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1. BLOWUP SOLUTIONS EXIST

We consider the Cauchy problem fof L? critical focusing NLS:

(o s, 52

The solution has an L2-invariant dilation symmetry
u M7, y) = A tu(A T2, A Ly).

Time invariant conserved quantities:
Mass = / lu(t, x)|?dx.
Rd

Momentum = 2%/ u(t)Vu(t)dx.
R2

Energy — H[u(t)] = ;/R |Vu(t)]2dx—%]u(t)|4dx.
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NLS; (R?) H'-GWP THEORY

m Weinstein's H'-GWP mass threshold for NLS; (R?):
lwolliz < Qe = H' 3 wo — u, T" = o0,
based on optimal Gagliardo-Nirenberg inequality on R?

2
lullfs < [HQ”z] lullZ= 1V ulZ2.
12

m Q is the ground state solution to —Q + AQ = — Q5.
m The ground state soliton solution to NLS; (R?) is

u(t,x) = e Q(x).



PSEUDOCONFORMAL SYMMETRY

m Pseudoconformal transformation:

1 iw? 1y
PClu)(T,y) = v(T,y) = WT/ze i u <—T, 7_) )

m PC is [2-critical NLS solution symmetry:
Suppose 0 < t; < tp < c0. If

u: [t 2] x R2 — C solves NLSleJr (RY)

4
d

then
PClul = v : [~t; 1, —t; 1], ¥ Rf, —C

solves
i0rv+ Ay = +|v[*9y.

m PC is an L2-Strichartz isometry:
If % + % = g then

[PCLu]l LIl ([~ Yty IxRY) = | U”L‘jL;([tl,tQ]de)'



ExprLicIT BLOWUP SOLUTIONS

m The pseudoconformal image of ground state soliton eitQ(x),
1 o /x\ 2.
5({'7)() = EQ (?> e "7 +t,

is an explicit blowup solution.

m S has minimal mass:
[1S(=Dlz = IRl 2-

All mass in S is conically concentrated into a point.

m Minimal mass H! blowup solution characterization:
up € HY, ||luoll 2 = |Qll 2, T*(uo) < oo implies that u =S up
to an explicit solution symmetry. [Merle]
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MANY NON-EXPLICIT BLOWUP SOLUTIONS

m Suppose a: R? — R. Form virial weight

= alx U2 X)dax
Vo= [ abluf(e.0d

and
0:Va = Ma(t) = [ Va 23(¢pVe)dx.
R2

Conservation identities lead to the generalized virial identity
OV, = O:M, = /2(_AAa)\¢\2 + dapR(pjok) — ajj|ul*dx.
R
m Choosing a(x) = |x|? produces the variance identity

af/ x| u(t, x)|2dx = 16H[u].
R2

m Hlup] <0, [ |x[?|uo(x)|?dx < oo blows up.
m How do these solutions blow up?



LEMMA (SUBCRITICAL SCALING LOWER BOUND):

If H* > up — u(t) with s > 0 solving NLS; (R?) for all t near T*
in the maximal finite (forward) interval of existence [0, T*) then

C

(T — 1) < [|D*u(t)]2-

Scaling invariance and LWP theory:
= v(r,y) = su(t+ 55, 5) = [[D°v(0)lli2 = 5 [ID%u(t)]| 2.

1
m Choose A so that [|[D°v(0)||2 =1 = A= || Du(t)]|;..

m WP = v(0) — v(t) for T €[0,1] <= t+ 5 < T*
1

m 2> E = claim.

t



Mass CONCENTRATION PROPERTY: H! THEORY

H' Theory of Mass Concentration

m H! N {radial} > up — u, T* < oo implies

Iiminf/ lu(t, x)[Pdx > [|Q||Z..
/T Jix|<(T—t)1/2-

[Merle-Tsutsumi]

m H! blowups parabolically concentrate at least the ground
state mass. Explicit blowups S concentrate mass much faster.

m Fantastic recent progress on the H! blowup theory.
[Merle-Raphaél]
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MAaAss CONCENTRATION PROPERTY: L2 THEORY

L? Theory of Mass Concentration
m 23 ugr— u, T < oo implies

limsup sup /]u(t,x)\zdx > Huo\|Z2M.
t/T* cubes I side()<(T*—t)t/2J1

[Bourgain]

L2 blowups parabolically concentrate some mass.
m For large L? data, do there exist tiny concentrations?
m Extensions in [Merle-Vega], [Carles-Keraani], [Bégout-Vargas].

m Upgrading limsup into liminf appears challenging.



