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Nonlinear Schrödinger Initial Value Problem

Consider the defocusing initial value problem NLS+
3 (R2):{

(i∂t + ∆)u = +|u|2u
u(0, x) = u0(x).

Time Invariant Quantities

Mass = ‖u(t)‖L2
x

Momentum = 2=
∫

R2

u(t)∇u(t)dx

Hamiltonian = H[u(t)] =
1

2

∫
R2

|∇u(t)|2dx +
1

2
|u(t)|4dx

Dilation Invariance (L2(R2) critical)

uλ(τ, y) = λ−1u(λ−2τ, λ−1y)



Local-in-time theory

[Cazenave-Weissler 90]

∀u0 ∈ L2(R2) ∃ Tlwp(u0) determined by

‖e it∆u0‖L4
tx ([0,Tlwp]×R2) <

1

100
such that

∃ unique u ∈ C ([0,Tlwp]; L
2) ∩ L4

tx([0,Tlwp]× R2) solving
NLS+

3 (R2).

∀u0 ∈ Hs(R2), s > 0, Tlwp ∼ ‖u0‖
− 2

s
Hs and regularity persists:

u ∈ C ([0,Tlwp];H
s(R2)).

Define the maximal forward existence time T ∗(u0) by

‖u‖L4
tx ([0,T∗−δ]×R2) < ∞

for all δ > 0 but diverges to ∞ as δ ↘ 0.

∃ small data scattering threshold µ0 > 0

‖u0‖L2 < µ0 =⇒ ‖u‖L4
tx (R×R2) < 2µ0.



Global-in-time theory?

What is the ultimate fate of the local-in-time solutions?

Defocusing Scattering Conjecture: L2 3 u0 7−→ u solving
NLS+

3 (R2) is global-in-time and

‖u‖L4
t,x

< C (u0).

Moreover, ∃ u± ∈ L2(R2) such that

lim
t→±∞

‖e±it∆u± − u(t)‖L2(R2) = 0.

Remarks:

Known for small data ‖u0‖L2(R2) < µ0.

Known for defocusing L2(Rd)-critical NLS+
1+ 4

d

(Rd) for large

radial data, d ≥ 3. [Tao-Visan-Zhang 06]

GWP for L2 data ⇐⇒ Scattering for L2 data.



Main Result

Theorem (C-Grillakis-Tzirakis 07)

NLS+
3 (R2) is globally well-posed for data in Hs(R2) for 2

5 < s < 1.
Moreover, the solution satisfies

sup
t∈[0,T ]

‖u(t)‖Hs(R2) ≤ C (1 + T )
3s(1−s)
2(5s−2) .

regularity idea reference
s > 2

3 high/low frequency decomposition [Bourgain 98]
s > 4

7 H(Iu) [CKSTT 02]
s > 1

2 resonant cut of 2nd energy [CKSTT 07]
s ≥ 1

2 H(Iu) & Interaction Morawetz [Fang-Grillakis 05]

s > 4
13? resonant cut & I -Morawetz [—–]



New ideas in the proof

Proof follows [FG 05] ([CKSTT 04] scheme) with two new inputs:

1 Interaction Morawetz estimate of [FG 05]:

‖u‖4
L4([0,T ]×R2) . T

1
2 sup

t∈[0,T ]
‖∇u(t)‖L2(R2)‖u0‖3

L2(R2)

versus the improvement

‖u‖4
L4([0,T ]×R2) . T

1
3 ( sup

t∈[0,T ]
‖∇u(t)‖L2(R2)‖u0‖3

L2(R2)+‖u0‖4
L2(R2)).

2 Interaction Morawetz for a regularized reference evolution Iu:

‖Iu‖4
L4([0,T ]×R2) . T

1
3
[

supt∈[0,T ] ‖∇Iu(t)‖L2(R2)‖Iu0‖3
L2(R2)

+‖Iu0‖4
L2(R2) + Error(T)

]



Main Ingredients in Proof

I -method/Almost Conservation of H[Iu]

Finite energy reference evolution Iu, I = IN : Hs → H1 is a
smoothing operator of order 1− s.
Local well-posedness of I (NLS+

3 (R2)) initial value problem.
Hamiltonian increment quantification:

|H[Iu](Tlwp)− H[Iu](0)| . N−α‖Iu(0)‖4
H1(R2).

