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NONLINEAR SCHRODINGER INITIAL VALUE PROBLEM

We consider the defocusing initial value problem:

{(i@t + A)u = +|ulP~tu
u(0, x) = up(x).

The + case is called defocusing; — is focusing.

(NLSE(RY))

[ NL53i is ubiquitous in physics. NLS;E introduced to explore
interplay between dispersion and strength of nonlinearity.

m NLSéE is an infinite dimensional Hamiltonian System:
study infinite dimensional dynamical behaviors!

m The main question about an evolution PDE: What is the
ultimate fate of solutions? We want to understand the
maximal-in-time behavior of the solutions.

m Conservation and invariance properties motivate the study of
NLSF(R?) for low (and minimal) regularity initial data.



TIME INVARIANT QUANTITIES

Mass:/ lu(t, x)|?dx.
Rd

Momentum = 2%/ u(t)Vu(t)dx.
R2

2
Ju(t)| " dx.

1
Energy = H{u(1)] = /R Vo)

m Mass is L2;: Momentum is close to H1/2; Energy involves HL.
= Dynamics on a sphere in L?; focusing/defocusing energy.

m Local conservation laws express how quantity is conserved:
e.g., Or|ul? =V -23(uVu). Space/Frequency Localizations?



DILATION INVARIANCE AND CRITICAL REGULARITY

One solution u generates parametrized family {v*} ¢ of solutions:

u:[0,T)x RY — C solves NLS;E(]Rd)

T
u* 1 [0,A2T) x R — C solves NLST(RY)

where
u)‘(T,y) = )\_2/(P_1)u()\_27', A_ly).
Norms which are invariant under u —— uy are critical.
Other Symmetries
m Phase, , time translation solution symmetries —
mass, , energy conservation laws.
m One solution spawns solution family by symmetry orbit.



DILATION INVARIANCE AND CRITICAL REGULARITY

In the L2-based Sobolev scale,
D5 (E) 2 = A7 T2 | Dou(t) | 2
The critical Sobolev index for NLS;E(IR") is

d 2
Sci= o — ——.

2 p-1

Scaling/Conservation Criticality

scaling regime
se <0 mass subcritical
s=0 mass critical
0<s. <1 mass super/energy subcritical
se=1 energy critical
1<s.<d/2 energy supercritical




LWP & MAXIMAL-IN-TIME IMPLICATIONS

Strichartz Estimates, Duhamel, Contraction: NLS3(RR?) case.

m Optimal (Sobolev H?) regularity: s > s. =0 [CW], [KPV].
m Maximality/Blowup Criteria: If T* < 0o
m Strichartz Divergence, e.g.

llullL+(jo,e)xr2) diverges as t /" T*.

m Subcritical Scaling Lower Bound,

1

[u(®) ]| 1ere) 2 (T — 07 0<s.

m What blowup speeds are realized by NLS evolutions?
m Small Data Scattering Theory: 3 79 > 0 such that

lluol| 2 < 7o = u(t) global, asymptotically linear.



STRICHARTZ REFINEMENTS

Advances around Fourier Restriction Phenomena led to...

m LWP for spaces of initial data larger than L2 [MVV], [B]. ...

m “Small” data scattering valid for certain large L? data.
m Further Implications of T* < oo:

m Critical Norm (Mass) Concentration (along time sequence) [B].
m Asymptotic Compactness Modulo Symmetries [MV].

m Links between rates of blowup quantities [B], [C-Roudenko].



QUALITATIVE ASPECTS OF SMALL DATA THEORY

Robust, open set in L.

Asymptotically linear behavior.
m Smallness brutally controls solution via fixed point argument.

m What is the boundary of small data scattering portion of
phase space [??



KNOWN MAXIMAL-IN-TIME SOLUTION SCENARIOS

Asymptotically linear (Scattering) solutions exist.
Soliton solutions exist: u(t,x) = e®R(x) (focusing case)
m Q(x) ground state; also excited states.
m non-scattering; Strichartz norms diverge global-in-time.
Finite time blowup solutions are known, e.g. NLS; (R?):

= PC transformation + solitons = explicit (fast) 1-blowups.
m There exists an enlarged class of 1-blowups [BW].

m Virial argument = many blowup solutions.

m Qualitative properties? Recent advances [MR]. “log log”

Weakly turbulent solutions of NLS; (T?). [CKSTT]



2. CRITICAL SCATTERING

What is the ultimate fate of the local-in-time solutions?