NLS; (R?): CONJECTURES/QUESTIONS

Scattering Below the Ground State Mass?

?777?

HUOHL2 < HQ”LQ — T ur+——u with HUHL;‘X < 0.

Minimal Mass Blowup Characterization?
luoll 2 = || Q| 2o — u, T* <00 = """ u=S,

modulo symmetries. Intermediate step: Characterize in H*?

m Concentrated mass amounts are quantized?
Ground and excited state profiles are only asymptotic profiles?

Are there any general upper bounds? limsup vs. liminf ?

What are the possible “singular sets” for NLS blowups?



[? CRITICAL CASE: PARTIAL RESULTS

m For 0.86 ~ $(1+V/11) < s < 1, H* N {radial} > up —
u, T <oco =

nmsup/ lu(t, x)Pdx > [| Q|2
x| <(T* =)/

t,/T*
|Wider Window|
H*-blowup solutions concentrate ground state mass.
[C-Raynor-C.Sulem-Wright]
[ | ||U0||L2 = ”QHL2,U0 EH ~086<s<], T"<o0o =

Jt, / T*st. u(t,) — Qin H¥®) (mod symmetry sequence).
For H® blowups with [[up||2 > || Q]| 2, u(ts) — V € H (mod
symmetry sequence). [Hmidi-Keraani] This is an H® analog of
an H! result of [Weinstein] which preceded the minimal H?!
blowup solution characterization.
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[? CRITICAL CASE: PARTIAL RESULTS

m Spacetime norm divergence rate

lull 2 (o,gxm2) 2 (T — 1)’

is linked with mass concentration rate

lim sup sup /| (t,x)>dx > ||Uo||,_z .
Zal cubes [,side(1)<(T*—t) %+

sy

[C-Roudenko]



2. GROUND STATE MASS CONCENTRATION FOR H°®



2. GROUND STATE MASS CONCENTRATION FOR H°®

THEOREM (C-RAYNOR-SULEM-WRIGHT 05)

For 0.86 ~ (1 +V11) < s < 1,H* N {radial} 5 up — u, T* <
="

lim sup/ |U(t,X)|2dX > ||Q||%2
t,/ T J|x|<(T*—t)s/2~

m {radial} removed by concentration compactness. [Tzirakis]
NLS; (R)

= Higher dimension generalization NLS," (RY). [Visan-Zhang]

4
d



GROUND STATE MASS CONCENTRATION FOR H!

Recall [Merle-Tsutsumi]. H! N {radial} > ug — u with T* < oc.

m Rescalings (weakly) converge to asymptotic profile.

Consider {u(tn, ) }nen = {un(-)}nen along t, / T*. Form

Rescaled 1 1
a(1) = /\n n )\n .
Snapshots va(") un(An~())

with Ay = ||Vl = (T* — t,)"Y/2 so that |[Vv,| .2 = 1.
Thus, 3 v € H! such that v, — v in H! along subsequence.

m Compactness and energy of rescaled asymptotic object.

Radial & Rellich Compactness = v, — v strongly in L%,
|Elvall = Ap%E[u(ta)]] = 0 = E[v] <0.
m E[v] <0 = ||v|] 2 > ||Q|;2; undo scaling.
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GROUND STATE MASS CONCENTRATION FOR H!

Recall [Merle-Tsutsumi]. H! N {radial} > ug — u with T* < oc.

m Rescalings (weakly) converge to asymptotic profile.

Consider {u(tn, ) }nen = {un(-)}nen along t, / T*. Form
vn() = A5 un(A51 ()

with Ay = ||Vl = (T* — t,)"Y/2 so that |[Vv,| .2 = 1.
Thus, 3 v € H! such that v, — v in H! along subsequence.

m Compactness and energy of rescaled asymptotic object.

