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Weak Turbulence for Periodic NLS

James Colliander

Abstract This paper summarizes a talk given in the PDE Session at the 2006
International Congress on Mathematical Physics about joint work with M. Keel,
G. Staffilani, H. Takaoka and T. Tao. We build new smooth solutions of the cubic
defocussing nonlinear Schrödinger equation on the two dimensional torus which
are weakly turbulent: given any δ � 1,K � 1, s > 1, we construct smooth initial
data u0 in the Sobolev space Hs with ‖u0‖Hs < δ, so that the corresponding time
evolution u satisfies ‖u(T )‖Hs > K at some time T .

1 Introduction

This note describes aspects of joint work with M. Keel, G. Staffilani, H. Takaoka and
T. Tao appearing in [3]. We study the initial value problem for the cubic defocussing
nonlinear Schrödinger (NLS) equation{

−i∂tu + Δu = |u|2u
u(0, x) = u0(x)

(1)

where u(t, x) is a C-valued function with x ∈ T
2 = R

2/(2πZ)2. Smooth solutions
of (1) satisfy energy conservation,

E[u](t) =
∫

T2

1

2
|∇u|2 + 1

4
|u|4dx(t) = E[u0] (2)

and mass conservation,
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∫
T2

|u|2dx(t) =
∫

T2
|u0|2dx, (3)

for all t > 0. The local well-posedness result of Bourgain [1] for data u0 ∈ Hs(T2),

s > 0, and these conservation laws imply the existence of a unique global smooth
solution to (1) evolving from smooth initial data.

The main result of the paper is the construction of solutions to (1) with arbitrarily
large growth in high Sobolev norms:

Theorem 1. Let 1 < s, K � 1, and 0 < δ � 1 be given parameters. Then there
exists a global smooth solution u(t, x) to (1) and a time T > 0 with

‖u(0)‖Hs ≤ δ

and
‖u(T )‖Hs ≥ K.

Using the conservation laws, we have an H 1-stability property near zero,(
lim sup
|t |→∞

[
sup

‖u0‖H1 ≤δ

‖u(t)‖H 1

])
≤ Cδ.

Theorem 1 implies a different behavior in the range s > 1. Since δ may be chosen
to be arbitrarily small and K may be chosen arbitrarily large, we observe that (1) is
strongly unstable in Hs near zero for all s > 1:

inf
δ>0

(
lim sup
|t |→∞

[
sup

‖u0‖Hs ≤δ

‖u(t)‖Hs

])
= ∞. (4)

It remains an open question [2] whether there exist solutions of (1) which sat-
isfy lim sup|t |→∞ ‖u(t)‖Hs = ∞. Theorem 1 is also motivated by an effective (but
not entirely rigorous) statistical description of the cascade toward high frequencies
known as weak turbulence theory (see for example [4]). The relationship of Theo-
rem 1 to previous literature is discussed in more detail in [3].

We overview the rest of this note and highlight some of the objects appearing in
the proof of Theorem 1. Section 2 recasts the NLS equation as an equivalent infinite
system of ordinary differential equations (ODEs) and introduces a resonant trunca-
tion RFNLS of that ODE system. Section 3 imagines a finite set Λ in the frequency
lattice Z

2 satisfying conditions which reduce the resonant truncation RFNLS to the
key object in the proof: the finite dimensional Toy Model ODE System. In Sect. 4,
the Toy Model System is shown to have a solution with a particular dynamics which
drives the cascade of energy toward higher frequencies in NLS. Section 5 briefly
describes the construction of the special resonant set Λ.
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2 NLS as an Infinite System of ODEs

Equation (1) may be gauge transformed into

(−i∂t + Δ)v = (G + |v|2)v (5)

by writing v(t, x) = eiGtu(t, x), G ∈ R. The constant G will soon be chosen to
cancel away part of the nonlinearity. Motivated by the explicit solution formula for
the linear Schrödinger equation, we make the ansatz

v(t, x) =
∑
n∈Z2

an(t)e
i(n·x+|n|2t) (6)

and the dynamics are recast in terms of the Fourier coefficients {an(t)}n∈Z2 . A cal-
culation shows that (5) (which is equivalent to (1)) transforms into an infinite ODE
system

−i∂t an = Gan +
∑

n1,n2,n3∈Z
2

n1−n2+n3=n

an1an2an3e
iω4t , (7)

where ω4 = |n1|2−|n2|2+|n3|2−|n|2. Some manipulations with the sum appearing
in (7) and the choice G = −2‖u(t)‖2

L2 cancels away certain nonlinear interactions
and recasts (1) into an ODE system (FNLS)

