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A PRIORI SPACETIME ESTIMATES

[-METHOD WITH MORAWETZ BOOTSTRAP



1. BourcAIN’S HiGH-Low FOURIER TRUNCATION

S. Kuksin's Request: Survey Bourgain's high-low argument.

Afterwards, we return to discuss Morawetz-type estimates.
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1. BourcAIN’S HiGH-Low FOURIER TRUNCATION

Consider the Cauchy problem for defocusing cubic NLS on R?:

{(i6t+A)u= +ufPu (NLSS (R2))

u(0, x) = ¢do(x).
We describe the first result to give global well-posedness below H*.
m NLSS(R?) is GWP in H* for s > 2 [Bourgain 98].

m First use of Bilinear Strichartz estimate was in this proof.

m Proof cuts solution into low and high frequency parts.
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SETTING UP; DECOMPOSING DATA

m Fix a large target time T.
m Let N = N(T) be large to be determined.

m Decompose the initial data:

®0 = Plow + Phigh high/low cut

where

Gou) = [ e Ga(e)de.
[€l<N
m Our plan is to evolve:

0 = Glow + Phigh
/

AN
NLS|  [NLS DE
N v 2

u(t) = u/OW(t) —+ uh,-gh(t).
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SETTING UP; DECOMPOSING DATA

Low Frequency Data Size:
m Kinetic Energy:

Vol = | lePGa()Pax
|E]<N

=Awmm”wﬁﬁww

= N9 go 3 < GoNE9),

. 1/2 1/2
m Potential Energy: [|¢jonlis < lldiowll}2’ IV drowll}s

— H[piow] < CN?1=9),
High Frequency Data Size:

| Phighlliz < CONT=, ||@nighllHs < Co.

Big

Small
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LWP or Low FREQUENCY EVOLUTION ALONG NLS

The NLS Cauchy Problem for the low frequency data

{(iat + A)Ulow = +|Ulow|2ulow
Ulow(va) = ¢/OW(X)

is well-posed on [0, Tjp] with Tj,, ~ Hgf)/ow||;f ~ N=2(1=s)

We obtain, as a consequence of the local theory, that

1
||UIOW||L4 < 100°

[0, Thwplox



LWP or HiGH FREQUENCY EVOLUTION ALONG DE

The NLS Cauchy Problem for the low frequency data

{(ié?t + A)Uhigh = +2\u/ow\2uh,-gh + similar + ]uh,-gh]2uh,-gh
Uhigh(0, X) = Pnign(x)

is also well-posed on [0, Tyy,].

Remark: The LWP lifetime of NLS evolution of u,, AND the
LWP lifetime of the DE evolution of up;g are controlled by

[ttiow ()| -
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EXTRA SMOOTHING OF NONLINEAR DUHAMEL TERM

The high frequency evolution may be written

itA

Upigh(t) = €= Upigh + w.

The local theory gives ||w(t)]|;2 < N~°. Moreover, due to
smoothing (obtained via bilinear Strichartz), we have that

w e HY [lw(t)llgn S NPT (SMOOTH!)

Let's postpone the proof of (SMOOTH!).



NONLINEAR HIGH FREQUENCY TERM HIDING STEP!

m Vte[0, Tl we have
u(t) = tiow(t) + € Ghigh + w(t).
m At time Tj,,, we define data for the progressive sheme:

U(Tiwp) = Utow( Tiwp) + W( Thp) + €72 Gpigh.

\

u(t) = ) (£) + ui), (t)

for t > Typ.
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HAMILTONIAN INCREMENT: 0, (0) — ut? (Thwp)

low

The Hamiltonian increment due to w( T},,) being added to low
frequency evolution can be calcluated. Indeed, by Taylor
expansion, using the bound (SMOOTH!) and energy conservation
of uj, evolution, we have using

2 \
H[UI(OV)V(TIWP)] = H{uiow(0)] + (H[uiow ( Tiwp) + w( Tiwp)] — Hltiow( Tiwp)],
~ N2(1—S) 4+ N2—3S+ ~ N2(1—s).
Moreover, we can accumulate N increments of size N?~35F before
we double the size N2(1=) of the Hamiltonian. During the
iteration, Hamiltonian of “low frequency” pieces remains of size

< N2(1=9) 5o the LWP steps are of uniform size N=2(1=5) We
advance the solution on a time interval of size:

NSN—Z(I—S) — N—2+3S.

For s > % we can choose N to go past target time T.



How DO WE PROVE (SMOOTH!)?

Recall Bourgain's Bilinear Strichartz Estimate: For (dyadic) N < L

2—1
. _ N7z
”e’fAfLe’tAg/vHLg’X < IE Ifell2 llenllz-

COROLLARY

Forsz%

S
10522l . <Cln o el e

+ gz el e

Thus, the Bilinear Estimate allows us move half a derivative off the
high frequency part and instead onto of the low frequency part.



