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1. Introduction
1.1. Course Overview. There are three main topics to be addressed in this course
on nonlinear (usually dispersive) wave equations:

(1) Some nonlinear wave equations will be derived from physical and
general principles. These derivations are intended to provide motivation
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for studying these equations and to reveal their “universal” applicability in
wave propagation problems.

(2) A special class of nonlinear wave equations, known as completely inte-
grable systems will be studied. These equations often possess special
travelling wave solutions called solitons and can be solved via the Inverse
Scattering Transform.

(3) Analytical techniques for solving certain nonintegrable nonlinear wave
equations will be described. Techniques for investigating qualitative prop-
erties of solutions will also be introduced.

In each of the three topics, dispersive and nonlinear phenomena will be empha-
sized, sometimes rigorously and sometimes heuristically. Also, the Hamiltonian
structure of these equations will play a basic role during the three main topics.

1.2. Literature. A (growing) list of references can be found at the end of this
(also growing) document. The derivations of nonlinear wave equations will be
taken from the lecture notes of Alan Newell [25] and the recent book of Catherine
and Pierre-Louis Sulem [29]. Integrable models will be discussed following the text-
book of George Lamb [20] with extensions from [25] and elsewhere. The analytical
techniques topic will be presented from various recent research papers and [29].
Hopefully, these notes will also be useful.

1.3. Wave Propagation. This section will mostly follow Logan [22] Chapter 6
(first section). We will briefly describe basic properties of wave propagation.
e What is a wave?
A wave is an identifiable signal or disturbance in a medium, propagated
in time, carrying energy with it. Examples include sound waves, electro-
magnetic waves, surface waves on water, earthquake waves, etc. A simple
model of a wave is

(1.1) u(z,t) = f(x — ct)
where f is some given function and c¢ is a constant. The graph of the
function f is shifted to the right at speed ¢ and this completely describes
the function u. Notice that the “shape” of this wave moves to the right
without any distortion. This is a special case. Some wave propagations

may distort the shape of the disturbance due to nonlinear or other effects.
Notice that (1.1) satisfies the PDE

(1.2) ut + cug = 0.

This PDE is a one dimensional transport equation. Similarly, f(z + ct)
solves u; + cu, = 0.

There are many motivations, including the theory of Fourier series and
the output of oscillators, to consider waves of the form

(1.3) u(z,t) = Ae?kFr—wt)

The constant A is the amplitude. The parameter k is the wave-number and
w is the frequency. As a function of z, u displays a characteristic spatial
oscillation at scale ~ % So, very large wave-numbers correspond to very
small scale oscillation in space or small scale structure in the solution.
Suppose now that w = w(k). That is, the temporal oscillation is linked to

the spatial oscillation. For example, suppose we experimentally determined
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w as a function of k for some system. One possibility is w(k) = ck. In this
case, the time frequency of oscillation is the same as the space frequency
oscillation for all values of k. So, u(z,t) = €@~ and this wave is a
special case of (1.1). Moreover, for certain types of functions f, we can

write
f ~ E akeikz'
ikx ik(z—ct)

If each of the exponentials propagate in time according to e'** — e
with no interactions among these pieces then f —— wu(z,t) where

u(x, t) = Zakeik(w_d) ~ f(z —ct).

So, up to details regarding the representation of f using a sum of exponen-
tials, we see the special case involving the wave of the form (1.3) with the
assumption that w(k) = ck reproduces the example (1.1).

Dispersion

Another possibility is for w(k) = —k® and there are many other possibilities
to consider as well. Let’s now assume for the moment that w(k) = —k% in
(1.3). Notice that

(0 + B2)ei ke +k°t = g

Again, if we consider an initial profile f as given in (1.4) and assume that
each of the exponential waves propagates independently of the others ac-

cording to % — ¢!k K1) we find f — u(z,t) where

u(z,t) = Z ape ekt

We no longer have u(x,t) ~ f(x — ct) for any value of ¢. The shape of the
wave is distorted because different wave-numbers k propagate at different
speeds. Notice that we can write (1.3) in this case as e*(@ %D which
says that e’** propagates to the left at speed k2. This is an example of
dispersion.

The general definition of a dispersive wave of the form (1.3) is that w(k)
is real and satisfies w”’ (k) # 0. Dispersive waves occur in water waves and
many other physical systems. We have seen that the effect of dispersion
is that wave-numbers propagate at different speeds and this leads to a
broadening of pulses; wave packets tend to spread out.

Exercise 1. A. Find a PDE satisfied by functions of the form e'(k#=«(*)t)
in case the dispersion relation is w(k) = k™, m € N.

B. Find a PDE satisfied by funtctions of the form e!k@+ny—wkmt) ypere
the dispersion relation is

2
w(k,n) =k*+ %

This is the dispersion relation for the Kadomtsev-Petviashvili equation [12].

Nonlinearity
Consider the initial-value problem
{ut—l—cum =0, reR,t>0
u(z,0) = ¢(z).
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We have seen that the solution is given by u(x,t) = ¢(x — ct). Let’s
gain some intuition from this problem which will generalize to some more
complicated versions of (1.9). Consider the curve in the (z,¢)-plane given
by z(t) = ¢t + z¢. This curve is a straight line of slope ¢ passing through
the point (x,0). Now, calculate

%u(:ﬂ(t),t) = uy + uy @' (t) = up + cuy = 0.
So, the function u does not change value along the curve z(¢) and this is
true for the whole family of curves indexed by xy. Evidently, these curves
x(t) = ¢t + x¢ are quite special and are called characteristic curves.

Now, suppose we consider a more complicated version of (1.9):

{ut +e(z,t)u, =0,z € Rt >0

u(z,0) = ¢(x)
where ¢ now depends upon x,t. We no longer have the explicit representa-
tion u(z, t) = ¢(ax—c(x, t)t) because the chain rule will bring out derivatives
of ¢ which don’t cancel. However, we can cleverly use the characteristic

curves to solve the initial value problem.
Consider the family of curves defined by the differential equation

dz

— = t).

dt C(m7 )

Notice this family is indexed by the integration constant. Along a member

of the family, we have

B ot =0
dt_Ut uxdt—ut c(x,t)u, = 0.

This tells us that u does not change its value along the characteristic curves.
So, if we knew the value at any point along a characteristic curve, we’d
know the value of u all along the curve. But we know u along ¢t = 0 and
can therefore determine a value along each of the curves in the family and
hence find the value of v at any point (z,t).

Finally, let’s see that this method based on special curves can also work
(in principle) for a nonlinear generalization of (1.9). Consider the initial
value problem

u(z,0) = ¢(z)

where ¢ can now depend (nonlinearly) on the solution w. Define the char-
acteristic curves as the solutions of the differential equation

dx

i c(u).
These curves can be indexed by a constant of integration, once again. Cal-
culating ‘fl—it‘ again reveals that v does not change along the characteristic
curves so all we need is to move back along the characteristic curve to a
point on ¢ = 0 to determine the value of u along the curve.

However, characteristic curves may intersect. What can we say in that
circumstance? Does the function u take on both values? We will see that
this problem prevents the method of characteristics from describing the
solution for all time. However, the method validates our intuition that

{ut—I—c(u)um =0,zeR,t>0
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signals should propagate under (1.14) at a speed determined by c¢(u) or
¢(¢) in a certain sense. Thus, we can see that nonlinearity can have the
effect of steepening a front and causing a pulse to compress.
e Balance

It is remarkable that nonlinearity and dispersion can balance exactly allow-
ing for pulse shapes to propagate as in (1.1) while dispersion tries to split
it apart and nonlinearity keeps it together. This competition is a principal
object of study in this course.

2. First Order PDE

2.1. Method of Characteristics. We have already discussed this method for
studying transport equations in 1 dimension u; + ¢(u, x, t)u, = 0. The method may
be developed for general first-order PDE with some gain in intuition. We follow
the presentation of Section 3.2 from [9].

e General Derivation
Consider the general first-order PDE

(2.1) F(Du,u,z) =0in U CR"
subject to the boundary condition
(2.2) u=gonl

where I' C OU and ¢g : I' — R are given. Suppose F|,g are nice smooth
functions.

Here is our method for attacking the problem (2.1), (2.2). Suppose u
solves (2.1), (2.2). We want to know the value of u at a given point z € U.
We hope to find some special curve lying in U connecting = with a point
2% € T and along the curve we hope to calculate the values of u. Evidently,
this curve must be quite special. How do we find it?

Describe the curve we seek parametrically s — (z1(s), 2%(s),...,2"(s))
for the parameter s lying in some interval of R. Assuming u is C2, we also
define

(2:3) 2(s) = u(x(s))
Set
(2.4) p(s) = Du(x(s))
50 p'(8) = ug, (x(s)), i = 1,...,n. We wish to choose x(s) in such a way

that we can compute z(-) and p(-). Let’s differential p’ w.r.t. s:

pis) = Dt (x(s))ai (s).

The appearance of second deravitives does not look very good since we are
studying first order PDE. But we can also differentiate the PDE (2.1) w.r.t.
x; to get

(2.5) ; g}i(Du,um)uzm + %(Du,u, ) Uy, + %(Du,mm) =0
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The “dangerous” 2nd derivative terms can be made to disappear pro-
vided we choose

_oF
apj

(This is the main step of the method.) Notice this ODE involves x as well
as p and z. We evaluate (2.5) along x(s), assuming x(s) satisfies (2.6) to
obtain

i1 5 (P(5), 2(5), X(8))ta,a, (x(5)) + G2 (P(s), 2(5), ()P () + &7 (P(s), (5), %(5)) = 0.
pi(s) = =55 (p(s), 2(s), x(5)) = GE (P(s), 2(5), x(5))p' (s).

Finally, we differentiate (2.3) to get

29 (s) (p(s), 2(s),x(s)), j=1,...,n.

) = 2w, (x(s)i(s)

by the choice of x and the definition of p.
Summarizing, we have found a system of 2n + 1 equations

p(s) = =Dz F(p(s), 2(s), x(s)) — DF(p(s), 2(s), x(s))p(s)
(2.7) (s) = DpF(p(s), 2(s), x(s)) - p(s)
x(s) = DpF(p(s), z(s),x(s))
e F linear
Suppose for z € U that
F(Du,u,z) = b(x) - Du(z) + ¢(x)u(z) = 0.

Then F(p,z,z) = b(z) - p+ c(z)z and so
(2.8) D,F = b(z).

Therefore, we set
(2.9) %(s) = b(x(s))

In this case, we have no dependence upon p and z. The equation for z in

this case is
(2.10) 5(s) = b(x(s)) - B(s).

Since p(s) = Du(x(s)), the PDE lets us write
(2.11) 2(s) = —c(x(s))z(x(s)).

Summarizing, we have

12) {20 =i
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Example 2.1. Use the method of characteristics to solve
T1Ugy — ToUgy, = U 1N U
u=g onl
where U = {x1 > 0,29 > 0}, T'={x1 > 0,290 =0} C 9U.
This is in the linear form with b = (—x2,x1) and ¢ = —1. Thus, the
equations just derived for the linear case read

ol = —22, 22 =g!

{ z=2z.

Therefore, we have
xl(s) = 2% cos s, 22(s) = 2"sins

2(s) = 2%% = g(az%)e®,
where 29 >0, 0 < s < 5. Fiz any (v1,22) € U. Find s > 0,2° > 0 such
that (x1,22) = (x1(s),2%(s)) = (2° cos s, 2" sin 5). That is, 2° = (2% + x%)%
and s = arctan(3). We find that

uw(zy,zy) = u(z'(s),2%(s)) = z(s) = g(2°)e*
1 x
= (@} +af) e,
Exercise 2. A. Write down the characteristic equations for the PDE
ur+b-Du=f

in R"™ x (0,00) where b € R™, f = f(z,t).
B. Use the characteristic ODE to solve this PDE subject to the boundary
condition u = g on R™ x {t = 0}.

F Quasilinear
The first order PDE (2.1) is quasilinear when it is of the form
F(Du,u,z) = b(z,u(x)) - Du(x) + ¢(x,u(z)) = 0.