L-critical Defocusing Scattering Conjecture:
2 5 up — u solving NLS; (R?) is global-in-time and

lull s, < Aluo) < oo

Moreover, 3 uy € L?(R?) such that

lim

H e:l:itA
t—+o0

uy — U(t)||L2(R2) =0.

Remarks:
m Known for small data ||uo|[r2(r2) < fi0-
m Known [Tao-Visan-Zhang 06] for NLS (]Rd) for large radial

data, d > 3. Same for d = 2 [Killip- Tao Visan 07].
m GWP for L? data <= Scattering for L? data. [Blue-C 06]



CRITICAL REGULARITY SCATTERING CONJECTURE?

Consider defocusing case NLS}(RY) with critical Sobolev index

d 2
Se =3 b1

The critical (diagonal) Strichartz index is

—1)(2 2
qc:(p 7)( +d) <:>*+i:g—5c.
2 dc dc 2

H*:-critical defocusing scattering conjecture:
H*(R9) > up — u solving NLS,;*(R") is global-in-time and

[[ull g, < A(uo) < oc.



CRITICAL REGULARITY SCATTERING CONJECTURE?

Present status of the defocusing scattering conjecture

criticality | general data radial data evidence
sce=0 77 [TVZ],[KTV] GWP: s, <s<1
0<sc<l | Vise<s,<s<l|s=s717 V. extra smooth
se=1 [CKSTT],[RV],[V] J[G], [T] | v: Resolved!
l<sc< | 7777 [KM] + bound | Numerics
u

Scattering for NLS," under natural threshold? [HR]

The existence (and value) of s, depends upon p, d.

]
m The work
]

introduced induction on energy idea.

Simplified /Abstracted road map to critical scattering. [KM]



3. BLowup

Ground State
m H-GWP mass threshold for NLS; (R?) [W]:

uoll iz < |Qllz = H* 3 up— u, T* = o0,
based on optimal Gagliardo-Nirenberg inequality on R?

2 2 2
lullfs < [HQIP ] [ullz=lIVullEa-
12

m @ is the ground state solution to —Q + AQ = —Q3.
m The ground state soliton solution to NLS; (R?) is

u(t,x) = e Q(x).



PSEUDOCONFORMAL SYMMETRY

m Pseudoconformal transformation:

1 iw? 1y
PClu)(T,y) = v(T,y) = WT/ze i u <—T, 7_) )

m PC is [2-critical NLS solution symmetry:
Suppose 0 < t; < tp < c0. If

u: [t 2] x R2 — C solves NLSleJr (RY)

4
d

then
PClul = v : [~t; 1, —t; 1], ¥ Rf, —C

solves
i0rv+ Ay = +|v[*9y.

m PC is an L2-Strichartz isometry:
If % + % = g then

[PCLu]l LIl ([~ Yty IxRY) = | U”L‘jL;([tl,tQ]de)'



ExprLicIT BLOWUP SOLUTIONS

m The pseudoconformal image of ground state soliton eitQ(x),
|x12

s 2o ;)5

is an explicit blowup solution.

m S has minimal mass:

IS(=Dllz = 1Rl 2.

All mass in S is conically concentrated into a point.

m Minimal mass H! blowup solution characterization:
up € H, ||luoll 2 = ||@ll 2, T*(up) < oo implies that u= S up
to an explicit solution symmetry. [M]



MANY NON-EXPLICIT BLOWUP SOLUTIONS

m Suppose a: R? — R. Form virial weight

= alx U2 X)dax
Vo= [ abluf(e.0d

and
0:Va = Ma(t) = [ Va 23(¢pVe)dx.
R2

Conservation identities lead to the generalized virial identity
OV, = O:M, = /2(_AAa)\¢\2 + dapR(pjok) — ajj|ul*dx.
R
m Choosing a(x) = |x|? produces the variance identity

af/ x| u(t, x)|2dx = 16H[u].
R2

m Hlup] <0, [ |x[?|uo(x)|?dx < oo blows up.
m How do these solutions blow up?



NLS Browupr DyNAMIC?