Lemma 111. Let 1y, |, € L?(R?) such that Bourgain's Proof

11)1 = AMllbl and 11’2 = AlebZa

where we denote

A = J D(E)eE de.

[EI~M
Then, for M; < M,, the following inequality holds:

1

. . M; \ /2
||(elmll)l)(elmll)z)||L2(R2xR) <C <W2) W1ll2lb2]l2. (112)

Proof. Since the standard Strichartz inequality yields (112) without the

1
M;\2
— ] -fact
<M2> actor,

we may assume M, > M.

Writing

(1) (e pa) = J?bl(al)ﬁz(az)e“‘aﬁﬂz’-**“él'2+'£2'2’ﬂ dé, dEs,
it follows from Parseval’s identity and Cauchy-Schwarz that

2

(1) (e py) |2 = Jdadx Uﬁl(anﬁ)g(a — E1)80(|E11% + |E — £11% — A) dE,

AJEI~M2

< ||¢1||§||¢2||§[ sup mesql&] &) ~ M,y

and |&; 2 +|& - &° = )\]:|


colliand
Rectangle

colliand
Line

colliand
Text Box
Bourgain's Proof


TREATMENT OF A TYPICAL TERM IN w

m Using the controls we have on wjo, Upjgh from the local theory
on [0, Tiyp], we want to prove for

t
W:/ e’(tit/)A’Ulowlzuhigh(t/)dtl
0

that sup,cjo,7,,,1 VW12 < N1=25+,

m By Sobolev embedding, we have

< .
Il = Il

m The mapping f — fot e/(t=t)A is formally

f — (id¢ + A)~'f which, due to time localization, is @
essentially f —— (7 — |£|?)f. It suffices to control
”Dx‘u/ow‘zuhigh”XO,—1/2+- Proceed by duality....
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TREATMENT OF A TYPICAL TERM IN w

Wl i < sup (g, Dx|iow|* unigh)).
10wl lellyo,1/2— <1

5 Sup<nguIOW7 Ulow”high) + Sup<gU/0W7 Dx(ulowuhigh)>
g g

. 1/2 1/2
= easier + sup(Dx/ (gtiow), DX/ (Ulow Unigh) -
g

The corollary and the available bounds then give (SMOOTH!).






CaucHY PROBLEM FOR LAGRANGIAN NLS

Consider the initial value problem:

(NLSF (R))

{(i@t + A)u = +F'(Jul*)u
u(0, x) = up(x)

Remarks:
m Assume F’ > 0. The + case is defocusing; — is focusing.
m Generalized NLS with Lagrangian derivation.

m U(1) solution symmetry: u — eu.



TIME INVARIANT (QUANTITIES

The following quantities do not change with time:

Mass = / lu(t, x) % dx.
Rd
Momentum = 2%/ u(t)Vu(t)dx.
R2
Energy = H[u(t)] = ;/ IV u(t)|?dx4F(|u(t)]?)dx.
R2

= a priori conservation controls (defocusing case):

”U||L;>°L§
||VU||L<;°L§

These are very useful bounds but do not give any decay in time.



LocAL CONSERVATION LAWS

We consider an even more general NLS equation.

m Suppose ¢ : [0, T| x RY — C solves generalized NLS
(i0e + A)p =N (GNLS(RY))

for N' = N(t,x,¢) : [0, T] x RY x C — C. Assume ¢ is nice.
m Not necessarily Lagrangian; No U(1) symmetry.

m Express mass & momentum (non)conservation for GNLS.

Write 8de> = 8J¢ = ¢j-



LOCAL MASS/MOMENTUM (NON)CONSERVATION

m mass density: Too = |62
m momentum density/mass current:
Toj = Tjo = 23(¢¢))
m (linear part of the) momentum current:
Lix = Li; = —0;0k|6|* + 4R(;0x)
m mass bracket: {f,g}m = S(fg)
m momentum bracket: {f,g}j = R(f0;g — g0;f)

Local mass (non)conservation identity:

¢ Too + 0; Toj = 2{N, ¢} m

Local momentum (non)conservation identity:

¢ Toj + OklLig = 24N, ¢},



LOCAL MASS/MOMENTUM (NON)CONSERVATION

Consider N = F'(|¢|?)¢ for polynomial F : RT — R.
m We calculate the mass bracket

{F'(1617)$, 0} m = S(F'(|1¢|*)p0) = 0.

Thus mass is conserved for these nonlinearities.

m We calculate the momentum bracket

{F'(|6]*)¢, 0}, = —9;G(|6]*)

where G(z) = zF'(z) — F(z) ~ F(z).
Thus the momentum bracket contributes a divergence and
momentum is conserved for these nonlinearities.