Interaction Morawetz Estimate
Improved interaction Morawetz; Morawetz for I (NLS+

3 (R2)).
Morawetz error increment quantification:

|Error(Tlwp)− Error(0)| . N−β‖Iu(0)‖4
H1 .

Bootstrap argument



I -Method/Almost Conservation of H[Iu]

For s < 1,N � 1 define smooth monotone m : R2
ξ → R+ s.t.

m(ξ) =

{
1 for |ξ| < N(

|ξ|
N

)s−1
for |ξ| > 2N.

The associated Fourier multiplier operator, (̂Iu)(ξ) = m(ξ)û(ξ),
satisfies I : Hs → H1. Note that

‖u‖Hs . ‖Iu‖H1 . N1−s‖u‖Hs .

Idea of the I -method: NLS+
3 evolution u0 7−→ u(t) induces finite

energy reference evolution Iu0 7−→ Iu(t). (Almost) conservation of
energy H(Iu(t)) provides control on ‖u(t)‖Hs .



Modified Local Well-posedness

Iu satisfies the initial value problem I (NLS+
3 (R2):{

(i∂t + ∆)Iu = +I (|u|2u)
Iu(0, x) = Iu0(x).

(̂〈D〉u)(ξ) := (1 + |ξ|2)1/2û(ξ).

An ordered pair (q, r) is admissible if 2
q + 2

r = 2
2 and

2 < q ≤ ∞.

µ([0,T ]) :=
∫ T
0

∫
R2 |Iu(t, x)|4dxdt.

Classical arguments establish...



Modified Local Well-posedness

Lemma

If µ([0,T ]) < µ0 (universal constant) then ∀s > 0 the initial value
problem I (NLS+

3 (R2)) is locally well-posed and

ZI ([0,T ]) := sup
(q,r)admissible

‖〈D〉Iu‖Lq
t L

r
x ([0,T ]×R2) . ‖〈D〉Iu0‖L2 .

Define Tlwp by the condition µ([0,Tlwp]) = µ0. Thus, the local
theory gives spacetime control on Iu on the slab [0,Tlwp]× R2.
A Fourier analysis of the expression

Tlwp∫
0

∂tH[Iu(t)]dt = <

Tlwp∫
0

∫
R2

(∂t Iu)
[
|Iu|2Iu − I (|u|2u)

]
dxdt

permits proving....



Almost Conservation of Modified Energy

Lemma

If Hs 3 u0 → u(t) solves NLS+
3 (R2) with 1

2 > s > 1
3 then

sup
t∈[0,T ]

H[INu(t)] ≤ H[INu(0)] + CN− 3
2
+[ZI ([0,T ])]4

+CN−2+[ZI ([0,T ])]6.

This quantifies the increment in H[Iu] over t ∈ [0,T ].
In particular, when ‖IN〈D〉u(0)‖L2

x
≤ 1 we have

sup
t∈[0,Tlwp]

H[INu(t)] ≤ H[INu(0)] + CN−α

for α = 3
2−.



Interaction Morawetz: Local Conservation

Suppose φ : [0,T ]× Rd → C solves generalized NLS

(i∂t + ∆)φ = N

for some N = N (t, x , u) : [0,T ]×Rd ×C → C. Assume φ is nice.

We introduce notation to compactly express mass and momentum
(non)conservation for solutions of generalized NLS.

Write ∂xj φ = ∂jφ = φj .



Local mass/momentum (non)conservation

mass density: T00 = |φ|2

momentum density/mass current:
T0j = Tj0 = 2=(φφj)

(linear part of the) momentum current:
Ljk = Lkj = −∂j∂k |φ|2 + 4<(φjφk)

mass bracket: {f , g}m = =(f g)

momentum bracket: {f , g}j
p = <(f ∂jg − g∂j f )

Local mass (non)conservation identity:

∂tT00 + ∂jT0j = 2{N , φ}m

Local momentum (non)conservation identity:

∂tT0j + ∂kLkj = 2{N , φ}j
p



Local mass/momentum (non)conservation

Consider N = F ′(|φ|2)φ for polynomial F : R+ → R.