\ Radial & Rellich Compactness = v, — v strongly in L%,

|Elval| = A7 2[E[u(ta)]| = 0 = E[v] <0.
m E[v] <0 = ||v| ;2 > ||Q|;2; undo scaling.
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GROUND STATE MASS CONCENTRATION FOR H°®

We imitate the [Merle-Tsutsumi] result using modified energy.

m Blowup Parameter:

A(t) = [[u(t)l[ms; A(t) = sup A(7).
T€[0,t]

m Modified Blowup Parameter:

o(t) = [I{V)u(t)]|2; X(t) = Zl[lopt]U(T)-

Recall,
1FllHs < (V) Fll2 < NY72)|F] s,

Thus, E[v] <0 = [lv[2 = [|Q] 2.



GROUND STATE MASS CONCENTRATION FOR H°®

LEMMA ( MoDIFIED KINETIC > MODIFIED TOTAL ENERGY)

Vs> 0.86 if H* 5 up — u on maximal [0, T*) then
VT < T* 3 N = N(T) such that

|Elneryu(T)] < GA(T)P
with p(s) <2 and Co = Co(s, T*, ||uo||Hs)-

m Modified Kinetic Energy > Modified Total Energy.

p(s)
m N(T)=CA(T)x1-9.
m Proof based on almost conservation; multilinear analysis.



GROUND STATE MASS CONCENTRATION FOR H°®

Rescale by modified kinetic energy.
Choose any maximizing sequence t, /* T* satisfying
[u(tn)ll4s = A(tn). Define va(y) = o, e,y u(tn, o ty)
where N(t,) is as in the Lemma.

Weak convergence and L* compactness.
Rescaling = ||Vvp||y1 — 1so I v e H sit. v, — v along
subsequence. Radial & Rellich = v,, — v strongly L*.

Energy of asymptotic object.
|Elvall = 02| Ellvun]| < 02N (8) < (A(t0))P) 2 — 0.
Undo the rescaling.
Unravelling scaling using lower bound o, > (T* — t,) /2
completes proof.
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3. CONCENTRATION & STRICHARTZ EXPLOSION



3. CONCENTRATION & STRICHARTZ EXPLOSION

Ideal
m Ground state soliton u(t,x) = e Q(x) satisfies
lullia(rjj+).xmey = n = O(1), Vj €N.
m [*-isometry & explicit S = PC[etQ] ~ |7|71Q(7 Ly )e',

HSHL“([—}—jﬁ]TxR;) =n, VjeN

m Thus, [|S][ze((-1,9xr2) ~ ﬁ; Mass concentrated in |y| < |¢|.

m Contrast with [Merle-Tsutsumi], [Bourgain] Concentration:
l[ull 3(j-1,qxr2) / 00 == Mass concentrated in |y| < [t[}/2.
m Observation?
Strichartz explosion rate = f(concentration window size).



HEURISTIC: WINDOW SIZE & L* EXPLOSION

m When |lul| (¢, t,.1]xr2) ~ 71 [Bourgain] shows parabolic
concentration: 3 t* € [t,, t,y1] and xg € R? where

lut, x)Pdx 2 fluoll 2.
Ix—xo| Sl tn+1—tn|1/2
m In [C-Roudenko], we observe (overstated!):

ull =f(T"—t) Socast / T*

[0, T* —t]xR2
T

sup / u(t, )2 2 [ uol| M

xp€ER?
x—xo| S[-8:F(T*—1)]~1/2

m Why? By first order Taylor approximation, we have
N~ F(T* = thp1) — F(T* = tn) ~ [0 (T* — tn)](tns1 — tn)-



IDEAS IN BOURGAIN’S PROOF

Decompose [0, T*) into J[tn, th+1) on which

1
“u“L4([t,,,tn+1]><R2) =n-~ 100°

For t € [tn, ta11), we have u ~ e/(t=t)Ay(t,).

m Strichartz Refinements and the conditions

1Flli2 < lluoll2; 1€ FlIs > 7
spawn a spacetime tube decomposition of etAf.

m 3 concentration time t} € [t,, tpy1) V n.
Thus, proof is more refined than the lim sup claim.

Taylor expansion connects (t,+1 — t,) with T* — t,.