GENERALIZED VIRIAL IDENTITY

Let a: RY — R (virial weight). Form the virial potential

Va(t) = / a(x)|o(t, x)[>dx.
Rd
Form the Morawetz action
M,(t) = Va- 2%($V¢)dx.
Rd

Conservation identities lead to the generalized virial identities

0V, = M, + /Rd SONN, Bhm(t, x)dx,

DM, — /R (BB + 43xR(Bi04) + 25N 6 o



REMARKS ON VIRIAL IDENTITIES

m The virial potential is a weighted average of the mass density
against the virial weight a.

m The Morawetz action is a contraction of the momentum
density against Va. Vector fields not arising as gradients
could also be considered.

m Useful estimates emerge from monotonicity and boundedness
of terms in the virial identities.

m Monotone quantities provide dynamical insights.

m Idea of Morawetz Estimates: Cleverly choose the weight
function a so that 9:M, > 0 but M, < C(¢p) to obtain
spacetime control on ¢. This strategy imposes various
constraints on a which suggest choosing a(x) = |x]|.



VARIANCE IDENTITY

[Glassey], [Vlasov-Petrischev-Talanov]

= Consider GNLS with V' = =|u[*/u. This is the L? critical
focusing equation NLSle+ (R9).

4
a
m Choose a(x) = |x|?. Calculations reveal that

d? /Rd Ix[?|u(t, x)[2dx = 16H[u(t)].

m In the focusing case, we can consider initial data g with
H[uo] < 0 and finite variance. Such data must blow up in
finite time.






[LIN-STRAUSS] MORAWETZ IDENTITY

Consider (i0; + A)¢p = F'(|¢|?)¢ with F’ > 0 and x € R3. Choose
a(x) = |x|. Observe that a is weakly convex, Va = % is bounded,
and —AAa = 47dy. From monotonicity 0;M, > 0 and the bound

M| < \/H|[uo] emerges the Lin-Strauss Morawetz identity

.
My(T) — Ma(0) = //47r50(x)|¢)(t,x)|2+(2 0) + 45U g

[x]
0 R3

This implies the spacetime control estimate (centered at x = 0)

(o) 2] ol 2 2 / /

ddt

Kills Solitons

[Morawetz] Reward & Anchor. [Ginibre-Velo] H!-Scattering.
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[BOURGAIN] & [GRILLAKIS| TRUNCATION

m Let xp, denote a smooth cutoff adapted to Bg = {|x| < R}.
m Choose cutoff virial weight a(x) = xg.(x)|x|. and calculate

;
//47r50 |¢tx\2+4/ / |X‘ ddt
0

0 R3 x|<R/2

;
2, | < R™'THJ[u] + RH[ug] => choose R ~ T2 —

)
[ =
0

|x|<T1/2

[Bourgain][Grillakis]: Energy critical bubbles sparse along time axis.



AVERAGING OVER [LIN-STRAUSS] CENTER?

Translation invariance? Weight |x|~* difficult in proofs.
Recenter [L-S] at fixed y € RY. Set a(x) = |x — y|.

Recentered Morawetz action can be expressed

M, [u](t) = /R ﬁi:i‘)zg(uvu)(t,x)dx.

Monotonicity 0;M, [u] > 0: mass is repelled from any y € R€.

m Can we average with respect to center y and obtain new
translation invariant spacetime control?

m Yes, if we average against the natural density |u(t, y)|?.



INTERACTION MORAWETZ VIA AVERAGING

m Define the Morawetz interaction potential

Mlul(e) = [ lu(e. )M, Lul(e)dy.
Ry
It is bounded: ’M[u](t)‘ < lu(t) |3V u(t)]| 2. We calculate

O Mlu] = /Rd |u(t, y)[P{0eMy [u]} + {0:|u(y)|*} My [u]dy.

m Local conservation & [L-S] == monotonicity:
31,11, 11,1V such that I, 1/l > 0 and Il + 1V > 0 and
OtM[u]l =1 + Il + 1ll + IV. Integrating in time gives

]
| [ e ot ast < u(e) 51 Tule) s -



2-PARTICLE INTERACTION MORAWETZ

(Hassell 04)
m Suppose ¢1, ¢2 are two solutions of (i0; + A)é = F'(|¢]?)¢
with F/ >0 and x € R3. The ""2-particle” wave function

W(t, X1, X2) = ¢1(ta Xl)d)2(t7 X2)
satisfies an NLS-type equation on R+
(i0e + A1 + D)W = [F'(|61]?) + F'(|¢2]*)] V.

m Note that [F'(|¢1]?) + F'(|¢2]?)] > 0 so defocusing.

m Reparametrize R® using center-of-mass coordinates (X, y)
with X = %(xl + x2) € R3. Note that y = 0 corresponds to
the diagonal x; = x, = X. Apply the generalized virial identity
with the choice a(x1,x2) = |y|. Dismissing terms with
favorable signs, one obtains...