So, here we have F(p,z,z) = b(z,2) - p+ ¢(z,x) and D,F = b(z, z). The
characteristic ODEs (for x and z) are therefore

| x(s) = b(x(s), 2(s)
z(s) = b(x(s), 2(s)) - p(s) = —c(x(s), 2(s))
where we used the PDE (2.16).

Example 2.2. Consider the boundary value problem
Uy, + Uy, = u? in U
u=g onl
where U is the half-space {x2 > 0} and T’ = {x2 = 0} = 0U. Hereb = (1,1)
and ¢ = —z2 and the ODEs are
2l =1, 22 =1,
3 =22
Solving the ODEs gives
{xl(s) =1 +s, 22(s)=s

20 z°
Z(S) = T—s20 — 1793(9(;0)
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where z° € R, s > 0 provided the denominator is not zero.

F Nonlinear

In the linear and quasilinear cases we have not needed to solve the char-
acteristic ODE for p. Here is a nonlinear example where the p equations
need to be solved to carry out the method.

Example 2.3. Consider the fully nonlinear problem

Ug Uz, = U 10 U
u=x3 onT

where U = {x1 > 0} and T = {&; =0} = 9U. here F(p,z,x) = p1p2 — 2
and the characteristic ODE become
pt=p', p*=p?
z=2p'p?,
! :p2,f2 =pl.

We can integrate these equations to find

We need to determine the paramters PP, p3. Since u = 23 on T, p§ =
Ug, (0,2°) = 22°. The PDE uy, u,, = u implies pipd = 2° = (330)2 and so

p) = %xo. Now the formulas listed above explicitly give the values of x, z

and p.

Fix a point (z1,x2) € U. We want to know the value of v at (z1,x2).
Find s,3° such that (z1,z2) = (z'(s),2%(s)) = (22°(e* — 1), 22%(e® 4 1)).
So 20 = 74"”24*‘”1 and e® = 7i1+f"”2 and

To—Iq
u(er, @) = ula}(s).2’(s) = 2(s) = ()¢
(3’]1 —+ 41‘2)2
16 '

Exercise 3. A. Solve using characteristics the boundary value problem
Uy, + Ugy, = 1
u(wy, 1) = 321.
B. Solve using characteristics the initial value problem
{ U +uuy =1
u(z,0) = g(z)

where
1, —oco<z<-—1,
gx) =4 -2, —1<z<0,
0, 0<x<—+o0.
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2.2. Conservation Laws.

(2.24)

(2.25)

(2.26)

(2.27)

e Characteristics for conservation laws

We continue to follow [9]. Consider a quasilinear first order PDE of the
form

G(Du,ug,u,x,t) = uy + div F(u) = uy + F'(u) - Du =0
on U =R"™ x (0,00) subject to the initial condition
u=gonl =R" x {t =0}.

Here F: R—— R", F = (F!,...,F") and div denotes divergence with re-
spect to the spatial variables (z1,...,2,) and Du = Dyu = (Ugy, ..., Uy, )-

We have written things a little differently in this example by distinguish-
ing the variable ¢ = x,,41 in the notation. Define ¢ = (p, pn+1), ¥y = (x,t) so
we now have notation similar to that used in the general derivation earlier.
We have

G(q,2,y) = pny1 + F - p,
SO
D,G = (F'(2),1), D,G =0, D.G=F"(z)-p.

The characteristic ODEs for x become

{x'i(s) = (F) (2(s)),i=1,...n,

intli(s) =1

so 2"T1(s) = s, in agreement with our writing t = x,, 4 earlier. In partic-
ular, s and ¢ may be identified here.
The ODE for z reads 2(s) = 0 so

() = 2 = g(a”)
and (2.24) implies
x(s) = F/(9(2%))s + 2°.

Remark 2.1. We observe that along (2.26) the value of z(-) given by (2.25)
does not change. Similar reasoning could be applied to a different initial
point 20 € T with g(z°) # g(2°) while the characteristic curves emanating
from z° and 2z° may intersect. An apparent contradiction exists which
is resolved by the fact that the i.v.p. does not in general have a smooth
solution existing for all times ¢ > 0. Note that the method of characteristics
requires that we be able to differentiate u and lack of smoothness prevents
us from doing so.

Why are they called conservation laws?
Equations of the form

u; + div F(u) = 0 in R" x (0, 00)

are called conservation laws. Here, u : R™ x (0,00) — R™ is a vector
function and F : R™ —— M™*", the space of m X n matrices.

Given any smooth bounded domain U, note that the integral fU u(z,t)dx
represents the total amount of the quantities (indexed by the vector u)
within the region U at time t. The rate of change within U is governed
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by a flur function F : R™ —— M™*" which controls the rate of loss or
increase of u through the boundary dU. So, for each time ¢, we expect

i/ u(z, t)de = —/ F(u)vds,
dt Ju ou

where v is the outward unit normal along U and dS is the natural surface
area element on QU. Differentiating and applying the divergence theorem

gives
/Uutdx - —/BU F(u)vds — —/Udiv (F(u))da.

Since the region U was arbitrary, we derive (2.27) as a natural condition
expressing the conservation of stuff indexed by u.
Suppose we encounter a PDE in conservation form

pr +div & = 0.

Integrating over space, we observe

d
7 - pdx + /n div ®dz = 0.

Provided ® vanishes as |z| — oo, we learn that

d
2 pdz =0
dt Jo P

The quantity p is therefore called a conserved density and ® is the fluz
associated to p.

We now collapse the discussion to n = 1 but leave the target dimension
m free for a while. Our goal is to develop a notion of solution for conserva-
tion laws with the following properties:

1. The solutions we define should coincide with the solutions constructed
using the method of characteristics when that method succeeds.

2. The solutions we define should make sense after the method of charac-
teristics fails.

3. The solutions we define should be unique.

Integral Solutions
Consider a class of smooth test functions v : Rx [0, 00) — R with compact
support, v = (v!,...,v™). Temporarily assume u is a smooth solution of
our problem
u; + 0, F(u) in R” x (0, 00),
{ u=gonR" x {t =0}

Take the inner-product of the PDE with v and integrate by parts to get

o) “+o00 +oo
/ / u- vy + F(u) - vdedt + / g vdz|i—g = 0.
0 —0o0 — 00

Notice that this identity makes sense if u is merely bounded (in particular,
u does not have to be smooth to interpret (2.30)).

Definition 2.1. We say that u € L>®(R"™ x (0,00);R™) is an integral

solution of the initial value problem (2.29) provided the identity (2.30)
holds for all test functions v.
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e Rankine-Hugoniot Jump Condition

Suppose u is a solution of (2.29) which is smooth on either side of a curve
C, along which u has a simple jump discontinuity. More precisely, assume
V C R x (0,00) is some region cut by a smooth curve C' into a left-hand
part V; and a right-hand part V..
Assuming u is smooth in V}, choose a test function v with compact
support in V; and we deduce from (2.30) that
u; + 9, F(u)=0in V.

A similar statement holds in V..

Now choose v with compact support in V' but which does not necessarily
vanish along the curve C. We will see that the definition of integral solution
forces the curve to have a particular shape. The identity (2.30) implies

Oz// u-Vt—G-F(u)-vxdzdt—F// u- v+ F(u) - vydadt.
Vi Vi

As v has compact support in V', we deduce that

//Vlu.vt+F(u)-vxdxdt, = —//%[uszraxF(u)]-vd:cdt
+ /C(ulV2+F(uz)V1)-vdl

= /(ulu2 +F(w)vh) - vdl
c
1

where v = (1!, 1?) is the unit normal to C pointing from V; into V,. and u,
is the limiting value of u as we approach the curve C from the left within
V and u, is similarly defined from the right.

Repeating the previous calculation in V. and using (2.31) reveals that

/C[(F(ul) —F(u))v' 4 (w —u,)v?] - vdl =0

holds for all test functions v as above. Therefore, we learn
(F(uw;) — F(u,))v* + (w; — u,.)v* = 0 along C.
Suppose the curve C' is parametrized as {(z,t) : © = s(t)} for some smooth
function s : [0,00) — R. Then v = (v},1?) = (1 + 5‘2)%(1,—5‘) so (2.32)
reads
F(u;) — F(u,) = $(w; — u,)
in V along the curve C. This vector inequality is called the Rankine-

Hugoniot Jump Condition.

Example 2.4. (Shock Waves) Consider the i.v.p.
u + 0 F'(u) =0 in R x (0, 00),
u=g onRx {t =0}
with initial data
1ifz <0,
g=ql—zif0<x <],
0if1<ux.
Note: This problem was considered in Ezxercise 3 B.
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The method of characteristics enables us to construct the solution for
t €[0,1]. We find

life<t,0<t<l1,
u(z,t) = =2 ift <o <1,0<t <1,
0ifl<z,0<t<I1,

and we know the method of characteristics breaks down aftert > 1 since the
characteristics cross. How should we define the solution of the i.v.p. after
t=17

Set s(t) = L and write

1ifx < s(t),
u(z,t) = {0 if s(t) < =,

ift > 1. Along the curve parametrized by s(-), v, =1, u, =0 and F(u;) =
%(ul)2 = 1, F(u,) = 0. Thus, the Rankine-Hugoniot Jump condition
is satisfied and we have extended the solution obtained by the method of
characteristics to an integral solution valid after the characteristics cross.

Example 2.5. (Rarefaction waves and nonphysical shocks) Consider again
(2.34) but with the initial data

_f0ifz <o,
97140 < a.

There is no problem extending the characteristics but the method tells us
nothing about how to prescribe the solution in the wedge {0 < x < t}.
Suppose we define
_JOoifz < %,
wo={) 1558
Then it is easy to check that the R-H jump condition is satisfied, so that uy
s an integral solution of the i.v.p.. However, we can also define

0ifx <0,
us(w,t) = §if0 < <t
1ift <ux,

which is called a rarefaction wave. This is a continuous integral solution of
the i.v.p.

Remark 2.2. The preceding example reveals that integral solutions are not
in general unique. We would like to shrink the class of integral solutions by
imposing an extra condition upon our solution which permits us to prove
uniqueness.

Entropy Condition
For the general scalar conservation law of the form u;+0, F (u) = 0, we know
the solution takes the constant value z° = g(2°) along the characteristics

y(s) = (F'(g(2°)z +2°,5), (s > 0).

We also know that we typically will encounter the crossing of characteristics
and resultant discontinuities in the solution, if we move forward in time.
We hope we can avoid the crossing of characteristics if we move backward
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in time. So, u; in the previous example has the crossing of characteristics
as we move backward in time while us does not.

Suppose that at some point on a curve C' of discontinuities, the solution
u has distinct left and right limits, u; and wu,, and that a characteristic
from the left and one from the right intersect at the point on C. The
“no backwards-in-time intersection of characteristics” rule discussed above
requires

F'(u) >0 > F'(u,).

These inequalities are called the entropy condition. The entropy condition
can be reexpressed in various ways provided F' has certain properties (see
[9]). In case F : R — R is smooth and uniformly convex then we can take
the condition:

C
u(x + z,t) —u(z,t) < 77
forallt > 0, z,z € R,z > 0 as the entropy condition.

Definition 2.2. We say that u € L (R x (0,00); R) is an entropy solution
of the initial value problem (2.34) provided it is an integral solution which
satisfies the entropy condition (2.35).

Theorem 2.1. Assume F is conver and smooth. Then, there exists—up to
a set of measure zero—at most one entropy solution of (2.34).

See [9] for the proof.
Riemann Problem
The initial value problem (2.34) with piecewise constant initial function

g(z) = {ul’

U

is called Riemann’s problem for the scalar conservation law. Here u;, u, are
called the left and right initial states, u; # u,. Assume that F' is uniformly
convex and C2. Define G = (F') "

Theorem 2.2. (i) If u; > u,., the unique entropy solution of the Riemann
problem (2.34), (2.2) is

’U,({I?ﬂf) _ {U[ Zf?x < o,
ur if ¥ > 0,
for x € Rt > 0 where
F(uw) — F(ur)

Uy — Uy
(i) If u; < w,., the unique entropy solution of the Riemann problem (2.34),
(2.2) is
uy Zf% < F'(ul),
w(w,t) = { G(E) if F'(m) < & < F'(u,),
up if > F'(uy).

