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THE NLS INITIAL VALUE PROBLEM

We consider the defocusing initial value problem:

{ (=i0 + A)u = |u|?u (NLS(T?))

u(0,x) = up(x), where x € T?, R2.
Smooth solution u(x, t) exists globally and
Mass = M(u) = ||u(t)||* = M(0)
Energy = E(u) = [ (5IVult. 0P + lu(x, 1) dx = E(O)
In particular if f,(¢) = |0(t,£)|? then the area of the subgraph of
f:(&£) remains constant. On the other hand the shape of the

subgraph may change in time, in particular in time most of the
area may concentrate on very high.



INFORMAL DEFINITION OF WEAK TURBULENCE

DEFINITION

Weak turbulence is the phenomenon that describe the shifting over
time of the mass of global solutions into increasingly high
frequencies.

This shift is also called forward cascade.

m One way of measuring weak turbulence is to consider the
function

g:(t) = [u(t)]2, = / (e, €) e[ de

and prove that it griws for large times t.

m Weak turbulence is incompatible with scattering and complete
integrability.



EXPLANATION OF SECOND ITEM

scattering: In this context scattering (at +00) means that for any
global solution u(t,x) € HS there exists uj € H® such that, if S(t)
is the linear Schrodinger operator, then

im[u(t,%) — S(2)ug ()] = 0
in H® sense. Since ||S(t)ug ||ns = |lug ||1=, it follows that
gs(t) = Hu(t)leLIs will not grow.
complete integrability: For example the 1d equation

(i0: + A)u = —|ul?u

is integrable in the sense taht it admits infinitely many
conservation laws. Combining them in the right way one gets that
gs(t) = ||u(t)]|?, < Cs for all times.






SOME THEORETICAL RESULTS

m Bourgain: (late 90's)
For the periodic IVP NLS(T?) one can prove

gs(t) = [lu(t)[F. < Gsle|*.
The idea here is to improve the local estimate for t € [—1,1]
llu(t)|[qs < Gsl|u(0)||ps, for Cs >>1
to the better one
Ju(®)l e < Lu(O) e + Collu(O)[L? for € >> 1,
for some 6 > 0. This last one in fact gives
lu(E)llie < Colel2.

For similar result see also Staffilani,
Colliander-Delort-Kenig-Staffilani and a recent result of W.M.
Wang.



MORE THEORETICAL RESULTS

m Bourgain: (late 90's)
Given m, s >> 1 there exists A such that a global solution
u(x, t) to the modified wave equation

(3tt - A)U = Up
such that

[[u()l| s ~ [2]™

Solutions to dispersive equations on RY DO NOT exhibit weak
turbulace. Solutions to dispersive equations on T¢ DO exhibit
weak turbulence. In particular for NLS(T?)

gs(t) = |lu(t)[13, ~ log(t).



MAIN THEOREM

THEOREM (COLLIANDER-KEEL-STAFFILANI-TAKAOKA-TAO)

Lets>1, k>>1and0 < o <1 be given. Then there exists a
global smooth solution u(x,t) to

—i t u= u2u
{U(O7X() Zauo—(xﬁ) Whe’re’x € T?, (NLS(T?))

and T > 0 such that
|uol[s < o

and
gs(t) = u(t)|3, > K.



INGREDIENTS FOR THE PROOF

Reduction to a resonant problem

Construction of a special finite set A of frequencies
Reduction to a resonant, finite dimensional Toy Model
Arnold diffusion for the Toy Model

A perturbation lemma

A scaling argument



REDUCTION TO A RESONANT PROBLEM

We consider the gauge transformation
v(t,x) = e 2Ctu(t, x),
for G € R. If u solves NLS(T?) above, then v solves the equation
(—id: + A)v = (2G + v)|v|>. ((NLS)¢)
We make the ansatz

V(t,X) _ Z an(t)ei((n,x>+|n\2t)‘

neZ?
Now the dynamics is all recast trough a,(t):
—i0¢an, = 2Ga, + E ap,dn,an, €'t
n1—n2+n3=n

where wq = |n1|? — |m|? + |n3|2 — |n|?.



THE FNLS SYSTEM

By choosing

G=—|v(t)l2. == lak(t)?
k

which is constant from the conservation of the mass, one can
rewrite the equation above as

. 2 — iwgt
—i0tan = —ap|an|” + E an,dn,anse"*

ni,n2,n3€l(n)

where
r(n):{nl,n27n3622 / m — ny+ n3 = n;n; # n;n3 # n}.

From now on we will be refering to this system as the FNLS
system, with the obvious connection with the original NLS(T?)
equation.



THE RFNLS SYSTEM

We define the set

[Mes(n) = {n1,n,n3 €T (n)/ws = 0}.