SQUARES LEMMA

LEMMA (BOURGAIN)
Ve>0andV f € L2(R?) 3 {f}1<,<r(e) Such that

m spt ?r C 7, C R? with 7, a square of side A, centered at &,
. ] < 4
m [[flliz = 8(e) > 0

and
R(¢€)

itA it A
le*af =3 el <.
r=1

The linear Schrédinger evolution of any L? function is
approximated by the evolution of a function with Fourier support
on a system of squares and bounded Fourier transform.
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SQUARES LEMMA




TUBES LEMMA

LEMMA (BOURGAIN)

Consider a function g satisfying: (Think of g as one of the f,.)
m spt g C 7 C R? with T a square of side A centered at &g
= gl <%

V € > 0 3 spacetime tubes {Qs}1<s<s(c) of form
= Qs = {(t, X)GR3'X—2t§0€TS,t€J}

m 75 is a (dual sized to T) cube of side %, |Js| = 45
and
1/4
/ e’ A g |* dxdt <e.
R3\Us Qs

There is just dust outside the tubes!



TUBES LEMMA




TuBES LEMMA WITH TIME SLICES
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STRICHARTZ EXPLOSION =—> TIGHT WINDOW

THEOREM (C-ROUDENKO)

Suppose T* < oo and HuH 2942) >(T* —t)P. Then
([0,t] xR9)
im sup sup [t 02 o> ol .
t/Tr cubes J € RY : J

I(J) < (T* — 1)tz

Furthermore, V t € (0, T*) 3 a cube 7(t) C ]Rg of size
8y o
2

I(r(t)) 2 (T* — 1)~ G+

) such that

lim sup sup /\PT(t)u(t,x)|2dx > || uo|
t/ T cubes J € RY : J

I(J) < (T* — t)2+3
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THICKENED TIME INTERVAL OF CONCENTRATION

LEMMA (FREQUENCY LOCALIZED WAVES PERSIST)
Let f € L2(RY) and spt f C [0,1]? and suppose

/ 1f(x)[?dx > ¢; > 0.
0.1}
Then for |t| < c(c1, ||f||;2) concentration persists

/ e A F(x) P dx > 2.
[071]d 2

m Frequency localization in conclusion shows concentration
persists for t in an interval containing t* of size (T* — )15,

m Thickened concentration interval may not cover [ty, th11]-



TicHT WINDOW =—> STRICHARTZ EXPLOSION

Let F(t) = ull{s0,qxmrz) and Pty = Pyei<iie-

LEMMA (POINTWISE DERIVATIVE LOWER BOUND)

Suppose 3 o > %, € > 0 such that

lim sup sup / |PL(,:)u(t,x)|2 dx > e.
t/T"  cubes JCRY: “/J
I(J) < (T* = t)~
Then 3 t, /" T* such that
Flta) 2 (T — )22,

On thickened concentration time intervals, we integrate the
derivative lower bound to get a Strichartz lower bound.



CAuUuTIOUS REMARK CONCERNING lim inf

Consider NLS; (R?) posed at time t = —e with data

¢€(X) — eie*1|x\zeie*1

Q(x).

Dilated explicit solution which blows up at t =0 = T7*!

The parabolic scale related to distance to blowup time is /€.
For 7 a cube of side /¢, observe that ¢, is non-concentrated

/«Mzdxs 5

Consider data (1 — §)¢e....

Phase oscillations violently influence L2 blowup behavior.



4. ROUGH BLOWUP SOLUTIONS OF NLS; (R?)



KNOWN MAXIMAL-IN-TIME SOLUTION SCENARIOS

Soliton solutions exist: u(t,x) = e R(x)
m Q(x) ground state; also excited states.
m non-scattering; Strichartz S° norms diverge global-in-time.
m a priori H! control if ||up||2 < || Q]2 [Weinstein]

{radial}NL? > ug — u scatters if ||up|/;2 < || Q|| 2. [KTV]

PC transformation + solitons = explicit (fast) 1-blowups.
m PC is a Stricharz S° isometry.
= 3 other L-blowups [Bourgain-Wang; Krieger-Schlag].

m Stability?

Virial Blowup Solutions

m Obstructive argument
m Qualitative properties?



MANY NON-EXPLICIT BLOWUP SOLUTIONS

m Suppose a: R? — R. Form virial weight

= alx U2 X)dax
Vo= [ alluP(e.

and
0:Va = Ma(t) = [ Va 23(¢pVe)dx.
]R2

Conservation identities lead to the generalized virial identity

OV, = O:M, = /2(—AAa)\¢\2 + dapR(pjok) — ajj|ul*dx.
R

m Choosing a(x) = |x|? produces the variance identity

af/ x| u(t, x)|2dx = 16H[u].
R2

m Hlup] <0, [ |x[?|uo(x)|?dx < oo blows up.
m How do these solutions blow up? What Happens?
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NLS Browupr DyNAMIC?