We calculate the mass bracket

{F ′(|φ|2)φ, φ}m = =(F ′(|φ|2)φφ) = 0.

Thus mass is conserved for these nonlinearities.

We calculate the momentum bracket

{F ′(|φ|2)φ, φ}j
p = −∂jG (|φ|2)

where G (z) = zF ′(z)− F (z) ∼ F (z).
Thus the momentum bracket contributes a divergence and
momentum is conserved for these nonlinearities.



Generalized Virial Identity

Suppose a : Rd → R. Form the Morawetz Action

Ma(t) =

∫
Rd

∇a · 2=(φ∇φ)dx .

Conservation identities lead to the generalized virial identity

∂tMa =

∫
Rd

(−∆∆a)|φ|2 + 4ajk<(φjφk) + 2aj{N , φ}j
pdx .

Idea of Morawetz Estimates: Cleverly choose the weight
function a so that ∂tMa ≥ 0 but Ma ≤ C (φ0) to obtain spacetime
control on φ. This strategy imposes various constraints on a which
suggest choosing a(x) = |x |.



Example: [Lin-Strauss 78] Morawetz identity

Consider (i∂t + ∆)φ = F ′(|φ|2)φ with F ′ ≥ 0 and x ∈ R3. Choose
a(x) = |x |. Observe that a is weakly convex, ∇a = x

|x | is bounded,
and −∆∆a = 4πδ0. One gets the Lin-Strauss Morawetz identity

Ma(T )−Ma(0) =

T∫
0

∫
R3

4πδ0(x)|φ(t, x)|2 + (≥ 0) + 4
G (|φ|2)
|x |

dxdt

which implies the spacetime control estimate

(H[u0])
1/2‖u0‖L2 &

T∫
0

∫
R3

G (|φ|2)
|x |

dxdt.



Example: L4(Rt × R3
x) Interaction Morawetz

[CKSTT 04] (Hassell 04)

Suppose φ1, φ2 are two solutions of (i∂t + ∆)φ = F ′(|φ|2)φ
with F ′ ≥ 0 and x ∈ R3. The “2-particle” wave function

Ψ(t, x1, x2) = φ1(t, x1)φ2(t, x2)

satisfies an NLS-type equation on R1+6

(i∂t + ∆1 + ∆2)Ψ = [F ′(|φ1|2) + F ′(|φ2|2)]Ψ.

Note that [F ′(|φ1|2) + F ′(|φ2|2)] ≥ 0 so defocusing.

Reparametrize R6 using center-of-mass coordinates (x , y)
with x = 1

2(x1 + x2) ∈ R3. Note that y = 0 corresponds to
the diagonal x1 = x2 = x . Apply the generalized virial identity
with the choice a(x1, x2) = |y |. Dismissing terms with
favorable signs, one obtains...



Example: L4(Rt × R3
x) Interaction Morawetz

‖∇u‖L∞
[0,T ]

L2
x
‖u0‖3

L2 ≥
∫ T

0

∫
R6

(−∆6∆6|y |)|Ψ(x1, x2)|2dx1dx2dt

≥ c

∫ T

0

∫
R6

δ{y=0}(x1, x2)|φ1(x1)φ2(x2)|2dx1dx2dt

≥ c

∫ T

0

∫
R3

|φ1(t, x)φ2(t, x)|2dxdt.

Specializing to φ1 = φ2 gives the interaction Morawetz estimate∫ T

0

∫
R3

|φ(t, x)|4dxdt ≤ C‖∇u‖L∞
[0,T ]

L2
x
‖u0‖3

L2
x

valid uniformly for all defocusing NLS equations on R3.



L4(Rt × R2
x) Interaction Morawetz

The “R3 miracle” underpinning the L4(R1+3) estimate is
−∆∆|y | = 4πδ0. For R2

x , we’d like to replace |y | with
a(x) = |x |2 log |x | but this violates |∇a(x)| ≤ C .