Remark 2.3. In the first case of the theorem, the states u; and u, are
separated by a shock wave. In the second case, the states u; and u, are
separated by a rarefaction wave.
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Proof. Consider first the case where u; > u,.. The function u defined in the
statement of the theorem certainly satisfies the Rankine-Hugonitot condi-
tion and is therefore an integral solution of the PDE. It remains to verify
the entropy condition. Note that

meﬁwn:wiWLfFWM<wwn

Uy — Uyp
using convexity. But this is precisely the (first version of the) entropy
condition.

Now look at the case where u; < u,.. We must verify that the function
u(z,t) defined in (ii) of the theorem solves the PDE in the region {F’(u;) <
¢ < F'(ur)}. To verify this, we ask the general question: When does a
function of the form

F'(uy) < o=

u(z,t) = v(%)

satisfy the PDE? We compute

u+ Fu), = ui+ F'(u)ug
;T T , ,, .1
= v (;)ﬁ + F'(v)v (?);
= v’(;);[F’(u) - ;]~

Thus, assuming v’ never vanishes, we find F'(v(%)) = 7. Hence,

u(e,t) = v(3) = G(3)
solves the PDE. One can check that v(§) = wu; provided § = F'(u;) and a
similar statement on the right to see that u as defined in (ii) is continuous.
The function u is a solution in each of its regions of definition and it is
easy to check that it is in fact an integral solution. It remains to verify the
entropy condition. But

Lip(G
w(z + 2,t) — u(z, t) = G(sz) ~6(5) < Lip(&)z
which is precisely the entropy condition (2.35). O

Long time asymptotics in L> and L!

We present two theorems from [9] which give us some detailed information
about the solution of (2.34) as ¢ — oo. From a physical point of view, the
long-time asymptotics of solutions of evolution problems is often the main
issue. What happens eventually?

Theorem 2.3. (Asymptotics in L>°) There exists a constant C such that

forall x € R,t > 0.

The estimate (2.40) shows that the L>-norm of u goes to zero as t — co
(at a particular rate). On the other hand, the integral of u over R is
conserved. Evidently, the solution has to “spread out” as it decays to zero
to conserve the L' norm. In fact, assuming the initial data ¢ has compact
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support, the solution u tends to a specific function as t — oo in the L'
norm.

Definition 2.3. For real parameters p,q,d,o with p,q > 0, d > 0, the
N-wave is the function

. ) 1 1
(2.41) N(z,t) = i(f—0), if —(pdt)® <z — ot < (qdt)?
, 0 otherwise.

The constant ¢ is the velocity of the N-wave.

Define o = F’(0). Set d = F”(0) > 0 and write

Yy oo
2.42 = —2mi dz, q =2 dz.
(2.42) p 2161%1/70091’791 rélgﬁ(/ygr

Note that p,q > 0 and G'(c) = é.

Theorem 2.4. (Asymptotics in L') Assume that p,q > 0. Then there
exists a constant C' such that

|Q

+o00
(2.43) / |u(z,t) — N(z,t)|de <

— 00

o~
NI

for allt > 0.

The preceding two theorems are models for “long time behavior” char-
acterizations of other nonlinear evolution problems. Such results are not
known in many physically important models and serve as a primary moti-
vation for current research.

2.3. Burgers’ Equation. The Navier-Stokes equations of fluid mechanics are
(2.44) typetheseout.

These equations are extremely important in physics but are not yet well understood.
A natural toy model which reveals some expected properties of the Navier-Stokes
equations is the viscous Burgers’ equation u; + uu; = vug,. The nonlinear term
retains the formal structure as in the Navier-Stokes equations (but without the
vectorial properties) and the diffusive properties of the equations are also retained.
We will see shortly that the viscous Burgers’ equation arises naturally in a simple
model of traffic flow. Burgers’ equation does not model turbulence in any significant
manner but is a “fundamental evolution equation” which occurs in many unrelated
applications where viscous and nonlinear effects are equally balanced. The material
in this subsection is a combination of [9] and [16].

e Traffic Flow
The PDE 0:;p + 0,® = 0 is the basic law of of “mass” conservation for
a one-dimensional flow in the absence of physical sources. Here, as we've
discussed, p is a “density” and @ is the associated “flux”.

Let p represent the traffic density on a one-lane road with no on or off
ramps—that is, the number of cars per unit distance on the road. Based on
our intuition about driving, what should the flux function ® look like? In
particular, how should ® depend upon the density p? Certainly, there is a
maximum density pmax (€.g. bumper-to-bumper) when ® = 0. If there are
no vehicles, then the associated flux must be zero. At some intermediate



(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

MATH 279: NONLINEAR WAVE EQUATIONS 17

density 0 < pp < pPmax, the flux will take on a maximum value. So, as a
function of p, it is not unreasonable to imagine ® to be of the form

(I)(p7 €L, t) = Rp(pmax - ,0)-
This is a quadratic function with maximum at % Prmax-

Notice that (2.45) could be refined to have R = R(z,t) and pmax =
Pmax(z,t) to allow for changes along the roadway due to weather, struc-
tural conditions, etc. These could in principle be determined by observing
traffic. Another possible refinement would be to include dependence upon
p to reflect the fact that drivers slow down when moving into a region of
increasing traffic density and speed up when entering a region of decreasing
traffic densities. We could write, for example

®(p,z,t) = Rp(2,1)(pmax — p(z,t)) — kps(2,1).
The conservation law in this case becomes
Pt + [RP(Pmax - P)]r = kpzze
which after some nondimensionalizing may be reexpressed
Ut + UUy = EULT

with € ~ ﬁ with Ly some length scale along the road.
Pmax L0

Cole-Hopf Transformation

Suppose u is a nice smooth solution of the viscous Burgers’ equation (2.47).

Consider a transformation of dependent variable u —— v defined by

Vg
u=—2—.
v
We calculate
Vgt VgVt
U = —2e— + 2¢€ 5
v v
2
Vgg v
Uy = —2—— + 26—’2”
v v
Vezx Vg Vg
Upk = —2¢—— Fbe—5— — 4eviod.
v v

Subsituting these expressions into (2.47) reveals

v
—Z(evex — vy) — (€Vx — vg)z = 0.
v

Thus, any solution v(z,t) of (2.49), when used in (2.48) defines a function
u which solves (2.47). In particular, if v solves the heat equation v; = ev,x,
then v generates a solution to (2.47)! One might think that there could be
other more complicated solutions in which the two terms in (2.49) cancel
each other. However, as pointed out by Cameron Black in class, these terms
scale differently with € so there can not be such cancellation as ¢ — 0.
Observe that we have transformed the nonlinear viscous Burgers’ equation
into the linear heat equation which is a spectacular simplification. A higher
dimensional analog of this transformation is discussed in [9].

The preceding discussion may be used to solve the initial value problem

Up + WUy — €Uz, = 0in R x (0, 00),
u(z,0) = f(z) on R x {t =0}.
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The change of variables (2.48) requires that the new variable v(z,t)
initially satisfy
vz (,0)
=2 .
f(‘r) € U(m, 0)
But this is just a linear first-order ODE for v(x,0) which can be solved
v(z,0) = Ce e Jo 1(9)ds . Cyg(zx)

where C is a constant of integration. Thus, for a given f(x), we can compute
g(z) by calculating an integral.
So, we need to solve the initial value problem

Vs — €Uz = 0 in R x (0, 00),
v(z,0) = g(z) on R x {t = 0}.
By the theory of the heat equation, we know how to solve the i.v.p. for the
heat equation so we write

C /+°° (2—)2
v(z,t) = —— e Tt dy.
(2,1) N 9(y) Y
We can then calculate
—-C +oo _ oey)?
va(2, 1) () Te Ty,

Vet J_o g 2et

Therefore, using (2.48), reveals that the solution of (2.50) is

+ _y _(@—y)?
Joo gly) e T dy
o—)2
T gly)e T dy
in which the undetermined constant C' cancels away. Recalling the defini-
tion of g given in (2.51) we can express v in terms of it initial data f. Define
h(z) = fom f(s)ds to be the antiderivative of the initial data f. Then,

u(z,t) =

(z—

2
J1 gly) e 15 +hw)l gy

[+ o= 1S hw) gy

—00

u(z,t) =

)

solves (2.50).
Asymptotics
In the limit € — 0, the viscous Burgers’ equation u; + uu, = €u,, collapses
to the scalar conservation law u; + uu, = 0. Notice that the order of the
viscous PDE changes upon setting € = 0 so we may in fact have very bad
behavior in the solutions {u} as € — 0. An analysis of the solution formula
(2.54) shows this not to be the case. We actually have that the e — 0 limit
of (2.54) is the unique entropy solution of the scalar conservation law initial
value problem obtained by setting e = 0 in (2.50).

The following lemma, an example of Laplace’s “steepest descent” or
“stationary phase” method, allows us to study the e — 0 limit of (2.54).

Lemma 2.1. Suppose k,l: R — R are continuous functions, that I grows
at most linearly and that k grows at least quadratically. Assume also there
erists a unique point yo € R such that

k(yo) = glel]g k(y).
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Then

Proof. Multiply the ratio above in the numerator and denominator by e
. ko—k(y) . C 1. . . .
with ko = k(yo). Then, we expect that e+ — is vanishingly tiny if € is
small and y # yo so the only contribution to the integration should be from
right near y = yo. To validate our expectation, we note that the function

ko—k(y)

pe(t) = — T
e” < dy

—o0
satisfies
+oo
fie >0, Jooo me(y)dy =1,
e — 0 exponentially fast for y # yo as € — 0.
Consequently,
00 k)
SRy dy e
lim Too k() = lim l(y):ue(y)dy = l(yO)
e—0 fioo 677dy e—0 0o

O

To apply the lemma to (2.54), we need to know that y —— [% +h(y))
attains its minimum at a unique point y(z,t) (for all but at most countably
many points ). Then the lemma gives

z —y(z,t)

lim (2, t) =~ DY
S u(z, ) t

Remark 2.4. Define K (z,y,t) = [(x;f)z + h(y)]. We can write K (z,y,t) =
tL(*7%) + h(y) where L = F* for F(z) = 32z? and F* represents the
Legendre transformation of F. For Lipschitz h (corresponding to bounded
f), it can be shown that a unique y(z,t) exists (for at most a countable
set of excepions x). Further pursuit of related ideas led to the Lax-Oleinik
formula for solutions of the scalar conservation law and to the entropy
condition [9].

Exercise 4. (Method of Stationary Phase)

Let ¢ € C§°(R), so you can assume that ¢ and all of its derivatives are
continuous and ¢ = 0 for x outside some interval [a,b]. For A\ > 1, consider
the oscilliatory integral

I, = / eMmzw(w)dm.
R
Prove that
|1 < CA™% as A — oo.

This is Van der Corput’s Lemma and the proof is an example of the “method
of stationary phase”.
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3. Nonlinear Wave Equations

3.1. Universal Derivation of NLS as an Amplitude equation. The nonlinear
Schrodinger equation (NLS) is ubiquitous as a model for nonlinear waves in a variety
of physical settings. It is relevant in optics, plasma physics, fluid dynamics of water
waves to superfluids, and recently in Bose-Einstein condensation. This wide array of
physical systems motivates the question: Why is the nonlinear Schrodinger equation
so universal? This section begins to provide an answer by showing that NLS arises
in modelling the behavior of certain “natural” waves emerging from the study of a
(rather) general nonlinear wave equation. The following discussion is modelled on
a similar presentation in [29].
Consider a scalar nonlinear wave equation written symbolically

(3.1) L0y, 0x)u + G(u) = 0,

where L is a linear operator with constant coefficients and G is a nonlinear function
of u and its derivatives. We imagine that such an equation has been derived from
physical principles and is perhaps an “exact” model of phenomena of interest. We
also imagine, and this is why we write it in such a general form, that this equation
is hopelessly complicated to solve exactly so we are forced to infer properties of
the phenomena of interest by studying various simplifications of (3.1).