Question: What are the dynamical properties of NLS; (R?)
blowup solutions?

maximality criteria; critical norm behavior
asymptotic compactness; profile decompositions
conservation structure; virial ideas; parameter modulation



log log BLOWUP REGIME

m Numerical /Persuasive arguments [LPSS] led to:
m Prediction of blowups with log log speed:

log | log(T* — t)] 1
t ~ .
[[u(t) ]| \/ e Vi

m Prediction that such blowups are generic/stable/observed.
m |dentification of certain mechanisms forecasting log log.

m NLS; (R') has log log blowup solutions. [Perelman]
m Detailed Description of loglog regime in series by [MR].



QUALITATIVE ASPECTS OF loglog REGIME

Robust, open set in H*.

Asymptotically nonlinear with subtle interaction.

Delicate phenomona in critical space (L? instability?).

Conjectured quantization properties?

Boundary of log log regime in phase space?

|Phase Space Basin|
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Theorem (MERLE-RAPHAEL): loglog REGIME

Consider any initial data ug € H* such that
m Small Excess Mass: ||Q|2 < ||uol| 2 < || Q]2 + .
m Negative Total Energy: H[up] < 0.

The associated solution ug — u explodes with T* < 0o and
m 3 (A(t), x(t),7(t) € R x R? x R) and u* € L? s.t.

1 X =x(t)\ iyt .
u(t)—/\(t)Q< D) )e ) - v in L2

m x(t) = x(T*)inR%ast / T*
m Sharp loglog speed law holds:

T*—t
m u* ¢ H® for s > 0; u* ¢ LP for p > 2. (Rough residual)

A(t)\/"’g"og(T* —O L amast o T



Theorem (RAPHAEL): H!' STABILITY OF log log

Fact: PC + loglog for E <0 = 3 loglog with £ > 0.

m H!-Stability Theorem: The set of data with ug € H! with
small excess mass blowing up in log log regime is open in H*.

Develops bootstrap approach to constructing log log.
Further applications of Raphaél’s bootstrap/stability:

m Domains: [Planchon-R:Q]
Singular S* C R?: [R:Ring]
Singular $9=1 € RY: [R-Szeftel:Codimension One Spheres]
Singular T9=2 C R3: [Zwiers: Codimension Two Tori]
Higher Codimensional Singular Sets?
Rough Blowups



Theorem (RAPHAEL): H!' STABILITY OF log log

Fact: PC + loglog for E <0 = 3 loglog with £ > 0.

m H!-Stability Theorem: The set of data with ug € H! with
small excess mass blowing up in log log regime is open in H*.

Develops bootstrap approach to constructing log log.

Further applications of Raphaél’s bootstrap/stability:

m Domains: [Planchon-R:Q]

Singular S € R?: [R:Ring]

Singular $9=1 € RY: [R-Szeftel:Codimension One Spheres]
Singular T9=2 C R3: [Zwiers: Codimension Two Tori]
Higher Codimensional Singular Sets?

Rough Blowups



Theorem (C-RAPHAEL): H°® STABILITY OF log log

m Let up € H' evolve into the loglog regime.
mVs>03e=e(s,up) > 0such that V vy € H5(R?)

||UO — V0||Hs < €,
NLS; (R?) solution vo — v blows up in log log regime.

Thus, the H! loglog blowup solutions constructed by [MR] are
contained in an open superset of log log blowups in H*, V s > 0.



REMARKS ABOUT THE H°® STABILITY OF loglo
g log

m The theorem implies existence of rough blowup solutions.

m Proof does not apply to perturbations of H* loglog blowups.

m The condition s > 0 is expected to be optimal.
Small L2 (but huge HS) perturbation destroys rough residual
mass (u* ¢ H®, V s > 0) leading to fast 1-blowup?

m Strategy of proof

m Isolate roles of energy conservation in [MR] analysis.
m Relax to almost conserved modified energy via [-method.
m Big Bootstrap.

m Other Applications of Dynamical Rescaled /-method?
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AsPECTS OF THE [MR] ANALYSIS

m Geometrical description of loglog blowup solutions.

m Various profiles Q, Qp, (N?b, @b(t) + Ch(t)- (Obscure Notation)
m Modulation parameters related to solution symmetries.
m Three zones: blowup core, radiation, distant/decoupled.

m Virial/Coercivity constraints; Orthogonality conditions.

m A key role played by Energy conservation.