Question: What are the dynamical properties of NLS; (R?)
blowup solutions?

maximality criteria; critical norm behavior
asymptotic compactness; profile decompositions
conservation structure; virial ideas; parameter modulation



log log BLOWUP REGIME

m Numerical /Persuasive arguments [LPSS] led to:
m Prediction of blowups with log log speed:

log | log(T* — t)| 1
t ~ .
el ~ LT = 1

m Prediction that such blowups are generic/stable/observed.
m |dentification of certain mechanisms forecasting log log.

m NLS; (R') has log log blowup solutions. [P]
m Detailed Description of loglog regime in series by [MR].



QUALITATIVE ASPECTS OF loglog REGIME

Robust, open set in H*.

Asymptotically nonlinear with subtle interaction.

Delicate phenomona in critical space (L? instability?).

Conjectured quantization properties?

Boundary of log log regime in phase space?



THEOREM (MERLE-RAPHAEL): loglog REGIME

Consider any initial data ug € H* such that
m Small Excess Mass: ||Q|2 < ||uol| 2 < || Q]2 + .
m Negative Total Energy: H[up] < 0.

The associated solution ug — u explodes with T* < 0o and
m 3 (A(t), x(t),7(t) € R x R? x R) and u* € L? s.t.

1 X =x(t)\ iyt .
u(t)—/\(t)Q< D) )e ) - v in L2

m x(t) = x(T*)inR%ast / T*
m Sharp loglog speed law holds:

T*—t
m u* ¢ H® for s > 0; u* ¢ LP for p > 2. (Rough residual)

A(t)\/"’g"og(T* —O L amast o T



THEOREM (RAPHAEL): H! STABILITY OF log log

m Fact: PC + loglog for E <0 = 3 loglog with E > 0.

H'-Stability Theorem: The set of data with ug € H! with
small excess mass blowing up in loglog regime is open in H'.

Develops bootstrap approach to constructing log log.
Further Bootstrap/stability applications [PR:Q], [R:Ring].



Theorem (C-RAPHAEL): H°® STABILITY OF log log

m Let up € H' evolve into the loglog regime.
mVs>03e=e(s,up) > 0such that V vy € H5(R?)

||UO — V0||Hs < €,
NLS; (R?) solution vo — v blows up in log log regime.

Thus, the H! loglog blowup solutions constructed by [MR] are
contained in an open superset of log log blowups in H*, V s > 0.



REMARKS ABOUT THE H°® STABILITY OF loglo
g log

m The theorem implies existence of rough blowup solutions.
m Proof does not apply to perturbations of H* loglog blowups.
m The condition s > 0 is expected to be optimal.
Small L2 (but huge HS) perturbation destroys rough residual
mass (u* ¢ H®, V s > 0) leading to fast 1-blowup? (Zwiers)
m Strategy of proof

m Isolate roles of energy conservation in [MR] analysis.
m Relax to almost conserved modified energy via [-method.
m Big Bootstrap.

m Other Applications of Dynamical Rescaled /-method?



ENERCY CONSERVATION IN [MR] ANALYSIS

m Control of €:
/|Ve|2dx < e 5+ N2|E(u)].
m Energy conservation and A \ (0 —

/|Ve|2dx < e b+ N2 E(u)].

= We can maintain same conclusion if | E(u)| < .
(Observation in [CRSW]; Led to [C-Raphaél] collaboration)

m Systematically replace E(u) by E(Iyu).



3. WEAK TURBULENCE

[CKSTT: joint work with Keel, Staffilani, Takaoka and Tao]
We consider the defocusing initial value problem:

—i0¢ u=|ulu
{“(O’X() :auo—é_xﬁ) Whe’re’X c T2, (NLS(T?))

Smooth solution u(x, t) exists globally and
Mass = M(u) = ||u(t)||* = M(0)

1 1
Energy = E(u) = / E\Vu(t,x)lz + Z|U(X’ t)|* dx = E(0)

We want to understand the shape of |i(t,&)|. The conservation
laws impose L?-moment constraints on this object.



NoTION OF WEAK TURBULENCE

DEFINITION

Weak turbulence is the phenomenon of global-in-time defocusing
solutions shifting their mass toward increasingly high frequencies.