We begin such a study by first considering solutions of very small amplitude.
Since G is nonlinear, we suppose that G(u) is small if u is small and so can be
ignored for the moment. This results in (3.1) collapsing to the simpler equation
L(0, 0x)u = 0, which is a linear equation and can therefore be solved using the
Fourier transform. We suppose this simplified equation admits monochromatic
plane wave solutions of the form

(3.2) u = eetlex—wt)

with constant amplitude €. Here 0 < € < 1 and the frequency w and wave vector k
are real quantities linked by the dispersion relation

(3.3) L(—iw,ik) = 0.

(Our assumption that w is real valued here is consistent with the assumption that
dissipation has been ignored in deriving (3.1).) There may be many solutions of
the algebraic equation (3.3) and we concentrate on one of them

(3.4) w = w(k).

We have made some progress into understanding (3.1) by finding some solutions
of the linear equation obtained by ignoring the nonlinear part, which seems natural
provided these solutions have small amplitude (and small u implies small G(u)).
However, over long time and long spatial scales, the accumulation of small nonlinear
effects may become significant and (3.2) may not describe the behavior of solutions
of the hard problem (3.1) on such scales.

Perhaps the most reasonable thing to try next is a reqular perturbation expansion.
However, in a manner related to the treatment of the nonlinear oscillator ODE in
[22], we encounter secular terms so this approach will fail for long times.

Example 3.1. (failure of reqular perturbation) Let u; = ee!ex=Ik*t) pe the small
amplitude plane wave solution of the (linearization of ) cubic nonlinear Schrodinger
equation

iy 4+ Au = |ul’u.
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Consider a reqular perturbation erpansion by writing
’LL:’LL1+€2U2+63U3+...
Substituting, we find
2 (i0pu+A)us+e3 (i0putA)uz+- - - = |(ur + us + Eug + ... )| (ur +e2us+eSuz+. .. )
and using the form of u; we obtain
2(i0y + A)us + €310, + A)ug = e F==IH0 L O(eh).

Evidently, we should require (i0yu + A)us = 0 so we choose us = 0. The effect of
the (cubic) nonlinearity occurs at € in the expansion and suggests that we choose
ug to satisfy

(10, + A)ug = e br=IkF*)
By Duhamel’s formula,

t
us(t) :i/ S(t — r)eibe =k g,
0

where
S(®)o(@) = [ =050 ar.
We calculate to find

t
us(t) = z/ eikw o =ilk* (t=m) g=ilk*T g
0
Observe that the T dependence cancels in the integrand leaving

t
us(t) =i / dr ek IkI*0)
0

which is a secular term growing linearly with t.

As regular perturbation fails due to the appearance of secular terms, we try
a different approach based on a multiple scale expansion. We imagine that the
complex amplitude of the “carrying wave” is no longer constant but depends on
the “slow” variables T' = et, X = ex, and its evolution is prescribed by solvability
conditions that eliminate the resonances which led to secular terms above. A similar
set of ideas occurs in applying the Poincaré-Lindstedt method to the nonlinear
oscillator in [22].

Let us reexpress the (branch of the) dispersion relation by writing

(3.5) (i — w(—idy)) Aeik*=t) — ¢

where Oy is the gradient with respect to x and w(—i0x) is the (pseudo)-differential
operator obtained by replacing k by —i0x in w(k).

In a weakly nonlinear medium responding instantaneously to a finite wave am-
plitude, the nonlinearity is expected to affect the dispersion relation. This
means that the frequency w will depend upon the intensity of the wave, so we re-
place w(k) by Q(k, €2|A]*) with Q(k,0) = w(k). [It is in this step that we retain
some aspects of the nonlinearity and throw much of the complicated structure of
the nonlinearity away.] Furthermore, the (complex) amplitude A is no longer con-
stant but is modulated in space and time, so we imagine it depends upon the slow
variables X = ex and T = et, that is A = A(X,T). In (3.5) we now replace d; by
O + €01 and Ox by 9, + €V where V = 0x. [So, we will consider a “more flexible”
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version of the plane wave by considering a plane wave solution with an amplitude
which can vary on long spatial scales.] Therefore, a candidate generalization of
(3.5) (which might allow us to study next order nonlinear effects with no secular
terms) is

(3.6) [i0, + ieOp — Q(—idy — i€V, €2|A]})]Aeikx—wt) —
This can be rewritten as a nonlinear dispersion relation
(3.7) [w + iedr — Q(k — iV, €2|A]*)]A = 0.
Now, ¢ is small and we Taylor expand 2 to second order about € = 0
Qk —ieV,2|A) = w(k) + Q(k,0) - (—ieV)
+ Qi (k, 0)([—ie V7] [—ieV7]) + Q (k, 0)e? | A* + O(€?)

where Q; indicates differentiation of £ with respect to the second slot (intensity)
and Q refers to differentiating with respect to the first slot(s) of Q. We write v
for Qk(k,0).

Substituting this expansion for £ into (3.7) gives

(3.8) (i0r + v - V) A + e[ Qirs (k, 0)]VIVIA + €[ (k, 0)]| AP A = O(e?)

at this order of approximation.

Observe that Qj(k,0) is just a constant vector and ii(k,0) is a constant
matrix. In particular, if Qip; (k, 0) is the identity matrix then the second derivative
operator in (3.8) is just the Laplacian. We will observe later that the sign of the
Q term relative to the sign of the second derivative terms has a drastic influence
on the behavior of solutions.

Remark 3.1. Whenever the physical system under consideration is
(1) strongly dispersive,
(2) weakly nonlinear,
and the solutions of interest are
(3) nearly monochromatic plane waves,

the amplitude of the wave will likely [23] be governed by the nonlinear Schrodinger
equation. By strongly dispersive, we mean that D?w(k) # 0. Weakly nonlinear
means the size of the nonlinearity is small relative to the amplitude of the plane
wave. A nearly monochromatic plane wave has its Fourier transform supported
essentially near one particular wave-number k. We can imagine such a wave as an
amplitude modulated plane wave as in (3.2) with the modulation taking place on
a much longer spatial scale than the period of the spatial oscillation ~ ﬁ

NLS from nonlinear Klein-Gordon Equation [23]
We carry out the above general derivation for a particular equation, namely the
nonlinear Klein-Gordon Equation,

Ot — Oppt + U = UTU, {z e R,t > 0}
(3.9) u(z,0) = A(ex)et =, {z e R,t =0},
ug(7,0) = —iw(k)Alex)e*®, {r € R,t =0}

where

(3.10) w?(k) =1+ k%



MATH 279: NONLINEAR WAVE EQUATIONS 23

Notice that we are considering initial data which is nearly monochromatic which is
of amplitude A, of order 1. So, the solutions we are looking for are not necessarily
small in amplitude. However, the size of the nonlinearity is much smaller than
the amplitude in light of the €2 in the equation. Therefore, this system is weakly
nonlinear. A calculation shows that w” (k) # 0 which shows this problem is strongly
dispersive.

Remark 3.2. The Klein-Gordon equation is physically relevant. It occurs naturally
in relativistic quantum mechanics [11], [27]. Explain de Broglie plus relativity
modifys Schrodinger dynamics to KG.

In 1967, McCall and Hahn discovered the phenomenon of “self-induced trans-
parency”, an effect whereby the leading edge of an optical pulse is used to invert an
atomic population while the trailing edge returns the population to its initial state
by standard emission. This process is realizable if it takes place in a time short
compared to the phase memory of the medium and the pulse is sufficiently strong.
In a certain simplification, this process can be modelled by

Uzt = SIN U.

Here z is distance in the medium, ¢ is (retarded) time and the electric field envelope
E is proportional to u,. These comments are taken from [29)].

Finally, the Sine-Gordon equation is the continuum limit of a string of plane
pendula hanging from a horizontal torsion wire. This is known as the Scott model
[25].

We seek a nearly monochromatic wave v = u€ in the form
u® ~u(x, X;t,T1,Ts,...)
where X = ex, T; = e/t and u® = ug + euy + .... Substituting in the PDE and
balancing powers of €/ yields
(02 -2+ 1uy = 0
(({9152 - 85 + 1)U1 —28T1u07t + 28}(’110,:C

(0F =02+ Vuy = Fugligug — 207, u1 4t + 20xu1 2 — [201,u0.¢ + (6%1 — 0%)]uo
with initial data

u(z,X;0,0,...) = Azx)e*®

ul(z,X;0,0,...) = —iw(k)A(z)e™®.

Exercise 5. Justify the preceding paragraph by calculating the coefficients of powers
of € in the expansion.

A particular solution of the ug equation is
uo(z, X, 6,11, Ts,...) = A(X;T1, T, . .. )ei[kz—w(k)t].
At order € we get
(0% — 82 + 1)uy = 2i[wdp, A + kdx AlellFr—w k)]

With respect to the fast scales z, ¢, the coefficient on the right may be considered
to be a constant. Integration of this equation in time will generate a secular term
unless we require

w(k)Or, A+ kdy A = 0.
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The dispersion relation implies k¥ = ww’ so we can write
w(k)[On A+ w'(k)0xA] =0
which shows the amplitude A should propagate at speed w’(k
AX;T, Ty, ) = AKX — o' (k)T Ts, . . ).

We introduce the natural change of variable Y = X — w/(k)T1 to put ourselves
in the frame of the moving amplitude. The preceding restriction on A makes the
right-side of the u; equation vanish and we choose u; = 0.

At next order €2,

(07 — 92 + Vyup = {LAAA + 2i0p, A — (05, — 0% ) A}e'lkr—w 1],
We will again encounter a secular term unless we require A to satisfy
2i01, A — (A7, — Axx) £ AAA = 0.
Since A(X,T1,Ts,...) = A(X —w'(k)T1,Tz,...) we have
Ap, = —w'(k)Ax = -/ (k) Ay

which after some calculation shows The dispersion relation may be differentiated
to show (w'(k)® — 1) = w(k)w” (k) and we finally observe

(311) 2z’6T2 - w(k)w”(k)Ayy + AZA =0.

Fourier Mode Perspective on Nonlinear Dispersive Waves [29]
The linear evolution

(3.12) [0 + iw(—i0x)]Ju =0
has plane wave solutions of the form
¢llkoz—w(ko)t) ~fived ko € R”.

Moreover, the general solution can be expressed

u(x,t) = /ei(k‘x_“(k)t)g(k)dk.
Let 0 < 0 < |ko| and imagine qAﬁ(k) = 0if |k — ko| 2 9. So, we have a wave-packet
(3.13) w(a, ) = / il x—w (1)) 310 Ik

[k—ko|<§
consisting of a superposition of wave-numbers extremely close to the center wave-
number kg. Some algebraic manipulations shows the wave-packet may be rewritten
(3.14) u(z, t) = eilkox—w(k)n) / il (co-+) ~w (ko)D) (1) s
|k|<8
where k = ko + # and & = ¢(ko + k). Since |r| < &, to change e on the order of

0(1) requires z to change on the order of 0(). On what scale should ¢ change for
ellwkotrO)=w(ko)lt to change O(1) if |x| < §?. Expanding via Taylor’s theorem,

1 1" . .
w(ko + k) = w(ko) + Viw(ko) - k + iwij(ko)mw +0(6%),
)

]_ 7" PR
[w(ko + k) —w(ko)] = vg - Kk + iwijlﬁlzl-{j + 0(53).
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Let’s assume vg = 0 since we can always change variables to remove a transport
term. Let’s also assume w;/j(ko) # 0 (as a matrix) so ei2wis (ko)w'm"t changes O(1) if
t changes O(35).

The preceding remarks show that the integral term in (3.13) may be thought of
as A(X,Ty) where X = ex and Ty = €?t. Therefore, the wave-packet is a nearly
monochromatic wave.