−i∂tan = −an|an|2 +
∑

n1,n2,n3∈Γ (n)

an1an2an3e
iω4t , (8)

where

Γ (n) = {(n1, n2, n3) ∈ (Z2)3 : n1 − n2 + n3 = n, n1 �= n, n3 �= n}. (9)

The set Γ (n) consists of frequency triples which contribute to the dynamics of the
Fourier coefficient an. Among all triples in Γ (n), we expect those in

Γres(n) = {(n1, n2, n3) ∈ Γ (n) : ω4 = |n1|2 − |n2|2 + |n3|2 − |n|2 = 0}. (10)

will have the most influence on the dynamics of an. Heuristically, the phase fac-
tor eiω4t oscillates when ω4 �= 0 so the time integrated contribution of these non-
resonant interactions to an should be small compared to those in Γres(n). The defin-
ing property for Γres(n) has a geometric interpretation: (n1, n2, n3) ∈ Γres(n) ⇐⇒
(n1, n2, n3, n) form four corners of a non-degenerate rectangle with the segment
[n2, n] forming one diagonal and [n1, n3] the other.

We define the resonant truncation RFNLS of FNLS by writing

−i∂t rn = −rn|rn|2 +
∑

(n1,n2,n3)∈Γres (n)

rn1rn2rn3 . (11)
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Our proof Theorem 1 constructs initial data {rn(0)}n∈Z2 such that:

• The evolution rn(0) �−→ rn(t) satisfying RFNLS satisfies the conclusions of
Theorem 1.

• The evolution rn(0) = an(0) �−→ an(t) satisfying FNLS is well-approximated
by rn(t).

The approximation step is standard and involves making the heuristic ideas about
the non-resonant interactions rigorous using a non-stationary phase analysis. Build-
ing the data {rn(0)}n∈Z2 which evolves along RFNLS from low toward high fre-
quencies as in the statement of Theorem 1 is more intricate and is outlined in what
follows.

3 Conditions on a Finite Set Λ ⊂ Z
2

The initial data {rn(0)}n∈Z2 that we construct will satisfy rn(0) = 0 unless n ∈
Λ ⊂ Z

2 where Λ is a specially designed finite set of lattice points. The set Λ and
the data {rn(0)} will be constructed to satisfy a list of conditions which lead to a
simplification of RFNLS which we call the Toy Model ODE System.

Imagine we can build a finite set Λ ⊂ Z
2 and choose initial data {rn(0)}n∈Λ sat-

isfying the following properties. For some integer N (eventually chosen to depend
upon the parameters s, δ,K appearing in Theorem 1), the set Λ breaks up into N

disjoint generations Λ = Λ1 ∪ · · · ∪ ΛN . Each generation is comprised of nuclear
families. A nuclear family is a rectangle (n1, n2, n3, n4) where the frequencies1

n1, n3 (known as the “parents”) live in a generation Λj , and the frequencies n2, n4
(known as the “children”) live in the next generation Λj+1. Suppose further that the
following conditions hold true:

1. Initial Data Support: The initial data rn(0) is entirely supported in Λ (i.e. rn(0) =
0 whenever n /∈ Λ).

2. Closure: Whenever (n1, n2, n3, n4) is a rectangle in Z
2 such that three of the

corners lie in Λ, then the fourth corner must lie in Λ. In other words, (n1, n2,

n3) ∈ Γres(n), n1, n2, n3 ∈ Λ =⇒ n ∈ Λ.

3. ∃! Spouse & Children: ∀1 ≤ j < N and ∀n1 ∈ Λj ∃ a unique nuclear family
(n1, n2, n3, n4) (up to trivial permutations) such that n1 is a parent of this family.
In particular each n1 ∈ Λj has a unique spouse n3 ∈ Λj and has two unique
children n2, n4 ∈ Λj+1.

4. ∃! Sibling & Parents: ∀1 ≤ j < N and ∀n2 ∈ Λj+1∃ a unique nuclear family
(n1, n2, n3, n4) (up to trivial permutations) such that n2 is a child of this family.
In particular each n2 ∈ Λj+1 has a unique sibling n4 ∈ Λj+1 and two unique
parents n1, n3 ∈ Λj .

5. Nondegeneracy: The sibling of a frequency n is never equal to its spouse.
6. Faithfulness: Besides nuclear families, Λ contains no other rectangles.

1 Note that if (n1, n2, n3, n4) is a nuclear family, then so is (n1, n4, n3, n2), (n3, n2, n1, n4), and
(n3, n4, n1, n2); we shall call these the trivial permutations of the nuclear family.
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7. Intragenerational Equality: The function n �→ rn(0) is constant on each genera-
tion Λj . Thus 1 ≤ j ≤ N and n, n′ ∈ Λj imply rn(0) = rn′(0).