This shift is also called a forward cascade.

m A way to measure weak turbulence is to study
(o), = [ late. ORI de

and prove that it grows for large times t.
m Turbulence is incompatible with scattering and integrability.

m Finite time blowup behavior is not weak turbulence.



INCOMPATIBLE WITH SCATTERING & INTEGRABILITY

m Scattering: V global solution u(t,x) € H* 3 ug € H® such
that,
lim [Ju(t, x) — e ug (x)[|p= = 0.

t——+4o00

Note: |[e®2ug || = |lug |l#s = |lu(t)||ns is bounded.
Proofs rely on (global dispersive) estimate.

m Complete Integrability: The 1d equation
(id: + 0%)u = |ulu

has infinitely many conservation laws. Combining them in the
right way one gets that ||u(t)||ys < Cs for all times.



DISTINCTIONS FROM FINITE TIME BLOWUP SETTING

m Glassey's virial identity shows corresponding focusing problem

{ : (—i0; + A)u = —|ul?u

(T2
0,x) = up(x), where x € R?. (NLS™(R?))

has many finite time blowup solutions.

m The associated energy has a changed sign:
1 5 1 4
E(w) = [ 5I9u(t, )P~ lu(x, 1)* dx.

m Blowup solutions explode in H' in finite time.



PAST RESULTS (DEFOCUSING CASE)

m Bourgain: (late 90's)
For the periodic IVP NLS(T?) one can prove

Ju(e) 3 < Colel*.
The idea is to improve the local estimate for t € [—1,1]
[u(t)[[Hs < Csl|u(0)|ps, for Cs> 1
(= |Ju(t)||ws < CIt upper bounds) to obtain
()l < Lu(0)llne + Cellu(O)[I}5" for Cs > 1,
for some & > 0. This iterates to give
lu(e)][ms < Csle[*°.

m Improvements: Staffilani, Colliander-Delort-Kenig-Staffilani.



PasT RESULTS

m Bourgain: (late 90's)
Given m,s > 1 there exist A and a global solution u(x, t) to
the modified wave equation

(att — A)U = Up

such that ||u(t)||gs ~ |t|™.
m Physics: Weak turbulence theory: Hasselmann & Zakharov.
Numerics (d=1): Majda-McLaughlin-Tabak; Zakharov et. al.

CONJECTURE

Solutions to dispersive equations on RY DO NOT exhibit weak
turbulence. 3 solutions to dispersive equations on T9 that exhibit
weak turbulence. In particular for NLS(T?) there exists u(x, t) s. t.

|lu(t)||3s — oo as t — oo.



MAIN RESULT

We consider the defocusing initial value problem:

(—i0s + A)u = |ul?u

{U(OM) = up(x), where x € T?, R2. (NLS(T2))

THEOREM (COLLIANDER-KEEL-STAFFILANI-TAKAOKA-TAO)

Lets > 1, k> 1and0 < o <1 be given. Then there exists a
global smooth solution u(x,t) and T > 0 such that

luol[s < o

and
Ju(t)[[s > K.



2. OVERVIEW OF PROOF

NLS | Galge;Massy| FNLs [Crelection | penis
Projelction
Approximation RNFLS_L
Choice6f L

Toy Model

Arnold Diffusion



PRELIMINARY REDUCTIONS

m Gauge Freedom:
If u solves NLS then v(t,x) = e 26t y(t, x) solves

- _ 2
{lf)tv—i-Av—(ZG—i-M v (NLS)

v(0, x) = wo(x), x € T2
m Fourier Ansatz: Recast the dynamics in Fourier coefficients,

V(t,X) _ Z an(t)ei(n-x+\n|2t).

neZ?

iOra, = 2Ga, + > Qn, Any an, €™t
ni, np, N3 € 7?2
n—n+n3=n
a,(0) = do(n), ne 7z
(FNLSg)



PRELIMINARY REDUCTIONS

m Diagonal decomposition of sum:

>, = > o+ X
2 2
nl,ng,n3€Z2 ni, mp,n3 € Z ny, N, n3 € Z
n—n+n=n n—m+n=n n—m+n=n
n# ny,n3 n=nm
+ R
m, no, n3 € 72 m, no, n3 € 72
n—n+n=n n—n+n=n
n=n3 n=ny = n3
m Choice of G:

2
G = —|luollz=-



RESONANT TRUNCATION

m NLS dynamic is recast as

—iBran = —ap|an|® + Z amaman e, (FNLS)

n1,n2,n3€(n)

where

F(n):{nl,ng,ng;EZz:n1—n2+n3:n,n17£n,n37$n}.