The geometric interpretation for this set is the following: If

ni, np, n3 are in [ es(n), then these four points represent the
vertices of a rectangle in Z2.

We finally define the Resonant Truncation RFNLS to be the system

—i0tby = —bnlbpl> + > by bn,bnye™t.
nla”27n3erres(n)

It is time now to define the special set A of finite frequencies
where we will define the initial data.



A SPECIAL SET OF FREQUENCIES A

We call this set A C Z? and we ask for it several properties. In
particular A = Ay U A U ... U Ay, that is M generations of
nuclear families A;. If ny, ny, n3, ng € A, then they represent the
vertices of a rectangle such that n; and n3 are in A; (" parents”)
and ny, ng are in Aj;1 ("children™). The interactions among these
families follow the these rules:

m Existence and uniqueness of spouse and children: For any
1<j < Mand n; € Aj there exist a unique n3 € A; and
no, ng € Ajy1 (up to permutations).

m Existence and uniqueness of siblings and parents: For any
1<j<Mand n € Aj there exist a unique ng € A; and
ny, n3 € Aj_1 (up to permutations).

m No incest: The sibling at frequency n is never equal to its
spouse.

m Faithfulness: Apart from nuclear families A does not contain
other rectangles.



MORE PROPERTIES FOR THE SET A

m Given 0 << 1 and K >> 1, there exist M and
A=A1U....UAp as above and

a)
Z ‘n‘Zs > I:22 Z |n|25'

neApy nel;
b) If N = N(o, K) is large enough then A consists of
M x 2M~=1 disjoint frequencies n with [n| > N = N(o, K) and
the last frequency in Ay is of size C(M)N with the first in
A1 is of size N. We call N the Inner Radius of A.



THE SYSTEM RFNLSA

The final propriety that we ask for the set A is that
m A is closed under resonant interactions:

ni,m,n3 € ANTes(n) = neA.

REMARK

If A is closed under resonant interaction and if b,(0) has support
in A, then the solution by(t) of (RFNLS) on [0, T] has also
support in A. To see this one just uses Gronwall’s estimate on

Yonga lbn(t)[?.

We can then define the finite dimension resonant truncated system

—i8¢bp = —bn|ba|? + > by brybrs.  ((RFNLSA))

nlan27n3€Amrres(n)



THE ODE sysTeEM (Toy MODEL)

REMARK

If we go back to (RFNLS) one can easily see that
bn(t) = bm(t), forany m,n e Aj. We call this the
"Intergenerational equality “.

Using all these properties for A we can identify
(bn(t)) {nezey = (bj(t))(j=1,...my
and reduce (RFNLSp) to the the system

—idebj(t) = —b;(t)|b;(t)|* — 2bj_1(t)*bj(t) — 2b;11()*bi(t),
((ODE))

with the boundary condition

bo(t) = bm+1(t) = 0. ((BC))



CONSERVATION LAWS FOR THE ODE SYSTEM

The following are conserved quantities for (ODE)

Mass Z b;(t)]? = Co
J

Momentum Z |b;(t)]? Z n= (C,

j nEAj
and if
Kinetic Energy = Z \bj(t)|2 Z |”’2

J nel;

. 1
Potential Energy = 5 Z b;(t)|* + Z b;()?|bjs1(t)]?,
J J

then

Energy = Kinetic Energy + Potential Energy = C».



ARNOLD DIFFUSION FOR ODE: THE SET UP

Global well-posedness for ODE is not an issue. We define
Yy={xeCM/|x?=1} and W(t): X — X,

where W(t)b(tp) = b(t + to) for any solution b(t) of ODE. It is
easy to see that for any b € ©

Be|bj|? = 4R(ib; (b21 + b2.1)) < 4|b2.
So if
bj(0) =0 =b(t) =0, forall te [0, T].
If moreover we define the torus

then
W(t)N; =MN; forall j=1,....M

(M; is invariant).



ARNOLD DIFFUSION FOR ODE

THEOREM

(Arnold Diffusion)
Let M > 6. Given € > 0 there exist x3 within € of I3 and xp;_»
within € of My _» and a time t such that

W(t)X3 = XM—2.

REMARK

W (t)xs is a solution of total mass 1 arbitrarily concentrated at
mode j = 3 at some time to and then arbitrarily concentrated at
mode j = M — 2 at later time t.



INTUITION

Consider M = 2. Then ODE is of the form

by = —i|by|?by + 2iby b3
Oty = —i|by|?by + 2ibyb2.