Inspired by [FG 05], define smooth convex f satisfying

f (|x |) =

{
1

2M |x |
2(1− log |x |

M ) for |x | < M√
e

100|x | for |x | > M

where M is a large parameter we will later choose.

Choose a(x1, x2) = f (|x1 − x2|) in the “2-particle” virial
identity. A calculation shows that

−∆∆a =
2π

M
δ{x1=x2} + 1{|x1−x2|> M√

e
}O(

1

|x1 − x2|3
).



L4(Rt × R2
x) Interaction Morawetz

Inserting this into the virial identity, dismissing terms with
favorable signs, and collapsing to u1 = u2 produces

1

M

T∫
0

∫
R2

|u(x)|4dxdt . Ma

∣∣T
0

+

T∫
0

∫
|x1−x2|> M√

e

|u(x1)|2u(x2)|2

|x1 − x2|3
dx1dx2dt

. ‖∇u‖L∞
[0,T ]

L2
x
‖u0‖3

L2
x
+

T

M3
‖u0‖4

L2
x
.

Multiplying through by M and balancing terms by choosing
M ∼ T 1/3 gives the improved interaction Morawetz estimate

T∫
0

∫
R2

|u(t, x)|4dxdt . T
1
3 ‖∇u‖L∞

[0,T ]
L2

x
‖u0‖3

L2
x
+ T

1
3 ‖u0‖4

L2
x
.



Interaction Morawetz for Iu: error term.

Reexpress I (NLS+
3 ) evolution equation

(i∂t + ∆)Iu = |Iu|2Iu +
[
I (|u|2u)− |Iu|2Iu

]
.

First term contributes positive term to Morawetz identity.

[. . . ] produces error. Commutator makes it small.

Form Ψ(t, x1, x2) = Iu1(t, x1)Iu2(t, x2) and ...∫ T

0

∫
R2

|Iu(x)|4dxdt . T
1
3 ‖∇Iu‖L∞

[0,T ]
L2

x
‖Iu0‖3

L2
x
+ T

1
3 ‖Iu0‖4

L2
x

+T
1
3

∣∣∣∣∫ T

0

∫
R4

∇a · {Nerror , Iu1(x1)Iu2(x2)}pdx1dx2dt

∣∣∣∣
with Nerror = [I (|u1|2u1)− |Iu1|2Iu1]Iu2 + (1 ! 2).



Morawetz Error Increment Quantification

Lemma

If Hs 3 u0 → u solves NLS+
3 (R2) with 1

2 > s > 0 then∣∣∣∣∣∣
T∫

0

∫
R4

∇a ·
{
Nerror , Iu1(x1)Iu2(x2)

}
p
dx1dx2dt

∣∣∣∣∣∣ . N−1+[ZI ([0,T ])]6.

The proof imitates the almost conservation analysis.
In particular, when ‖IN〈D〉u(0)‖L2

x
≤ 1 we have∣∣∣∣∣∣∣

Tlwp∫
0

∫
R4

∇a ·
{
Nerror , Iu1(x1)Iu2(x2)

}
p
dx1dx2dt

∣∣∣∣∣∣∣ . N−β

for β = 1−.



Bootstrap Argument: Preliminaries

Fix a huge time interval [0,T0]. Consider a global-in-time
solution C∞

0 (R2) 3 u0 → u. We will prove

sup
t∈[0,T0]

‖u(t)‖Hs ≤ CT
θ(s)
0

for s > 2
5 with C independent of extra C∞

0 assumptions.

Rescale initial data so that

‖Iuλ
0 ‖H1 = O(1) ⇐⇒ λ ∼ N

1−s
s .

We will choose N = N(T0) and show

sup
t∈[0,λ2T0]

‖Iuλ(t)‖H1 ≤ O(1)

This unravels to prove the polynomial bound above.



Bootstrap Argument: Setup

With α = 3
2−, β = 1− and γ = 1

3 , define the set

SK = {t ∈ [0, λ2T0] : ‖Iuλ‖4
L4([0,t]×R2) ≤ KNα−βtγ}

Here K is a large constant to be chosen.