Summarizing, we have observed that the linear dynamics (3.12) has nearly
monochromatic solutions of the form

(3.15) w(z,t) = Az, t)eikor—wk))

where

(3.16) Az, t) = / /(=S IN (c) dps
|k|<8

with @(k) = w(ko + k) — w(ko) and A(z,t) changes O(1) when z changes O(%)
or when ¢ changes O(55). Observe also that the linear dynamics sends é(k) —
é(k)e~ @8t = &(k, t) which satisfies
(3.17) 0¢é(k, t) +i0(k)e(k, t) = 0.
Suppose now that we consider the nonlinear evolution
Ayu + iw(—idy)u = ilul*u

for u in the form (3.15). We wish to calculate |u|”u and gain some insights into the
dynamics of é(k, t) in this nonlinear case. We calculate

(Ael))(Aeil) (Ae’l)) = AA A,

Using (3.16), a calculation shows

AZA(CL‘,t) _ / ei(m—m-‘ma)'xe—i[d(m)—&(nz)-‘r&(na)]té(ﬁl)E(H2)5(K3)dnldﬁz.dng
|ki| <o
This calculation identifies the result of interacting the wave (3.15) with its complex
conjugate and with itself again: a three wave interaction. Observe that |k1 — ko +
k3| < 30 so the frequency content of A broadens through the nonlinear action but

still 30 < |ko| so we are retaining the nearly monochromatic wave structure. The
contribution to the dynamics of é(k,t) due to the nonlinear interaction is

(3.18) i et emil@m)—(r)+0 ()t e (1 Vé(ky, 1)K, t)dri23
K1—Keths=kK, |K;|<d
and (3.17) changes with the nonlinearity to
(3.19)
Ok, t)+iw(k)é(k, t) =1 e i@()—alr)+O (It 15 V(g t) (K3, t)dR 123
K1—Ka+K3=K, |Ki|<d

Taylor expanding @w(k) = w(ko + k) — w(ko) and using Vyw(ko) = vy = 0 gives
(3.20)

/ J

1 o o P Iy -
até(/i,t)‘i‘iiwi](ko)ﬁlﬁjjé(ﬁl,t) =7 e_l%wij(ko)[’f1f€1_R2'€JQ+’93"€;];]6(K/1)5(K/27t)é(ﬁ?)’t)dKlQB'

K1—kKa+k3=kK, |Kki|<d
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The equation (3.19) gives an explicit evolution of the Fourier mode é(k,t) due
to the linear dispersion and teh nonlinear three-wave interaction. It (and therefore
the approximation (3.20) reveals some of the complicated structure of the cubic
nonlinearity. We will return to these complications later.

Remark 3.3. 3 wave resonances, compare with failure of regular perturbation.
3.2. Fiber Optics. [29] [?]
3.3. Hartree-Fock.

3.4. Gross-Pitaevskii; superstuff. [29], [7]

Describe the Ginzburg-Landau theory of superconductivity and superfluidity.
Note the appearance of topological obstructions to solving a minimization problem
for S! valued maps on R?. Sketch the votex motion result of [7]. Make connection
with vorticity in fluid dynamics via Madelung transformation.

Exercise 6. Show that for x € R?,

z 2

/ |Vﬂ\dm—>ooase—>0.
T

e<|z|<1

Find the rate of divergence as € — 0.

3.5. Bose-Einstein Condensates?
3.6. Zakharov System. [32], [29]

3.7. Universal Derivation of KdV. The following remarks, taken from [26],
reveal why the KdV equation is frequently encountered in wave propagation prob-
lems. Like the NLS equation, one can identify a class of problems where the next
order effects due to dispersion and weak nonlinearity lead to the KdV equation.

Wave processes in various homogeneous media are described by the wave equation
029p = c20%4¢). There are 3 assumptions made in deriving this equation.

(1) No dissipation. (Assume the equation is invariant under ¢t — —t.)

(2) Weak nonlinearity. (Small amplitude solutions = small nonlinearity.)

(3) No dispersion. (Propagation velocity does not depend on frequency and
wavelength.)

We wish to identify an improved model to describe wave behavior by including
terms to account for nonlinear and dispersive effects. Of course, an even better
model will include dissipation. The dynamical effect of dissipation is to cause the
wave to decay. Dispersion tends to blur wave packets and nonlinearity can steepen
fronts.

Solutions of the wave equation 971 = 021 may be written

P(x,t) = Y1 (x — cot) + Ya(x + cot), co > 0.

For small dispersive and nonlinear effects, we can treat waves travelling in different
directions independently. A wave moving in the positive z-direction, e.g. 1,
satisfies

(3.21) Oh1 + ¢cp0z1p1 = 0.

We search for the corrections to this equation. Note that we are considering real
valued solutions to an equation with real-valued coefficients.
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What is the correction due to dispersion? Let the exact law of dispersion for
linear waves in the medium be

w(k) = ku(k).

As k — 0, the velocity of propagation should go to ¢g. So, when we expand u(k) in a
power series in k, the first term is ¢g. Recall that the dispersion relation represents
the (linearized) PDE which we know to have real coefficients. For w to be real (no
dissipation), it is necessary that u be expandable in even powers of (ik).

For small k, therefore, we have to first interesting correction, the dispersion
relation

(3.22) w(k) = cok — BK3.

In order to obtain such a dispersion relation, we must modify (3.21) by adding a
term

(3.23) 0 + o0y + B2 = 0.

What is the correction due to nonlinearity? Most physically relevant wave equa-
tions describe some oscilliatory behavior about an equilibrium. We assume that
the wave equation describes some conserved quantity by assuming it to be of the
form

(3.24) A+ 8,5 = 0.

The derivation of the correction due to nonlinearity rests on obtaining an approxi-
mate expression for the flux j in terms of 1. From (3.23), we have j = co1) + $021).
The next approximation of j, resulting from turning on the simplest possible non-
linear effect, involves adding on a term %az/)Q. Addition of such a term to j and
rewriting (3.24) reveals

(3'25) 3t¢ + Coaasw + ﬁa§¢ + Oéi/Jaziﬁ =0.

As we have seen several times already, the change of variable y = x — ¢yt will remove
the ¢o term collapsing (3.25) to the KdV equation u; + Sugye + quu, = 0.

3.8. Long waves on shallow water. [31]
The KdV equation arises natural as an approximation to the equations describing
long waves on shallow water.

3.9. Kadomtsev-Petviashvili Equations. [25]

The Kadomtsev-Petviashvili equations are a two dimensional generalization of
the KdV equation. They were introduced to study the stability of the KdV soliton
to transverse dispersion.

3.10. Generalized KdV and NLS Equations, KdV, and NLS,. [13], [4]

A basic issue is to understand the competition between nonlinear and dispersive
effects. We have observed that NLS and KdV arise as approximate problems to
account for weak nonlinearity and dispersion from rather general principles. More-
over, we have described particular physical settings where NLS is a natural model.
To better understand the interplay between nonlinearity and dispersion, we intro-
duce some generalizations of KdV and NLS. The generalized KdV equation is

(3.26) Oy + O3u + 9y f (u) = 0.
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The special case when f(z) = ﬁz”“ will be denoted KdV,. Similarly, we intro-

duce the generalized nonlinear Schrodinger equation
(3.27) iOpu+ Au+ f(ju)*)u=0

and the special case when f(z) = 2"z will be denoted NLS,.

One can also consider generalizations of the dispersive terms by, for example,
replacing 92 by 82 but we do not formalize such generalizations with any notation
at this time. There are also natural generalizations of the KP equations and the
Zakharov system.

Exercise 7. A. Suppose x € R and u is a solution of KdV,. Find a,3 € R such
that u, = o%u(ox,0%t) also solves KdV,.
B. Suppose x € R" and u is a solution of NLS,. Find o, € R such that u, =
u(oz,0Pt) also solves NLS,.

This exercise identifies the scaling invariance of NLS, and KdV).

4. Basic Dynamical Effects

4.1. Dispersion. The solution of the initial value problem for Airy’s equation

Ou+Bu=0, Rx{t>0}
(4.1) {u(x, 0) = (). R"x {t =0}

can be explicitly written using the dispersion relation as

(4.2) ua, 1) = / EHE03(e)de = (5(t)6) ().

We can factor out a common £ in the exponential to rewrite the exponential above
as €@+ This shows that the wave number ¢ is “moved to the left” at speed
&.

This point of view on the dynamics leads to a nice heuristic picture guiding one’s
intuition into many of the basic dynamical properties of dispersive waves. Suppose
that ¢ is a function compactly supported near the origin. We imagine that ¢
is a sum of different oscillating functions, some of fast spatial oscillation, some
oscillating quite slowly. The fast oscillating parts of ¢ should “move to the left”
extremely fast while the slower oscillations move left more slowly. At a later time,
a fixed interval of x containing the origin should no longer contain any extremely
high frequencies in ¢ since they have all moved out of the interval. As a result, the
solution of Airy’s equation should be quite smooth in the fixed interval at the later
time since there are no high frequency parts required to express it there. We can
therefore expect that the solution becomes smoother locally in x and it should also
decay locally in x.

Note that we can multiply Airy’s equation by u and integrate by parts to prove
that ; [ u*(2,t)dz = 0. This shows there is no decay in the mass as u evolves but
the “move to the left at speed £2” picture suggests there should be local smoothing
and decay despite the conservation of L? mass.

We can turn the dispersive smoothing heuristic around by imagining a function
with oscillations growing faster and faster as * — oo. These oscillations could
perhaps be arranged to “move to the left” under the Airy dynamics in such a way
that they all overlap at a particular location in z at some time ¢ > 0 causing
something bad to happen. Such a construction is carried out in [2].
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Decay estimate

The Airy equation has solution given by (4.2). Stationary phase suggests there
should be decay as t — oo like t=3. This turns out to be the case. For the
Schrédinger equation, the corresponding representation of the solution has |£]? in
place of €3 and we are in R®. A quick guess based on stationary phase suggests
decay like t=% as t — oo. However, since we are integrating over R™, we encounter
such decay from each separate 1d integral leading to ¢t~ .

The calculations which follow show the solution of the linear Schrédinger equa-
tion decay as t — oo at the rate t~2. Moreover, we obtain a new way to express
the solution as a convolution and make a nice contact with the heat equation.

Consider the i.v.p for the Schrodinger equation
(4.3) {i@tu—i—Au:O, R™ x {t > 0},

’ u(z,0) = ¢(x), R"™x {t =0}

The solution may be expressed using the Fourier transform and the dispersion
relation as

(4.4) uum:smwm:/amamﬁ&&w

The reader should verify that the correct choice of sign has been made by formally
differentiating under the integral sign. Next, we reexpress the solution of (4.3) as
a convolution integral. First, we write out the Fourier transform appearing in (4.4)

/ei”'ge_i‘g‘zt/e_iy{(ﬁ(y)dydf-

Interchanging the integrations leads to

(4.5) //ei(‘”*y)'§*i'5'2td€¢(y)dy.

Next, we wish to evaluate explicitly the £ integration. By completing the square
above the exponential, the inner integral may be rewritten

/e"'t|’5—(%‘)|2d§eit|? y

The 7% term may be translated away in the above integral. The change of variables

n= i%téf, dn = i2t=d¢ leads to

1 L=y
(4.6) — /6_‘77‘2dne”| 2

2

1212

The integral of the Gaussian in R™ gives an (explicit) constant ¢, and the inner
integral in (4.5) has been calculated. Therefore, we can now reexpress

Cn, jle—vl?
@) u(w,t) = S0(e) = 5 [ ¢ o)y
From (4.7), the following decay estimate follows immediately,
C
(4.8) Ju(t)l < w16l

Remark 4.1. The initial value problem for the heat equation

{Btu—Au:Q R" x {t >0}
u(z,0) = ¢(z), R™x {t =0}
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has the explicit solution
c _lz—y|?
(4.9 u(et) = 5 [T awn

Observe that the formula (4.9) transforms into (4.7) upon replacing ¢ by it and,
similarly, the heat equation transforms into the Schrédinger equation under such a
transformation to imaginary time.

Exercise 8. Prove that the solution of the linear Schrédinger equation decays like
t=% by using the Fourier multiplier representation of the solution and the method
of stationary phase. Assume that the Fourier transform of the data is as nice as
you’d like.