Mres(n) = {m,n2,n3 €T(n):ws=0}.
= { Triples (n1, n2, n3) : (n1, n2, n3, ng) is a rectangle }

m The resonant truncation of FNLS is

—i0¢by = —bylbn> + > bnbnybn,.  (RFNLS)

n11n2:n3erres(n)



FINITE DIMENSIONAL RESONANT TRUNCATION

m A set A C Z2 is closed under resonant interactions if
ni,n2,n3 € lNes(n), n1,na,n3 € N = neA.
m A finite dimensional resonant truncation of FNLS is

—i0¢by = —bp|by|? + > by by by (RFNLS)

nlan27n3€rres(")m/\3

m V resonant-closed finite A C Z? RFNLS, is an ODE.

m If spt(an(0)) C A then FNLS-evolution a,(0) — ap(t) is
nicely approximated by RFNLS)-ODE a,(0) — bp(t).

m Given ¢, s, K, build A so that RFNLS, has weak turbulence.



IMAGINE WE BUILD A RESONANT A C Z2 SUCH THAT...

Imagine a resonant-closed A = A; U --- U Ay with properties.
Define a nuclear family to be a rectangle (ny, na, n3, ny) where the
frequencies ny, n3 (the 'parents’) live in generation A; and ny, na
(‘children’) live in generation Aji;.
mV1<j<MandV n €A; 3 unique nuclear family such that
ni, n3 € \; are parents and np, ng € Aji1 are children.
mV1<j<MandV n € Aji1 3 unique nuclear family such
that nz, ng € Aj11 are children and ny, n3 € A; are parents.
m The sibling of a frequency is never its spouse.
m Besides nuclear families, A contains no other rectangles.

m The function n — a,(0) is constant on each generation A;.



CARTOON CONSTRUCTION OF A




CARTOON CONSTRUCTION OF A




CARTOON CONSTRUCTION OF A
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CARTOON CONSTRUCTION OF A




CARTOON CONSTRUCTION OF A




CARTOON CONSTRUCTION OF A




THE TOY MODEL ODE

Assume we can construct sucha A=A U---UApy. The
properties imply RFNLS) simplifies to the toy model ODE

O bj(t) = —ilbj(t)[*b;(t) + 2ib;(t)[bi(t)* — bja(t)?]-
L2~ b0 =) 1b(0)
] j
HS ~ > B8P0 Inf*).
]

nE/\j
We also want A to satisfy Wide Diaspora Property

Z ‘n|2s > Z |n’2s.

neNy nehy



PROPERTIES OF THE Toy MoODEL ODE

m Solution of the Toy Model is a vector flow t — b(t) € CM
b(t) = (by(t),...,bu(t)) €CM;b; =0V, <0,j>M+1.
m Local Well-Posedness; Let S(t) denote associated flowmap.

m Mass Conservation: |b(t)|?> = |b(0)]? =

m Toy Model ODE is Globally Well-Posed.
m Invariance of the sphere: ¥ = {x € CM : |x|2 = 1}

S(t)T = ¥.



PROPERTIES OF THE Toy MoODEL ODE

m Support Conservation:

Ot | bj|? 2Re(b;d: b))
T2
4Re(ib;"[b7 1 — b:1])

< Clb.

Thus, if b;j(0) = 0 then b;(t) =0 for all ¢.

m Invariance of coordinate tori:
Tj={(b1,....bm € X): |bj| =1,by =0V k #j}

Mass Conservation — S(T)T; =T;.
Dynamics on the invariant tori is easy:

bi(t) = e 0 b (t) =0V k # .



EXPLICIT SLIDER SOLUTION

Consider M = 2. Then ODE is of the form

Orby = —i|by|?by + 2iby b3
Otby = —i|by|?by + 2ibyb?.

