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Psuedo-Conformal Transformation

The formulas

2
: s 2 _az=y
u(et) = [ e 3e)ae = = [ e 2 5 y)dy
(it)2
represent solutions of i8,u + 82u = 0, u(0) = ¢. Replacing t
bt % in the multiplier formula reveals an expression similar to the
convolution representation. Following this idea....

’yl”
0 8) = (o 1) @ 8) = &

v = pc(u), u = pc~'(u) defined by

?',:n2

1 —
u(z, t) = (1 + t)"Ze T v(y, s),
1 _iy?
v(y, 8) = P P u(x, t).
Properties of pc:

pc is a linear isometry on L*(R).

_5 %'4_
Vs + Vyy = 8 2 €48 (—iuy + Ugy), VU.



New Results

The following statements are proved in work in progress with
Mike Christ and Terry Tao.

Theorem [CCT]: Defocussing cubic NLS is ill-posed in
H*(R), s < O (scaling is —3).

Defocussing K dVx is ill-posed in H*(R), s < 7.

R-valued KdV; is ill-posed in H*(R), —1<s < —3.

Theorem [CCT]: KdV; is LWP in H1 (R).

We conjecture that KdV; is GWP in H'"%(R). However, the
space-time space Y7 encountered in the local proof at —% differs

from the X 3-space used for —2 < s so a direct adaptation of
[CKSTT] does not work.
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ODE Approximation Lemma: Let w € H'(R) have norm
O(e) for small enough €. Then 3 vy (w) = v; € H'(R) and
an evolution v, — v‘*) solving pe(N LS) such that

w w G
9™ — o™ g5z < es(1 + | log s])€.

The map w —— ’U~(w> is Lispchitz from {w € H' : \wllg7 S
e} to L>((0, 1]; HS):

/
sup ||'v<w>

(w) & /
— v T5 > |[|W — W 57 -
o g < I 155

(The proof uses Duhamel's formula for the difference between the

two evolutions.) 6"“"7?’ ¢ ﬁ‘f\r,:amﬁes

Decoherence Lemma: If a,a’ € [3,2] and a # a’ then

/
lim sup ||v!*“(s) — v!® w]||L2 e I
s—0+ Yy

(Wait a long time and the log pushes the phases apart.)



The initial value problem for defocussing cubic N LS transforms
under pc into pc(NLS):

; 12
Vs + Vyy = ;|'v| v,

v(1,9) = vi(y) = e ¢(y).

(t € [0 — o0) corresponds to 8 € (0 «— 1].)

We ignore the dispersive term vy, and consider the ODE

; 1, 2
tvy = —|v| v.
8

(This idea was suggested to us by Kenji Nakanishi and goes back
to work of Ozawa.) V w : R —— C, the ODE has explicit
solutions _ 0

'v[w](s,y) e w(y)e—‘tlw('y)l log s
Note that:

» 1
|80 < |log s]® < <

v forms a singularity ass — 07



Combining the two lemmas and pc™!, we can prove that the L?

global well-posedness of cubic NLS is not uniform in time,
(Our argument actually shows the global well-posedness of cubic
NLS in H® is not uniform in time. The approximation via the
ODE solution also proves there is no scattering in L? for the cubic
defocussing N LS evolution.

Using the lemmas, pc™?, and the dilation and Galilean invariances,

we construct global-in-time solutions ul® 'u(“’) of defocussing
cubic NLS satisfying: Let -5 < <0, 0< 6 <Ke< 1, T >
O be arbitrary,

a a,’
145 (0) || g5 11447 (0) || gz S e

1w (0) — u'*?(0) I ps S 6,

4
sup [lu{®(t) — u'(t) || gg 2 e
0<t<T
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