8. Norm Explosion:
∑

n∈ΛN−2
|n|2s � K2

δ2

∑
n∈Λ3

|n|2s .

9. Inner Radius: For large enough fixed R, Λ ∩ {n ∈ Z
2 : |n| < R} = φ. In other

words, Λ is supported far from the frequency origin.

Simple arguments based on the Gronwall inequality show that the initial data
support and intragenerational equality conditions propagate under RFNLS. In other
words, for all times t , the solution {rn(t)}n∈Z2 of RFNLS emerging from data sat-
isfying the conditions above will satisfy rn(t) = 0 for all n /∈ Λ and rn(t) = rn′(t)
for n, n′ ∈ Λj . Propagation of support implies that RFNLS collapses to an ODE
indexed by n ∈ Λ. Propagation of intragenerational equality means that, for each
fixed t , the function n �→ rn(t) is constant for n ∈ Λj . We can therefore introduce
bj (t) = rn(t), n ∈ Λj and collapse further to

−i∂tbj (t) = −|bj (t)|2bj (t) + 2bj−1(t)
2bj (t) + 2bj+1(t)

2bj (t), (12)

which we call the Toy Model ODE System.

4 Arnold Diffusion for the Toy Model ODE

The system (12) defines a vector flow t �→ b(t) = {b1(t), . . . , bN(t)} ∈ C
N.

A calculation shows that |b(t)|2 = ∑N
j=1 |bj (t)|2 = |b(0)|2. In particular, the unit

sphere S = {x ∈ C
N : |x| = 1} in C

N is invariant under the Toy Model flow.
Inside the sphere, we have the coordinate circles T1, . . . , TN defined by Tj =

{(b1, . . . , bN) ∈ S : |bj | = 1, bk = 0 ∀k �= j}. For each j ∈ {1, . . . , N}, the vector
function bj (t) = e−i(t+θ), bk(t) = 0 ∀k �= j is an explicit oscillator solution of
(12) that traverses Tj . Here θ ∈ R is an arbitrary phase parameter.

Between T1 and T2, we also have an explicit slider solution of (12):

b1(t) = e−itω√
1 + e2

√
3t

; b2(t) = e−itω2√
1 + e−2

√
3t

; bk(t) = 0 ∀k �= 1, 2,

where ω = e
2πi

3 is a cube root of unity. This solution approaches the coordinate
circle T1 exponentially fast as t → −∞ and approaches the coordinate circle T2
as t → +∞. There are also slider solutions between Tj and Tj+1 for each j ∈
{1, . . . , N − 1}.

Using delicate dynamical systems arguments, we jiggle the sliders to construct
a solution of (1) which starts near T3 and, in a finite time, travels very close to T4.
After another finite time, it departs from near T4 and moves very close to T5. The
solution continues this pattern of riding across jiggled sliders between Tj and Tj+1
until it arrives very close to TN−2. Let S(t) denote the flow map for (12), so b(t) =
S(t)b(0) solves (12).
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Fig. 1 Explicit oscillator solution around Tj and the slider solution from T1 to T2

Theorem 2 (Arnold Diffusion for (12)). Let N ≥ 6. Given any ε > 0, there exists
a point x3 ∈ C

N within ε of T3 (using the usual metric on S), a point xN−2 ∈ C
N

within ε of TN−2, and a time t ≥ 0 such that S(t)x3 = xN−2.

Fig. 2 The idea behind the proof of Theorem 2 is to concatenate jiggled slider solutions to flow
from nearby the coordinate circle T3 to arrive nearby TN−2

We briefly explain how Theorem 2 implies Theorem 1. We can inflate the Toy
Model solution of Theorem 2 into a solution of RFNLS (11) by recalling that
bj (t) = rn(t), ∀n ∈ Λj . Thus, this solution of RFNLS initially starts mostly
supported on Λ3 but evolves to a time when it is mostly supported on ΛN−2. The
Norm Explosion condition (8) then implies this solution satisfies the Sobolev norm
claims in Theorem 1. Finally, an approximation result, which shows this RFNLS
evolution is appropriately close to the FNLS (8) evolution emerging from the same
data, completes the proof of Theorem 1.

5 Construction of the Resonant Set Λ

We construct a subset Λ of the lattice Z
2 satisfying the eight properties listed in

Sect. 3 in two stages. First, we build an abstract combinatorial model Σ = Σ1 ∪
· · · ∪ ΣN which will turn out to be a subset of C

N−1. Next, we define a placement
function f : Σ → C so that f (Σ) = Λ ⊂ Z

2.