Conformal Transformation
The preceding calculations showed that we have two ways of representing solu-
tions of the initial value problem for the linear Schrodinger equation

2
(4.10) u(z,t) = /eiz'ge%‘g‘rthﬁ?(ﬁ)dﬁ = Cnﬂ /ei%qs(y)dy.
(it)?

If we replace t by % in the Fourier multiplier representation, we encounter an
expression somewhat similar to the convolution representation. This observation
motivates the following calculations which reveal an important symmetry property
of the Schodinger equation. By completing the square above the exponential, we
can write

u(w, t) = 5l / emitle= 5 3(e)de.

Some manipulations allow us to write

n T
e (L2 L7
= el o [ e
o (ig)?

(z't)? 46772t
We summarize. Let v(x,t) = S(t);(x) Form the function
n 1 =
(4.11) w(z,t) = — g2 Zeitir

(it)s 274t
Then u(x,t) = S(t)¢(z)! Not only does the transformation (4.11) manufacture
another solution of the linear Schrodinger equation from v, it manufactures one
whose initial data is essentially the Fourier transform of the original function. The
transformation v — w given in (4.11) is called the conformal transformation.
We linger a bit and consider the conformal transformation in one spatial dimen-
sion. Form the function

1 m2 X
(4.12) v(x,t) = tiiemﬂ(;
A direct calculation shows that
1 s, _le? L =2, 2P
O = i(—=t"2)e @t it 2e 4t (——\u
10w = i( 5 )e u+it”2e (4it2)u
|z)? T 1 le)? 1

it~ e

Zit m(tj) + it 2e Tt th(f)
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Similarly,
R 146‘3:2 e e (-
b - D2 e S C ) e )
Combining these expressions reveals that
(4.13) i+ 020 = t~%e B Liogm + 0%u) .

Now, suppose that i0;u + 0%u — |u[Pu = 0. Then, we see that
(4.14) iy + 020 = t"= |v|Pu.

In particular, if p = 4, the conformal transformation maps solutions of 1d quintic
NLS into solutions of the same equation. For other values of p, the conformal
transformation maps solutions of NLS), into an NLS-type equation with a power
of ¢ in front of the nonlinearity.

We have seen that for a particular value of p, depending on the spatial dimension,
this map sends solutions of the nonlinear problem N LS, into solutions of NLS,,.
This special power of p is called the conformal power. On R?, the conformal N LS,
contains the standard cubic nonlinearity.

Exercise 9. L*(R, x R;) norm invariance of conformal transformation.

Local smoothing
Consider the solution of the initial value problem for Airy’s equation

(e t) = [ e (e)de.

The heuristics of dispersion suggest that this solution should be smoother locally
in x than the initial data. The following calculation, first observed in the Doctoral
Thesis of Luis Vega, shows this smoothing effect in a sharp form.

We first take v derivatives in x by writing

9y u(x, t) :/eixg(if)aeifgt?ﬁ(ﬁ)df.

Now, we localize in z by setting = z. Write ¢(¢) = 6”05(35(5). We change
variables in the resulting expression

3, o
JER RO
by writing &3 =1, ¢ = 7]%, d€ = %n’%dn to obtain
o[ it 130z, 10 2
g/e"t(mS) G )0~ = dn.

The point of the change of variables was to rewrite the expression as an inverse
Fourier transform. By the Plancherel Theorem, the L7 norm of this expression
equals

1
o~ 2

oz utaa, Mz = o ([ Vin®)" ¥ an)
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Write € = n% and change back to get

3 ( / |<Z><£>|2£2a2d£) :

Upon choosing o = 1 and observing the lack of dependence upon xy we obtain the
sharp form of Kato’s local smoothing effect

(4.15) 100l o2 = 61]12-

The norm || - ||LgoLg =|1- ||L§ ”L(x,'
S

Exercise 10. A. Let u be the solution of the initial value problem
Ou+ Bu =0,
{ u(0) = ¢.
Find 3 such that
||8£u||LgoL§ = H¢||L§

B. If 83 is replaced by 0%+t for j € {1,2,...}, can you find B(j) so that the
smoothing estimate holds?

Notice that the decay property for the Schrodinger equation (4.8) and the smooth-
ing property for Airy’s equation (4.15) are properties of linear evolutions. We are
ultimately interested in understanding the (physically relevant) nonlinear general-
izations: NLS and KdV. These linear estimates will play an important role in the
rigorous study of the nonlinear equations as will be described later.

4.2. Modulational Instability. [29], [25]

The first chapter of these notes showed, through the method of characteristics,
that nonlinearities can steepen wave profiles. This process occurs when the charac-
teristics compress as we go forward in time. The method of characteristics is quite
suggestive of nonlinear effects but not directly applicable to study the nonlinear
terms in the presence of dispersive terms (which are not first order). Ultimately,
we will carry out a detailed analysis of the nonlinearity using the representation
(3.19). Before doing so, we develop some heuristic understanding of the nonlinearity
in the nonlinear Schrédinger equation.

We consider here the cubic nonlinear Schrodinger equation idyu+ Au|u)*u = 0.
Recall that we derived this as the equation which governs the (slowly) varying am-
plitude of a nearly monochromatic wave acted upon by weak nonlinearity and strong
dispersion. The (linear) monochromatic wave at the previous order of approxima-
tion had constant amplitude. Note that the NLS does have explicit solutions of
constant modulus with no spatial dependence

(4.16) u(x,t) = Ae” @A),

Substituting into the equation leads to the condition w(A) = F|A|*, revealing that
the nonlinearity changes the linear dispersion relation through the wave’s intensity.

We examine the linear stability of this solution. In particular, we wonder if small
changes in the amplitude and phase of the constant amplitude spatially independent
solution (4.16) lead to the complete destruction or small change in the form of the
solution. Therefore, consider a function of the form

v(:c,t) _ Aefi(w(A)tJreG(z,t))(l +€’L/)(£L'7t)),
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where 6 and ¢ are R-valued. What conditions must 6, ¢ satisfy for v to be a
solution of NLS? By Taylor expansion of the exponential,

v =Ae W1 4 iel + e)) + O(e?).
We calculate
i+ Av+ oo = {w(A)(1+ied + ) + e(ithy — ;) + e(iA0 + A)
4+ |AP(1 + i€ef + 3ep) } Ae (A,
Therefore, we should require
0 = w(A)+ 8+ A0=£|A0 =y + A6,
0 = w(A) =0, +A¢+3|APY = —0, + Ay £ 2| A4
We can combine these equations by requiring

(4.17) Yy + A% + 2| AP Ay = 0.

Finally, suppose that 1) = (constant)e?* *e’t. Then we must have

(4.18) o? = |k|*(£2|A)* — |k[%).

In case +2|A]> — |k|> < 0, the right-side of (4.18) is negative and o is purely
imaginary. For these “modulations” of the spatially boring solution (4.16), the
perturbation does not change the solution much. In case £2|A|* — |k|*> > 0, which
requires we choose + and have |k| be small relative to |A|, then o can be real which
leads to exponential growth of the perturbation thereby violently destroying the
form of (4.16).

The preceding discussion described the modulational instability of the nonlin-
ear Schrodinger equation. This instability mechanism was first observed in 1967
by Benjamin and Feir in the context of water waves so it is sometimes referred
to as the Benjamin-Feir instability. Our discussion shows the linear instability of
long-wave (meaning small spatial frequency) perturbations of the spatially constant
solution. Recall that in the physical problem for which NLS is an improved ap-
proximation to a linear problem with monochromatic solution, this corresponds to
“sideband” modulations of frequency close to the carrier frequency which can grow
exponentially in time.

In some cases, the modulational instability can run wild and leads to singularity
formation in the solution. In other cases, the instability develops until a wave form
which balances the dispersion at high spatial frequencies with the low frequency
instability. There is a huge difference in these two behaviors so a characterization
of the contexts in which each occurs is an important topic for study.

4.3. Explicit Solutions and Scaling.

e Travelling waves
We begin by recalling some facts from calculus. The function sech x =
M_% satisfies ( sech z)’ = sech x tanhx (sech z)” = ('sech x)3+ sech z[1—
(sech x)?]. Since [1 —( sech x)?] = (tanhz)?, (sech z)” = sech x. One can

then easily verify that [( sech x)%]” = 1%( sech a:)% - %21.%1’[( sech x)%]p“.

We look for a travelling wave solution u(x,t) = f(x — ct) of the gener-
alized KdV equation u; + Ugze + (uP1), = 0. Substituting in the desired
form leads to the ODE —cf’ + f" + (fP™)’ = 0. We integrate once and

set the integration constant to 0 since we seek a function f which decays at
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+00. The preceding calculus discussion shows that, up to certain constants,
the function f(x) = ( sech x)% satisfies this ODE.
These explicit solutions reveal that the dispersive decay can exactly bal-
ance with the nonlinear effect resulting in a travelling wave.
e Time-periodic solutions of NLS
e Scaling invariance
Let u(z,t) be a known solution of the generalized KdV equation u; +
Uzgr + (UPT), = 0. We form a one parameter family of solutions by
rescaling,

Ug(z,t) = or (ox,0%t).

5. Hamiltonian Structure and Conserved Quantities

5.1. Classical Mechanics. Suppose we are given L : Ry x Ry x I — R where I
is an interval in R. Assume that L is smooth and convex with respect to the first
slot ¢. The function L is called the Lagrangian. Form the Action Functional

t1
Il = [ L (o), wlt), e
to

for w € A = {competitors subject to some boundary conditions}.

Hamilton’s Principle: Motions of a mechanical system governed by the La-
grangian L coincide with extremals of the Action Functional I[-].

By the calculus of variations, extremizers of I[] solve the Euler-Lagrange equa-
tions

d

(5.1) -2

(Ly(9(t), y(t),t) + Ly, (9(t),y(t),t) = 0.

This is a system of n second order equations in y(t).

Define p(t) = Ly (y(t), y(t),t) and H(p(t),y(t),t) = sup,(p(t) - § — L(9,y(1),1)).
Notice that H is the Legendre transform of L. Then, the Euler-Lagrange equations
(5.1) can be rewritten

5 _oH
(5.2) {p T

This is a system of 2n first order equations in (p(t), y(t)). The equations (5.2) are
called Hamilton’s Equations.
Remarks

e Mechanical motions are canonically described as a consequence of a varia-
tional principle.
e Hamilton’s equations are special among a general class of equations.

{.73 = F(x’y)v
y=G(z,y)

In particular, the form of Hamilton’s equations implies phase space volume
is conserved under the dynamics. Under certain conditions, this property
implies the mechanical motion is recurrent (Poincaré recurrence).
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Suppose we write w = (p,y), w € R?". We rewrite Hamilton’s equations by
writing H, = (Hp, H,) and defining the matrix

0 —I
(5.3) J= [H 0.}
With these notations, Hamilton’s equations (5.2) may be written
(5.4) W= JH,.

Note that J is essentially a rotation matrix and in this notation we can interpret
the dynamics of Hamilton’s equations as “move perpindicular to the gradient of
H”. Notice also that J? = —I and Hamilton’s equations are defined on an even
dimensional space. This suggests there may be a nice connection with complex
numbers.

Complex Notation: For (z,y) € R?, define z = x + iy, z = x — iy, iZ = —1.
Notice that z,% give x,y and vice-versa. Define 0, = %(&B —i0,) and 0z = %(83; +
i0y). Observe that 0z, = (0, + 10,y)(xz +iy) = 0. If f(x,y) and g(z,y) are two
R-valued functions, we can form u(z,y) = f(z,y) + ig(x,y). Then, u is complez-
analytic if, upon reexpressing x and y via z, Z, we see that dzu = 0. Analytic
functions depend only upon z and not Z (or vice versa).

Now, suppose we write z3 = y1 + ip1,22 = Y2 + ip2,.... Reexpress H(p,y) =
H(z,%). Consider the following system of n equations in the complex variables z; (t)
given by

(5.5) Zj = iHz;.

Calculating z; and taking the 0z derivative shows this system is equivalent with
(5.2).