Claim: SK = [0, λ2T0]. Assume not. Since ‖Iuλ‖L4([0,t]×R2) is

continuous with t, ∃ T ∈ (0, λ2T0) such that

‖Iuλ‖4
L4([0,T ]×R2) = KNα−βT γ .

Cut [0,T ] into disjoint intervals Jk , k = 1, . . . , L such that∫
Jk

∫
R2

|Iuλ|4dxdt ≤ µ0.

Each Jk is like [0,Tlwp]. Also, L ∼ KNα−βTγ

µ0
.



Bootstrap: Modifed Hamiltonian Control

Almost Conservation Lemma gives

sup
t∈J1

H[Iuλ(t)] ≤ H[Iuλ(0)] + N−α . O(1)

Accumulating increments and recalling rescaling gives

sup
t∈[0,T ]

H[Iuλ(t)] ≤ O(1) +
L

Nα
≤ O(1) if L < Nα.

Recalling L, λ, using T < λ2T0, choose N = N(T0) s.t.

T γ
0

K

µ0
= N

(β+2γ)s−2γ
s =⇒ L < Nα.

Since T0 is big, this requires s > 2γ
β+2γ = 2

5 .



Bootstrap: Conclusion

Recall the interaction Morawetz estimate for Iuλ∫ T

0

∫
R2

|Iuλ(x)|4dxdt . T
1
3 ‖∇Iuλ‖L∞

[0,T ]
L2

x
‖Iuλ

0 ‖3
L2

x
+T

1
3 ‖Iuλ

0 ‖4
L2

x

+T
1
3

∣∣∣∣∫ T

0

∫
R4

∇a · {Nerror , Iu
λ
1 (x1)Iu

λ
2 (x2)}pdx1dx2dt

∣∣∣∣
On each Jk the Morawetz error term contributes at most N−β∣∣∣∣∫

Jk

∫
R4

∇a · {Nerror , Iu
λ
1 (x1)Iu

λ
2 (x2)}pdx1dx2dt

∣∣∣∣ . N−β.

Accumulating the increments over Nα steps proves

‖Iuλ‖4
L4([0,T ]×R2) . Nα−βT

1
3 .

Contradiction for K larger than the implied constants.



References

[Cazenave-Weissler 90] The Cauchy problem for the critical nonlinear
Schrödinger equation in Hs . Nonlinear Anal. 14 (1990), no. 10, 807–836.
[Tao-Visan-Zhang 06] Global well-posedness and scattering for the
mass-critical nonlinear Schrödinger equation for radial data in high dimensions,
preprint, (arXiv:math.AP/0609692).
[C-Grillakis-Tzirakis 07] Improved interaction Morawetz inequalities for the
cubic nonlinear Schrödinger equation on R2, preprint, (arXiv:math/0703606).
[Bourgain 98] Refinements of Strichartz’ inequality and applications to
2D-NLS with critical nonlinearity. I.M.R.N. 1998, no. 5, 253–283.
[CKSTT 02] Almost conservation laws and global rough solutions to a
nonlinear Schrödinger equation. M.R.L. 9 (2002), no. 5-6, 659–682.
[CKSTT 07] Resonant decompositions and the I -method for cubic nonlinear
Schrödinger on R2, preprint, (arXiv:0704.2730).
[Fang-Grillakis 05] On the global existence of rough solutions of the cubic
defocusing Schrödinger equation in R2+1, to appear, J.H.D.E.
[CKSTT 04] Global existence and scattering for rough solutions of a nonlinear
Schrödinger equation on R3. C.P.A.M. 57 (2004), no. 8, 987–1014.
[Lin-Strauss 78] Decay and scattering of solutions of a nonlinear Schrödinger
equation. J.F.A. 30 (1978), no. 2, 245–263.

(Hassell 04) private conversation with T. Tao.


	NLS Initial Value Problem and Remarks
	I-Method/Almost Conservation
	Interaction Morawetz
	Bootstrap Argument