We describe the construction of the combinatorial model Σ . We define the stan-
dard unit square S ⊂ C to be the four element set S = {0, 1, 1+i, i}. We decompose
this set S = S1 ∪ S2 where S1 = {1, i} and S2 = {0, 1 + i}. We define Σj ⊂ C

N−1

to be the set of all (N − 1)-tuples (z1, . . . , zN−1) such that z1, . . . , zj−1 ∈ S2 and
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zj , . . . , zN−1 ∈ S1. Thus, Σj = S
j−1
2 ×S

N−j

1 . We define Σ = Σ1 ∪ · · · ∪ΣN. The
set Σj is the j th generation of Σ .

Consider the four element set F ⊂ Σj ∪ Σj+1 defined by

F = {(z1, . . . zj−1, w, zj+1, . . . , zN ) : w ∈ S}
where z1, . . . , zj−1 ∈ S2 and zj+1, . . . , zN ∈ S1 are all fixed and w varies among
the four points of the standard unit square. The two elements of F corresponding to
w ∈ S1, which we denote F1, Fi , are in generation Σj (the parents) while the two
elements corresponding to w ∈ S2, which we denote F0, F1+i , are in generation
Σj+1 (the children). We call the four element set F a combinatorial nuclear fam-
ily connecting generations Σj,Σj+1. For each j , there exists 2N−2 combinatorial
nuclear families connecting generations Σj,Σj+1. The existence and uniqueness
conditions (3), (4) and the nondegeneracy condition (5) can now be checked to hold
true for Σ .

Next, we motivate aspects of the construction of the placement function which
embeds Σ into a subset of the frequency lattice Z

2. We identify Z
2 with the Gaussian

integers Z[i] in the discussion below. Suppose f1 : Σ1 → C is defined. This means
that the frequencies in the first generation have been placed on the plane. We want to
define f2 : Σ2 → C, that is we want to place down the next generation of frequen-
cies, in such a way that the images of combinatorial nuclear families connecting
generations Σ1,Σ2 form rectangles in the frequency lattice. We want the combi-
natorial nuclear families to map to nuclear families linking generations Λj,Λj+1.
The diagonal of the rectangle going from two parent frequencies in Λ1 is deter-
mined by f1. The constraint that the image of the combinatorial nuclear families
form rectangles in the plane does not determine the placement of the child frequen-
cies. Indeed, there is the freedom to choose the angle between the diagonals of the
rectangle. Therefore, for each j ∈ {1, . . . , N−1} and for each combinatorial nuclear
family F connecting generations Σj,Σj+1, we define an angle θ(F ) ∈ R/2πZ.

The placement function is then defined recursively with respect to the generation
index j using the angles associated to the nuclear families. Suppose that we have
defined the placement function components fj : Σj → C for all j ∈ {1, . . . , k} for
some k < N − 1. We need to define fk+1 : Σk+1 → C to set up the recursion. By
the combinatorial construction of Σ , each element of Σk+1 is a child of a unique (up
to trivial permutations) combinatorial nuclear family linking Σk,Σk+1. We define
fk+1 : Σk+1 → C by requiring

fk+1(F1+i ) = 1 + eiθ(F )

2
fk(F1) + 1 − eiθ(F )

2
fk(Fi)

fk+1(F0) = 1 + eiθ(F )

2
fk(F1) − 1 − eiθ(F )

2
fk(Fi)

for all combinatorial nuclear families F connecting Σk,Σk+1.
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Using some measure theory, the density of the complex rationals Q[i] in C, and
the fact that the angles of Pythagorean2 triangles are dense in R/2πZ, we show that
there are choices of the initial placement function f1 and the angles θ(F ) which
define a lattice subset Λ satisfying the required properties:

Theorem 3 (Construction of a good placement function). Let N ≥ 2, s > 1, and
let R be a sufficiently large integer (depending on N ). Then there exists an initial
placement function f1 : Σ1 → C and choices of angles θ(F ) for each nuclear
family F (and thus an associated complete placement function f : Σ → C) with
the following properties:

• (Nondegeneracy) The function f is injective.
• (Integrality) We have f (Σ) ⊂ Z[i].
• (Magnitude) We have C(N)−1R ≤ |f (x)| ≤ C(N)R for all x ∈ Σ .
• (Closure and Faithfulness) If x1, x2, x3 ∈ Σ are distinct elements of Σ are such

that f (x1), f (x2), f (x3) form the three corners of a right-angled triangle, then
x1, x2, x3 belong to a combinatorial nuclear family.

• (Norm explosion) We have

∑
n∈f (ΣN−2)

|n|2s >
1

2
2(s−1)(N−5)

∑
n∈f (Σ3)

|n|2s .

The reader is invited to consult [3] for further details.
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