Let w = 2'™/3 (

cube root of unity). This ODE has explicit solution
e it ,

\/1—|—e2\/§tw ’ \/1+e*2*/§tw ‘

m As t — —o0, (bi(t), ba(t)) — (e w,0) € Ty.
m As t — 00, (bi(t), ba(t)) — (0, e w?) € To.

bl(t)z bz(t) =



EXPLICIT SLIDER SOLUTION

T k

L]



Two EXPLICIT SOLUTION FAMILIES




CONCATENATED SLIDERS: IDEA OF PROOF

T_3 T 4 T5 T_6



ARNOLD DIFFUSION FOR TOY MODEL STATEMENT

THEOREM

Let M > 6. Given € > 0 there exist x3 within € of T3 and xp_2
within € of Tyy_» and a time t such that

5(t)X3 = XM—2.

REMARK

S(t)x3 is a solution of total mass 1 arbitrarily concentrated at
mode j = 3 at some time ty and then arbitrarily concentrated at
mode j = M — 2 at later time t.



CONSTRUCTION OF RESONANT SET A

The task is to construct a finite set A C Z? satisfying the properties
that led to the Toy Model ODE. We do this in two steps:

Build combinatorial model of A called ¥ ¢ CM-1,
Build a map £ : CM-1 _, R? which gives

f(X)=ANcCZ?

satisfying the properties.



CONSTRUCTION OF COMBINATORIAL MODEL X2

m Standard Unit Square: S ={0,1,1+/,i} C C,S=5US;
where S; = {1,i} and S, = {0,1+ i}

A

iy 1+i

m 72 = 7Z[i]; (m, m) = ny + iny



CONSTRUCTION OF COMBINATORIAL MODEL X2

m We define

Zj = {(21,22,...,2/\//_1) 12Z1,...,Zj—1 € 52,Zj,...,ZM_1 € 51}

with the properties
Y, =5 xS ccMt
m [ =21
m Next, we define
2=21U---UXpm.

m [T = Mm2ML
m X is called a generation.



COMBINATORIAL NUCLEAR FAMILY

m Consider the set F = {Fg, F1, F1+j, Fi} C ¥ defined by

FW:(217-"7Zj—17W72j+17"'7Zn)

with z1,...,zi_1 € S5 and zj1,...,z, € Soand w € S.
m The elements Fo, F1; € ;41 are called children.

m The elements Fi, F; are called parents.
m The four element set F is called a combinatorial nuclear family

connecting the generations ¥; and X ;;.
m V j 3 2M=2 combinatorial nuclear families connecting

generations 3; and X .

m The set ¥ satisfies
m Existence and uniqueness of spouse and children (of sibling

and parents).
m Sibling is never also a spouse.



CONSTRUCTION OF THE PLACEMENT FUNCTION

We need to map ¥ € CM~1 into the frequency lattice Z2.
m We first define f; : X1 — C.

m V1< ;<M and each combinatorial nuclear family F
connecting generations ¥ ; and X1, we associate an angle
0(F) € R/2nZ.

m Given fi and the angles of all the families, we define
placement functions f; : ¥; — C recursively by the rule:
Suppose f; : ¥ ; — C has been defined. We define
f;'+1 . 2j+1 — C:

14 ei0(F) 1 — £if(F)

firi(Fiei) = ———f(R)+———f(F)
14 ei0(F) 1 — if(F)

firi(Fo) = ———fi(F) - ———f(F)

for all combinatorial nuclear families connecting ¥; to ¥ ;.



THEOREM: GOOD PLACEMENT FUNCTION

Let M > 2, s > 1, and let N be a sufficiently large integer
(depending on M). 3 an initial placement function f; : ¥; — C
and choices of angles §(F) for each nuclear family F (and thus an
associated complete placement function f : ¥ — C) with the
following properties:

m (Non-degeneracy) The function f is injective.

m (Integrality) We have f(X) C Z[i].

m (Magnitude) We have C(M)™IN < |f(x)| < C(M)N for all
X € X.

m (Closure/Faithfulness) If x1, x2, x3 are distinct elements of X
are such that f(x1), f(x2), f(x3) form a right-angled triangle,
then x1, x2, x3 belong to a combinatorial nuclear family.

m (Wide Diaspora/Norm Explosion) We have

1
Z ’n’2s>§2(s—1)(M—1) Z ’n’2s_

nEf(Xm) nef(Xy)
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