This system has explicit solution

—it —it
bi(t) = o by(t) = ——t 2

=
1+ e2V3t V14 e2V3t

2i7/3 (cube root of unity). Since

where w = e

IIToo |bi(t)] =0 and t—llToo‘b2(t)‘ =1

t—

and
im _|by(t)] =0 and lim_|by(t)] = 1.



MORE INTUITION

It follows that (b1, by) € My at t = +o00 and (by, bp) € My at

t = —oo. So with an infinite amount of time one can go from Iy
to My and viceversa. A suitable perturbation of I1; replacing the
tori IM; will be the key in proving diffusion in finite time:

A picture here?



A PERTURBATION LEMMA

LEMMA

Let A C 72 introduced above. Let B >> 1 and § > 0 small and
fixed. Let t € [0, T] and T ~ B?log B. Suppose there exists
b(t) € I*(A) solving RFNLSA such that

Ib(e)In S B7.
Then there exists a solution a(t) € I*(Z?) of RFNLS such that
a(0) = b(0), and |[[a(t) — b(t)|ln(ze) S B¢

for any t € [0, T].

PROOF.

This is a standard perturbation lemma proved by checking that the
"non resonant” part of the nonlinearity remains small enough. [



RECASTING THE MAIN THEOREM

With all the notations and reductions introduced we can now
recast the main theorem in the following way:

THEOREM

For any 0 < 0 << 1 and K >> 1 there exists a complex sequence

(an) such that
1/2

Y laaffin* | o

nez?

and a solution (a,(t)) of (FNLS) and T > 0 such that

1/2

> lan(T)PInf*® > K.

neZ?



SCALING ARGUMENT

In order to be able to use the Arnold Diffusion to move mass from
lower frequencies to higher ones and start with a small data we ned
to introduce scaling. Consider in [0, t] the solution b(t) of the
system RFNLSA with initial datum by. Then the rescaled function
A 1yt
B(t) = X~Hh(55)
solves the same system with datum b} = A\~ 1hy.
We then first pick the complex vector b(0) that was found in the
theorem on Arnold Diffusion. For simplicity let's assume here that
bj(0) =1 —€if j =3 and bj(0) = € if j # 3 and then we fix

b?(0) for any n € A;
= J J
2n(0) { 0 otherwise .



ESTIMATING THE SIZE OF (a(0))

By definition
1/2 y 1/2
(Z !an(O)Izn\2s> =2 DB (D Inl =271Q,
N j=1 nch;

where the last equality follows from defining
> I =@,
HEAJ'

and the definition of a,(0) given above. At this point we use the
proprieties of the set A to estimate Q3 = C(M)N, where N is the
inner radius of A. We then conclude that

1/2
(Dan |!2S> = N LMV o

neA



ESTIMATING THE SIZE OF (a(T))

By using the perturbation lemma with B = X\ and T = \?t we have

la(T) = = [IDN(T)lls — N1a(T) = 6X(T) | = b — Fo.

We want b << 1 and 1 > K. For the first

1/2 1/2
b < la(T)=b*(T)lln(z2) (ZI |25> SAT? <Z|n|2s> :

neA neA

As above
b < ATIIC(MYN

At this point we need to pick A and N so that
1a(0)|[s = A"LC(M)N®* ~ o and b S AITOC(M)N® << 1

and thanks to the presence of § > 0 this can be achieved by taking
A and N large enough.



ESTIMATING /

It is important here that at time zero one starts with a fixed non
zero datum, namely ||a(0)||ys = ||b*(0)||ys ~ o > 0. In fact we
will show that

K2
17 = 16NT)1Fs > plle(O)H%/s ~ K2,

If we define for T = A2t
> nen [a(Nt)[?|n]?
> nea [62(0)[2n|?s

then we are reduce to showing that R > K?/o?. Now recall the
notation

R =

A=A1U...UAy and D [n]* = Q.
HEAj



MORE ON ESTIMATING /;

Using the fact that by the theorem on Arnold Diffusion
(approximately) one obtains bj(T) =1—¢€if j =M —2 and
bj(T) =eif j # M — 2, it follows that

S S nen, B (A2)2|nfs

R —
S Y ea, |BM0)[? ]
< Qm—2(1—¢€) N Qu—_2(1—¢)
T A IQ et QM @y, [(1— €)@ 4 e
S (1-¢ _ Qu-o
T (1) Q(,\;;iz @3

and the conclusion follows from one the properties of the sets A;:

K2 K?2
Qua= Y [n*2 ) > Inp* = 2 Q-

nEAM,Q ”€A3



CONCLUSIONS

Can one obtain a stronger result? We believe that by
"concatenating” infinitely many solutions like the one described
above one may be able to obtain a solution u for NLS(T?) such
that

llu(t)||fy ~ Cslog(|t]), as t — +oc.