2-PARTICLE INTERACTION MORAWETZ

[0,T]™x

)
IVallgs el = [ [ (~BoalyD¥ia, o) Pobsdbact

J
- C/ /65{y0}(X1’X2)|¢1(X1)¢2(X2)\2dX1dX2dt
0 R

;
c/o /R3 |p1(t,%)o(t,X)|2dxdt.

Specializing to ¢1 = ¢ gives the 2-particle Morawetz estimate

v

/ . lo(t, x) |4dxdt < CHVuHLoo L2HU0HL2

valid uniformly for all defocusing NLS equations on R3.



"THE” 2-PARTICLE MORAWETZ ESTIMATE

Efforts to extend the L*(IR; x R3) interaction Morawetz to the R2
setting led to...

THEOREM (C-GRILLAKIS-TZIRAKIS & PLANCHON-VEGA)

Finite energy solutions of any defocusing NLS™(RY) satisfy

3—d
1072wl | < NuollZ IV ullperz-

m Independently & simultaneously by [Planchon-Vegal.

m Gives simple proof of Hl-scattering in mass supercritical case.
[Nakanishi]

m Simplified proof extends to H* for certain s < 1.



4-PARTICLE MORAWETZ ESTIMATE

(Hassel-Tao) [C-Holmer-Visan-Zhang]
B R* = {x=(x1,%,x3,x4) : x; ER;i =1,2,3,4}
X = center of mass = %(xl + x2 + x3 + Xxa).
Define y = (x1 — X, xo — X, X3 — X, X4 — X).

R* > x = (x1,x2,x3,x4) <= (X,y) € RxR3 |3d Miracle

m The 4-particle wave function

4

V(t,x) =[] ex(t, %)

i=1

satisfies a defocusing NLS equation on R4,
m Choice of virial weight a(x) = |y| spawns

.
| ] ezt < JulTsig Vul iz

m How does this estimate generalize to other dimensions?
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3. I-METHOD WITH MORAWETZ BOOTSTRAP

Application: Subcritical scattering for certain NLS; (RY).
[CKSTT], [CHVZ], [Fang-Grillakis], [C-Grillakis-Tzirakis]
m 2-particle Morawetz is an H1/4—critica| input.
4-particle Morawetz is an H'/8_critical input.

= Scaling invariant H* for NLSS(R?):s. = § — %
m When 1/4 <s.<13s, €(sc,1) and V' s > s, the

Hs-solutions of NLS} (R?) scatter.

m We obtain scattering for certain energy subcritcal (sc < 1)
NLS for infinite energy data of subcritical regularity (sc < sy).

m The critical scattering conjecture corresponds to s, = s,.
This is known (for general data) only for s. = 1.



[-METHOD WITH MORAWETZ BOOTSTRAP

Consider NLSS, . ;(R) (nonlinearity +|u|**u) for k = 3,4,. ...
Note that s. = % — %

Define
8k — 16

_ 1.
Ok — 14 °

Sk

THEOREM (C-HOLMER-VISAN-ZHANG)

V s > s, H*(R) > up — u solving NLS;,(H(R) is global in time
and scatters: 3 uy € H*(R) such that

lim |lu(t) — eitAui\|Hs(R) =0.

Proof treats a family of equations; Wish that s, — 1/2 as k — oc.



FINITE ENERGY SCATTERING

The 4-particle L3(R; x R,) estimate may be reexpressed:

)
| e < ozl

= lulle, S lulliperr = Hl-scattering using some
X
interpolation.



LWP: DATA SIZE VERSUS SPACETIME SLABS

m Recall that, based on a Holder-in-time step, subcritical
local-in-time theory gives

_2

s—sc

Tiwp ~ ||uo]| 42

m Bootstrap toward scattering: Holder-in-time is forbidden.



[-METHOD & MORAWETZ: BOOTSTRAP HEURISTIC

Suppose we have almost conservation of modified energy.
RHS of 4-particle < almost conserved modified energy
== LgX controlled on long time interval t € [0, T]

—> spacetime slab decomposition:
[0, T] x R = UL, [tj, tj1) x R such that

1
lullis(tt;,60)<R) =7~ 755

—> almost conserved modified energy on [t;, tj;1]

=

= RHS of 4-particle.... bootstrap loop!



ALMOST CONSERVATION USED IN BOOTSTRAP

LEMMA (ALMOST CONSERVATION ON SLAB)

Let H® 5 uy — u solve NLS}, ;(RY) with s > s,. Suppose we
have a spacetime slab [t_, t;] on which

lullseeixr) S 7

and 3 tg € [t_, t;] such that H[Iyu(tp)] < 1. Then for large N we
have almost conservation:

sup  H[Iyu(t)] = H[Iyu(to)] + O(N~1T).

teft—,ty]

Rescaling and continuity arguments glue it all together.
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