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C) r distinct balls into n nondistinct boxes:
a sk

k=1

where S(r,k) = number of ways to partition an r-set into k (non-empty) parts. S(r,k) is called a Stirling
number of the Second Kind.

Try to compute some S(r,k):

€eg: Sr0)=1 "rs 0.
S(1,1)=1 Sr2=2"*'-1

Srl) =1 S(r,3)
(i) 1
@ii)  S(r,n)

d) r non-distinct balls into n nondistinct boxes:

PO where
1

Qos

(i)

k

P = number of ways to partition the numbers  into k parts, each part >0
Think of the number r as a sum of r ones:

r=1+1+1+% +1

r times

We can group the ones as desired to form different parts. For example, for 3 we have:

3 1+2 - (2 parts, one each of size 1,2)
1+1+1 - (3 parts, dl of size 1)
3 - (1 part of size 3)

For 4 we have:

4 1+3
2+2 - (2 parts, each of size 2)
1+1+2 - (3 parts)
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(i) 1

Giy PP =& PO

k=1

Ex. (i) How many non-negative integer solutionsto X; + Xo + Xz + X4 =12 ?
@iy x>0
() X128 2,%3%32,%3%4,%°%0

: : ad> 8830
Solution 0] 8125 = 835
. dlo  «816
) €80 €3

o &HO

) &30~ &p

More Occupancy Problems (and Arrangements too!) Suppose we have r distinguishable balls, n
distinct boxes.

How many ways are there to place r; balsin

Kk
. . [}
boxi, 1=1,2,% ,nwhere@ r =71
i=1
e B'o
- r0aE- - r0 r- ar-+

g0 o U -
8r1b.8r% I3 ﬂ_é Il:

(Note: thereis atypo in the formula, change k to n in the last term)
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r! & r 0
e —
r]_! r2| _ rnl 8rla r21 1 rnﬂ

"Multinomial Coeff"

Ex. Find the number of ways to arrange the letters of the word MISSISSIPPI

I M PS
11 -
A1 21 2l 4 distinct boxes
(corr. to letters)
11 distinct positions 11 balls (distinct)
4 distinct letters (corr. to positions)

n=4 r=1r=2 =4
Alt-Solution: r objects, r; typei (indistinct), n types.

é ri =r. Find al possible arrangements

i=1
Let the number be x. Thentherearer,!, ro! ¥4 r! ways of further arranging each such arrangement if
we could distinguish among the identical objects. But by the product rule thisyieldsry! ra! ¥4 ! X
arrangements, which also corresponds to all possible arrangements of r objects. Since the total number
of arrangements of r distinct itemsisr! we get ry! r2! ¥4 ry! x = r! which gives the desired value for x.

Binomial Expansion

(a+ b)"=sum (j=1..n: n choosej) &\j b*(n+))
(nisaposgtive integer)

Proof: (1) Induction
(i) @+ b)"=(a+b)(a+b) v (a+b)

n factors

o amo
to get aterm db "/, choose j of the a's from the factors, in 8jgways (order counts, in the

sense that the term with afrom 1st bracket, b from 2nd, is different than term with b from 1st, afrom
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2nd).
@+x= & F90 o - 8 qup
j®o0 8Jﬂ js Ogjﬂ

ano  @eno
(use the fact thatg + = 8n- P

Putx=1

o a0
1+1)"=2"= Q 8_
j® o0 Jﬂ

Putx=-1

a-1r=0= & (Vs

i

Example Find 90 kgkg

Solution: (1) ke = n 29

ution: (1) kg 2 = g . 15

\ é kam? 3 na@_ 10(k 0 term is 0 on both sides)
AKXGGs = 2" 5

o a- 16
kagkﬂ

2

o 30

2 @+x" = 9 X

Fall, 1997
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n-1 2 %10 k-1
n(1 + x) = a kngX

k30

o M0
n-1 _ .
Setx=1p n2" "= akgk.

k30

Exercise: & szmg— ?
a4 Qe



