl ~ n-1

which give only negative values for the coefficients for
n > 1, which makes no sense.

A variety of problems lead to essentially the same recurrence as the above one:

(1) counting the number of simple, ordered rooted (SOR) trees

Spring 1999

- unlabeled rooted trees, each vertex has O, 1, or 2 descendents, “left” and “right”

descendents distinguished
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Root Root
L* R L
(2) Secondary structure in RNA [not precisely but smilar - see Roberts]

Spring 1999

(3) Triangulation of an n-gon by diagonas- division of the insde into triangles using only non-

intersecting diagonals

(4) Let S, be the number of distinct ordered setsof nintegersa;, a,, ..., &, (allow some to be 0) such

that
a+t.+ta=na+a+.+a>kforeachk<n.

ThenSh: nilr-l (Znn)

(5) Let S, be the no. of sequences of length 2n,

a,a,.,,a=+1or-1land

2n k
Za].:O,Za].zO,k<2n
-1 -1
1 (2n
Th =
en S, n+1(n)

INCLUSION - EXCLUSION

How many positive integers between 1 and 30 are not divisible by 2 or 3?
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6=2x3.

Divisbleby 6 < divisbleby 2 and 3.

Exactly 15 are divisible by 2

Exactly 10 are divisible by 3.

Exactly 5 aredivisible by 6 (hence are divisible by both 2 and 3)
- 30-(10+ 15) + 5=10 arenot divisbleby 2 and 3
{1,5,7,11, 13,17, 19, 23, 25, 29}

Let A beaset of N objects.

N(a) N(a)

N

N (a; a)

Leta, a, .., & tobecollection of r properties that each of the objects of A may have (but need not
have)

Let N(a) = # of objects of A with property a

Let N(a';) = # of objects of A without property a

Forali, N(@) + N(@) =N

Let N(ag) = # of objects with both properties a, g

Obvious definition for N(aa’;) , N(aaa,) and so on
N(a) =N(a a) + N(aa’)

91



S. Tanny MAT 344F Spring 1999

N(@;aj) =N-(N(a) + N (3)) + N(ag)
P 1 1
Remove object objectswith add back in objects
with a or g & a included with both g and
inthiscount g since these were
removed twice

If we use above notation:
N(a',a,..a,)=N EI: N(a) + ZJ: N(aa)
- Z; N(@aa) + ..+(-1)' N(a,a,~a)
di:"ferent
Proof: LHS counts each object without &, , &, , ..., g exactly once. Show that the RHS does as well,

and all others zero times.
-if an object B has none of the propertiesit is counted in N built never in any other term in RHS so

we're OK.
- if an object B has exactly p of the propertiesthen it is counted oncein N,( ‘I) =ptimesin
p . .
Zj: N(aa) , (3) tlmesmig;k N(aa) and so on.
p .
Thusit is counted Z(?) (-1) = 0 times, as required
j=0
Thisis caled the Principle of Inclusion-Exclusion (PIE)
Corollary The number of elements of A that have at least one of the propertiesisN - N(a'; &',

a).

Exercise 1 Find the number of non negative integers satisfying solutionsto x; + x, + x; + x, = 18
with each x; < 7.

Solution: Without the restriction on al x; the answer is
4+18-1) (21 (22
18 ~\18/ |3
Define the property g for a solution to the equation if x; > 8, i.e. asolution (X, X, X5, X,) Satisfies g, if
X >8,1=1,2, 3,4 Wewant to count
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