(GEOMETRICAL DESCRIPTION

m Near T*, loglog blowups satisfy geometrical ansatz

1 x—x(t)\
t - N7 ”‘/(t)_
U( aX) )\(t)(Qb(t) + 6) ( )\(t) > €
m Parameters (A(t), x(t),~(t), b(t)) solve ODEs forced by F(e).
m ODEs emerge from geometrical ansatz, taking inner products
with equation, imposing orthogonality conditions.
(These choices change across the [MR] works.)



ENERCY CONSERVATION IN [MR] ANALYSIS

m Control of e:
/|Ve|2dx < e 5+ N2|E(u)].
m Energy conservation and A \ 0 —

/|Ve|2dx < e § 4 NE(). —> [0]

= We can maintain same conclusion if | E(u)| < +5.
(Observation in [CRSW]; Led to [C-Raphaél] collaboration)


colliand
Line

colliand
Text Box
0


5. SINGULAR RING SoLuTions oF CuBic NLS oN R3

This section describes work of I. Zwiers (Toronto Ph.D Student).



5. SINGULAR RING SoLuTions oF CuBic NLS oN R3

This section describes work of |. Zwiers (Toronto Ph.D Student).

Consider the cubic focusing NLS initial value problem on R3:

{(iat+A)u: —|uf?u (NLS; (R3))

u(0,x) = up(x).

Inspired by work of P. Raphaél, consider cylindrical coordinates
x=(r,0,z) e RT x [0,27) x R

and seek a cylindrically symmetric solution (independent of 6). A
solution like this is a function of (r,z) € R* x R satisfying

(id: + 0% + 02)u = —|u|u + error.

This equation resembles NLS; (R2 ) with stable log log blowups.
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NUMERICAL COLLAPSE TO CIRCLE [GAVISH-FIBICH]

=5

Input pulse NGO NLS

=

0 -05 0 45 - 0

.5 - 05
i t g
05 0.5 05 05 05
0 : 0 '0 s
-0.5 -0.5 05 -0.
y

05
0
y
b3 X b3

Figure 1: Iso-amplitude plot of the amplitude of the solution of the three-dimensional cubic

NLS with initial condition 1y = 20e~(=*+v*)*==*  A: Tnitial condition. B: NGO prediction

at t = 0.02. C: NLS solution at t = 0.0099.
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Theorem(I. ZWIERS) SINGULAR RING FOR NLS; (R3)

3 cylindrically symmetric initial data up — u(t) along NLS; (R3)
for t € [0, T*) (forward maximal, finite) and, as t /" T*:
m 3 (A\(2), p(t),¢(t),v(t)) € RT x Rt x R x R/27Z such that

u(t,x) — A(lt) Q ([r,z] _){'(OS)’C(t)D et — y*in L2(R3)

m Sharp loglog speed law holds:

)\/Ioglog_ )|_>\/Z

m Singularity point converges [p(t),((t)] — [ro, z0] ~ (1,0)

m Regularity persists outside singularity: V R > 0,

u* € H(|[[p(t). C(8)] = [r0, 0] > R).



REMARKS ON ZWIERS' THEOREM

m Exploits L?(IR?)-critical log log machinery of [Merle-Raphaél].
m Inspired by singular circle solution of NLS; (R) of [Raphaél].
m Solutions of NLSs(RN) singular on SV=1 were constructed by
[Raphaél-Szeftel].
Regularity persistence result of [Z] built on ideas from [RS].
m Zwiers singular ring solution provides another example of
“Type II" singularity in the energy supercritical regime.
m Scaling Heuristics (based on mass concentration) suggest
these solutions saturate dimension upper bounds on possible
singular sets:

2
dimy({x : (T*, x)is singular) < 2s. = 2(% i

)?

Connect this with partial regularity results of Scheffer,
Cafarelli-Kohn-Nirenberg on Navier-Stokes?
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