Example 5.1. Let

2 2
H=Hpy) =pf+y*=>_p}+v.
J
We can rewrite this using the notation above as
_ 2 2 _
H(z2) =" =) |51 => %7
J J

Hamilton’s Equations then read

]5]' =Y; = _8871;1’
Y =p; = %
and can be rewritten
Zj = iHTj = iZj.
This says the dynamics moves the complex components z; of the complex vector z
“perpindicular to z; with speed |z;|.”

Example 5.2. (slightly fancier)
Change the Hamiltonian in the previous example by writing

— . 2 . —
H(z2) =Yl =) 7.
J J
Hamilton’s equations are then
(5.6) Zj = ij%z;
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which says the complex number z; moves perpindicular to itself with speed j2|z;]|.
We still have the motion of each of the components of z moving indepedently of
the other components, which is to say the motion is uncouple. In this example, the
speed of motion also depends on the index j.

Example 5.3. (NLS)
Let u : T x I —— C where T is the 1d torus and I is a time interval. Form the
Hamiltonian Functional

H:H[u,ﬂ]:/|Vu|2:/VuVﬂdx.
T T

(Recall that this is just the classical Dirichlet energy.) The usual calculus of varia-
tions argument shows

lim Hlu,u+ 78] — Hlu, u)
T—0 T

= /(—Au)ﬁd:}: = (—Au,v).
T

Therefore, Hg|u, @] = —Au and Hamilton’s equations in this case read

which is precisely the linear Schrédinger equation!

The initial value problem

{i@tu+Au:0, T x {t > 0}

(5.7) u(z,0) = ¢(z), T x {t=0}.

has solution

u(z, t) = Z eikxe—ﬂk‘?ta(k,)-
k
We can reexpress the Hamiltonian in terms of the Fourier transform by writing

Hlu,u] = /VuVﬂdx
T

/ (Z eikx<ik)e—i|k|2t$(k)> (Z eik/x(ik/)e—ilk’%a(k/)> dr
T\ % Y
2,7 2
LN
k
So, Schrodinger’s equation is an infinite dimensional Hamiltonian system in which

each Fourier coefficient behaves like the solution of a Harmonic oscillator. Recall
that the dispersion relation calculation showed that

d — Q127N
Zult)(k) = ilk|*u(t) (k)

which is essentially the same as appeared in (5.6).

5.2. Action symmetries and conservation laws. KdV and NLS have been de-
rived as approximate models for various physical phenomena. From physical prin-
ciples, we expect the KdV and NLS evolutions to take place leaving certain integral
quantities, associated with mass, energy, momentum, etc. to be time invariant.
Time-invariant quantities are said to be conserved. For example

. 1
Oru + 8ju + iaﬂﬁ =0,
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can be multiplied by u and rewritten
1 1 1
iaﬂﬂ + Op (uttgy — Eui + [gu?’]) = 0.

Upon integrating over all of z € R (assuming that v and its derivatives decay as

|z| — +00) we learn
8t/u2dx =0.

Therefore, the KdV evolution satisfies conservation of the L? norm
lu®llz = lu(O)ls-

This places a basic constraint on the dynamics: all the motion takes place on a
sphere in L2. We are interested in finding other conserved quantities to constrain
(and therefore better understand) the dynamics. However, the method used above
to discover the L? conservation law for KAV requires a bit of cleverness that may not
be easily available for discovering more complicated conservation laws. A systematic
approach to discovering some conservation laws is contained in: E. Noether’s
Principle: If a variational principle is invariant under a family of transformations,
then solutions of its Euler-Lagrange equation satisfy a conservation law.

Recall that mechanical motions are characterized as extremizers of the action
which is a variational principle. The present discussion borrows from [?], [29], [?].

Let L : R™ xR+— R, L = L(p,w) and u : R™ +—— R. Let U C R™. Form
I[u] = fU L(Du,u)dx. The calculus of variations shows that u is a smooth critical
point of I[-] if and only if the Euler-Lagrange equation

m
> 02, (Lp, (Du,w)) + 0, L(Du,u) = 0
i=1
is satisfied.

Noether’s principle allows us to look for invariances of the variational principle
instead of for the conservation laws. The former turn out to be easier to find than
the latter.

Notation The following notation is introduced to flexibly describe a one pa-
rameter family of transformations. Let g : R X R +— R™, w : R™ x R —
R, ¢ : R™ —— R™. We define a domain variation 2’ = g(z,7) = © + 7¢(z) +
o(r), ¢ = %\7:0. We define a function or target variation v'(z') = w(z(z'),7) =
u(z) + mv(z) + o(1), v = 2|7 = 0. Naturally U’ = g(U, 7).

The value of the domain and target varied action at parameter value 7 is

i(r) = / L(DW/ o) e

We are interested in characterizeing situations where i(-) is independent of its ar-
gument or when #(-) is infinitessimaly invariant: /(0) = 0.

Lemma 5.1.
(5.8) 7(0) = / Ly (2, — s, 8] + (OuL)v + Le, da.
U

Proof. follow your nose and change variables. Expand out the jacobian determinant
using divergence. (I
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Theorem 5.1. (Noether) Given L:R"xR+—R, UCR"”, u:R™+— R,
we form the action functional I[u fU (Du,u)dz. Suppose that u is a smooth
critical point of the action functwnal 11 Assume that I[-] is invariant under a
family of transformations u — ', ©+— ' (so U+— U’), for all regions U,

(5.9) /L(Du,u)dx:/ L(Du',u)dz'.
U ’
Then,

(5.10) Ba,

i

{8 L(Du,u)v— uzjz,b 14+ L(Du,u)¢" } =0.

Proof. Tt suffices to show that the integrand in the lemma may be rewritten as
the divergence appearing in (5.10). This may be verified using the fact that u is a
solution to the Euler-Lagrange equation. O

Remark 5.1. In case u : R™ —— C, the conclusion changes to the statement
oL . oL . -
5.11 Op, § =0 —up, |+ ———[v—T1,, ¢ |+ L' =0

5.3. Lagrangian Structure of NLS. The nonlinear Schrédinger dynamics may
be described using a variational principle. To show this, we introduce a Lagrangian,
form the associated action functional and then calculate NLS as the Euler-Lagrange
equation characterizing smooth critical points of the action functional.

Consider the nonlinear Schrodinger equation

iy + A + f([Y*)y =

posed for z € R?. We assume 1 and its derivatives are smooth and vanish as
|z| — co. The nonlinearity f is a smooth function of its argument and we define

A
)\):/0 f(s)ds
Define

(512) L= L@ — ) ~ DU + F(l)]

Evidently, L = L(v, 1, v, 1, D, Dv). Form the action functional

t1
(5.13) / / L dxdt,
Rd

defined for ¢ € A, some appropriate class of admissible functions.
The usual calculus of variations argument shows that if ¥ is a smooth critical
point of I[-] then v satisfies the Euler-Lagrange equation

L N9 9L 9 oL
00~ 2= 00 00.9) T 0900

Zq

We calculate the various terms using L to find (the complex conjugate of) NLS

iy + A + f([Y?) =
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Noether’s theorem applied to NLS We write R = R} x R4, distinguish-
ing the time variable ¢ from the spatial variables x. A one parameter family of
transformations is defined when we specify ¢°, ¢ and v

t [— t/ == t + T¢O(z7t7 ’l/))’
(5.14) zr—a =z +T1¢(x,t,0),
P(x,t) — V' (2, ) = Y(x,t) + To(z, ).

Suppose that the NLS action in (infintessimally) invariant under the family of
transformations (5.14). Noether’s theorem implies that (5.11) holds. Recalling the
distinguished time variable, if we integrate over the spatial domain, we obtain the
conservation law

oL oL _ _
0 / {v—w¢0—Dw P+ ——q[v— " — Db - ] + L O}dm:O.
‘L 8(0t1/))[ t V- ¢ 20,0) [v— 9y Y- ¢l + Lo
We apply this formalism to identify certain invariances of the NLS action func-
tional and thereby infer certain conservation laws for NLS. }
Invariance by phase shift: Consider the transformation 1) — ) = €’71). For
tiny 7, this is equivalent to

t—t=t,
(5.15) r—I=u,
P — 1h =P + i)

This transformation leaves the Lagrangian invariant and therefore the action func-
tional is also invariant so Noether’s theorem applies. Comparing with (5.14), we
see that ¢ =0, ¢ = 0, v = 4?). Recalling the Lagrangian and calculating
oL i— OL i
1/]7 - = *%
a(0) 277 (o) 2

we find that . .
[ G0 + (=i =~ [ 0Paa.

is conserved. Define
(5.16) N:/ |2 da.
]Rd

The conserved quantity N represents the mass, wave action, plasmon number, or
wave power in various applications of NLS as a model equation. Note that the
conservation law prior to spatial integration related to this invariance is

The quantity {i(1»D,¢ — 1 D,)} may then be interpreted as a current.
The invariance by phase shift is sometimes referred to as gauge invariance.
Invariance by time translation: We define a transformation

t—t =t+71¢°,
(5.18) xr—a =z,
b = .
This transformation leaves the Lagrangian and, hence, the action functional invari-
ant. In the notation of (5.14), we have ¢ = 0, v = 0,¢" # 0. Noether’s theorem
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implies the time invariance of
1— i —
/ {277/1 [—¢t¢0} + (_5) [_Uft(bo] + L¢0} dr.
R4
Substituting L from (5.12) reveals that

(5.19) 1= [ 1Duf = F(P)ds

is conserved. This quantity is the Hamiltonian for the NLS equation. It represents
the energy in various applications.

Exercise 11. Find the flur associated to the Hamiltonian. In particular, use the
full strength of Noether’s theorem to identify G such that O,H + D, - G = 0.

Invariance by space translation: We define a transformation
t—t' =1,
(5.20) x+— a2’ =x+7bh,
Yy =1
This transformation leaves L invariant so the associated action functional is also
invariant. Here ¢ = b, ¢° = 0, v = 0. Noether’s theorem implies

ST-Datr b+ (—S0) D e
Rd

is conserved. Therefore, % fRd [)Dytp — Y Dytpldx - b is conserved. Since b was
arbitrary, we have that the linear momentum of solutions of NLS

(5.21) P—i | DD~ TD.lds

is conserved.
Let’s also define the mass center of the NLS wave,

_ 1 2
(5.22) X = i /Rdxhp\ dx.
Note that
dX 9 ) _
NE = [ 20:|¢|*de = — [ Dy - {i(¥Dytp — Y Dyap) Ydu.

We integrate by parts to find

dX

2 N— =P.

(5.23) 7

The mass center moves with constant momentum.

Exercise 12. (Galilean Invariance) Consider the transformation
t—t =t
(5.24) rz+— a2 =z —ct,
b(@,t) — P () = emilies +HI Iy (a0 4 ot 1)
Verify that this transformation leaves the action associated to NLS invariant. Use
this fact to find a conserved quantity.
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Scaling invariance for power law nonlinearities Suppose f(|v|?) = q|l¢|P~1, ¢ =
£1. The resulting equation NLS,, is invariant under the scale transformation

t—t' = 4%,

{x 2 = SY(x,t) — (2, ) = )\17%11/1()@’,)\225’)
Is the associated action invariant?

Psuedoconformal invariance

Morawetz identity?

Variance Identity

type out 97 |u|?> = D, - D, - S;j. Then, the appearance of the double divergence
motivates multiplying by |x|? and integrating, so that IBP yields a nice identity for
the variance. Conclude that negative energy initial data (focussing case) evolves
into a singularity.

(5.25)

5.4. Lagrangian Structure of KdV. See Mirua’s survey article [24] Be sure
to cover the galilean transformation for KdV to justify introducing the spectral
parameter X into the Schrédinger eigenvalue problem, see (4.6) in [24].

5.5. Hamiltonian Structure of NLS. Verify that NLS, for p = 1 + % has
the property that the conformal transformation (4.11) maps solutions to solutions.
Verify that LY, for ¢ = w is invariant under the conformal transformation.

5.6. Symplectic Hilbert Space. [18], [19], [5]

5.7. Insights from Finite-dimensional Hamiltonian Systems. [1]
Anticipated Phenomena, Behavior
Integrability vs. Ergodicity
New Behavior occurring in Infinite Dimensions

6. Integrable Model: KdV Equation
6.1. History.

Russell’s Observations of waves in a channel
Korteweg and de Vries

Fermi-Pasta-Ullam Experiment

Kruskal and Zabusky discover the Soliton [17]
Gardener-Greene-Kruskal-Miura discover IST [10]
Lax Pair[25]

6.2. Inverse Scattering Transform (IST) overview. Some explicit calculus

sechx = wr% , tanhz = zj;:z , secllx +tan?z =1 .
Form f(z)= (sech%)2
x x T2 x
fl(x) = 2(sech§)(sech§)' = (sechi) (tanhg) :
f(x) = (sechf)z(tanhg)2 + %(sech%)4

(sech )2 [(sechg)2 + (tanhg)z} — 2 (sech)

)~ 3(scch)”

= (sech
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1 1
§f2 = §(sechg)4

= f”+%f2—f:0.

More generally,

fe(z) = SC(sechg x)2 solves f + %fz —cf =0.

Travelling wave solutions of KdV. Can we find solutions u in the form
u(z,t) = f(x —ct) (with f decaying as |z| — o0) of the KdV equation wu; + ugyq +
u, = 07 Inserting the ansatz for u leads to the ODE —cf’ + f + (/%) =0
which we rewrite as f” + %fQ —cf = 0. So. one possible solution is u(z,t) =

felz —ct) = 3c(sech§ (x — ct))2. This is a travelling wave solution of KAV which
is distinguished with the name soliton. The dispersion in KdV suggests localized
pulses should spread out, resulting in decay, but the nonlinearityi sharpens fronts.
The solitons reveal these two effects can balance in KdV.

We will study a method for solving the KdV initial value problem

u(z,0) = ¢(x),
which has several unexpected twists. Here we will assume that ¢ is a very nice
function. A basic test of our understanding of this new method will be to show
that
(9tu + a:%u + 8z(%u2) = 0
u(x,0) = fo(x) (nice) ,

has the solution wu(z,t) = f.(z — ct).

The presentation that follows is largely unmotivated but does provide a direct
illustration of the method and it’s underlying ideas. Later, we will also explain how
the inverse scattering method for solving KdV was found and to what extent the

method generalizes to other evolution equations.
Schrédinger Eigenvalue Problem The Schriodinger Eigenvalue problem

2
(61) O+ (V@) + A =0, 2 e R,

arises naturally in Quantum Mechanics. Indeed, the dynamics of a quantum wave
function ®(x,t) are governed by the true dependent Schrodinger equation

0P h
h— = E®P = ———AD [}
ih 5 o +V(x)

2
Assuming ®(z,t) = e"Myp(x) leads to M) = th—Aw + V(z)y which up to
m

sign and constants is the Schrédinger eigenvalue problem (6.1).

From the theory of Sturm-Liouville problems or basic QM, we know that, for
appropriate potentials, there are some real eigenvalues A,. Eigenfunctions corre-
sponding to distinct eigenvalues are orthogonal, etc. In case V(z) = 0, solutions
are of the form

Yla) = =V

which are exponentially decaying/growing if A < 0 and oscillatory if A > 0.
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Remark 6.1. If we replace V(z) in (Schoeigen) by V(x,«) where a is some pa-
rameter, the eigenvalues may vary with «. The associated eigenfunctions may also
depend upon a. ~ A = A(«a), ¥ = ¥(a).

Bold Fact. The eigenvalue problem
82
oY +
Ox
and the evolution —Oyu+83u+0,(3u?) =0 (note: — sign is merely a convenience)
are spectacularly interrelated!

The main point of this section is to introduce this relationship and forecast some

aspects of its systematic study.
Notice that if 1) vanishes so does 921). So we solve (6.2) for u,

(6.2) (2o(z, t) + A\ =0

1 0%t
(6.3) u(x,t) = —6 ()\ + m 33&2)
We can calculate uy, Uz, Uz, in terms of A and 1. For example
Uy = —6 - =—6—; d”;[}zzr - wxwam
< (4 P2 P2 ( )
6

A tedious calculation shows —u; + Uy + am(%zﬂ) = 0 may be rewritten in
terms of ¥ as

— = 0.
s ¥
Integrate this over x € R, assuming ¢ is a nice decaying eigensolution of (6.2) and
that u is also nice and decaying, to conclude A; = 0! If u(x,t) evolves according
to KdV then the eigevalue problem (6.2) with t-dependent potential u(x,t) has
t-independent eigenvalues.

Since A =0, ¥? Z( ) = const.

Our decay assumptions on w and ¥ = const = 0, so

2 9 2
(6.4) A = -1

Ox )
From (6.2),
1 1 1
Yuzw = 3m(_{6u + ) = _61%7/1 - guxwm — My,
0 (zbt + Sugth + AN, — ;)u%) -
ox )

and therefore
O + éuaﬂl) + 4\, — %’Uﬂ/}z
G
Since this constant is independent of x, we can determine its value by studying the
asymptotic behavior as x — 4o00. The appearance of 1; suggests we may be able
to learn how the eigenfunctions change as the potential u(x,t) evolves.

Bound states. A = —k2.

= const.
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Suppose A = —k2, k € R is an eigenvalue with associated eigenfunction ().

Since u, u, vanish as * — +o00, we must have
Y(x) > Ae™ as = — +o0.
Normalization: A = 1, for all time. Note that the normalization guarantees
Y — 0 as r — +o0.
s

v + %Uwz/) + 4, — %U% Y
(U z—+o00 (0

= —A\k =4K> .
Therefore
P + %umw + 4\, — %U'I/Jz - 4’{31!} =0.

Multiply by % and integrate to learn

d

—%/wzdx—élﬁ?’/q/ﬁdx =0.

dt
Define c¢71(t) = /z/)Q(x,t)dx and we learn

d
prc
Scattering states. \ = k2 > 0.
We choose the solution of (6.2) to have the asymptotic forms

Y(x,t) — e* + R(K,t)e™™*® as 2 — —o0
U(x,t) — T(k,t)e’*™ as x — 400

Interpretation: “scattering”, (explain more)

) =8 (1) = el) = c0) e

eikz
—

| potential v(z,-) |
R(k)e = — T(k) etk

A basic property of the reflection coefficient R(k,t) and the transmission coeffi-
cient is |R(k,t)|? + |T'(k,t)|* = 1 (inferred from Wronskian analysis).

Gi + Fust) + 4N, — Juty Ry ™™ 4 4\ire™™ — 4\ikRe ="
w T——00 etkT 4 Re—ikw

(Ry — 4iAkR)e™ % + 4i)\k eth®
eikx + Refika:

For this to be constant, we must have
R, — 4iMkR = 4i\kR = R, = 8i\kR = 8ik*R

R(k,t) = R(k,0) 5t
(6.5) =

IT(K,t)| = [T (K, 0)]

Summary. If u(z, t) evolves according to KAV, dyu + 92 + 9, (3u?) = 0, in the
Schrédinger eigenvalue problem
0%
w + (%u(m,t) + )\)w =0
then
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(i) The eigenvalues are time independent.

(ii) The L? mass of the eigenfunction with eigenvalue A = —k2 < 0
satisfies a simple linear ODE.

(iii) The reflection coefficient of the scattering states satisfies
a simple linear ODE.

The initial condition u(0) determines the scattering data {—r?,c.(0), R(K,0)}. As-
suming the potential u evolves with ¢ according to KdV, we know the scattering
data evolves along simple ODEs.

Schematically, u(0)

{—£?,¢4(0), R(K,0)} {—K% cs(t), R(K, 1)}

— —
(direct (evolve
scattering) linearly)

Inverse scattering. The initial data for KdV, namely, u(x,0), determines the
scattering data {ky, c,(0), R(K,0)}. The converse is also true.
Gelfand—Levitan—Machenko Equation. Form the following function

; N

1 ’ IRT —Kn®
(6.6) B@) = o [ R + ; e
So, B is determined with the scattering data. Consider the equation

(6.7) K(x,y)+B(x+y)+/OOK(x,z)B(y+z)dz:0, y>x

This is an integral equation in K called the Gelfand—Levitan—Machenko equation.
Suppose we solve this equation for K.
Then

(6.8) éu(z) =2 % K(z,z)!

The scattering data determines the potential, so we can reconstruct u(t) from the
scattering data at time t.

6.3. Soliton emerges from IST. Take initial data for KdV to be p(z) = 12sech?s =
fa(x). We know that the solution is a travelling wave u(x,t) = 12sech®(z 4 4t).
Our goal is to carry out the inverse scattering method for this data to recover the
known solution.

82
The eigenvalue problem becomes 8—15 + 2sech®zt) = —\p. For —A = k2 =1,
x
it can be shown that there is exactly one associated eigenfunction (z) = %secha:

after normalization. Note that % is chosen so that
Y(x) = e® as x— —0

Y(x) = e ™ as x— +oo.
Exercise 13. Verify that ¢¥(x) is an eigenfunction for A = —1 by calculus.

We need to find the normalization constant ¢(0),

c(0) = (/_O; 1/12(x)dx)1 = (i/_o;sech% dx) -
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The time evolution of the normalization constant is
(6.9) c(t) = c(0) e 8 = 278,

It is a fact that sech® potentials are reflectionless.
= R(K,t)=0= |T(K,t)|> = |T(K,0)* = 1.
The Gelfand-Levitan-Marchenko equation in this case becomes

Koyot)+ B+ .0+ [ Koz 0)Bly+ 2t =0
where B(z,t) = c(t)e™® = 2e~87%. We seek a function K (z,y,t) satisfying
(o)
K(z,y,t) +2e 877V ¢ 2/ K(z,2,t)e 8792 =0 .

Let’s look for K in the form K(z,y,t) = w(z,t)e” Y,

'Ll)(x,t) +2678tfa: + 21U(x,t)/ 678t722 dZ — O
/ 672Zd2 —_ %672z‘;o
_ _le—Zw
w(x, t)(1+e 3727) = _2e787®
) 6781&7@
t =
w(z,t) 1 4 e—8t—x
So
—9 e—8t—x—y
K(x,y,t) = T o807
26—8t—2x 2
= K(z,z,t) = -— [T _2+W
a 86—81&—21 8
2 oz K(%xvt) = (1_’_678#21’)2 = (e4t+x+ef4tfr)2
= 2sech®(z + 4t)

But ju(z,t) = 26% K(x,z,t) = u(x,t) = 12sech?(x + 4t), as we had hoped.
2-Soliton via the scattering method. [20]

6.4. Miura transform — Ricatti — Eigenvalue problem. Miura trans-
form. [24]

Ricatti equation.

Gardner’s extended Miura transform.

Infinitely many conserved quantities.

Suppose v solves KdV; (aka modified KdV')
v + 9230 — 60320, = 0.

Form

u:v2+vz.
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Then
Owu + 8i’u — 6uuy, = 0!
Remark: Similar in spirit to Hopf-Cole Transformation
Ut + UlUgyp = EUgge-
Form w = —2e%=. Then w solves

Wi = EWgy-

We calculate

Ohu = 20U + vyt

Opu = 20Uz + VUgy — 6udu = 12(112 + vz )vu, + 6(1}2 + Uy ) Vg
(‘ﬁu = 20U4; + 27}3 + Vpow

Bu = 200550 + 20,V00 + 40,000 + Vigas

= 20Vaa + U220 + Vaaaa-
Combining these expressions reveals that
Opu + 02u — 6uuy, = 0.
Indeed, we have that
200 + Uzt + 200020 + 6V2V20 + Vaaaa
—[120%0, + 120(v)? 4 6020V + 6V4V44]
60, (6(vvy)) = 1200 + 602V,
20(V + Vazz — 60°0;) + O (Vg + Ve — 60%v,) = 0.
Summarizing, we have that
(Opu + O2u — buu,) = (21} + ai) (V* 4 Vg — 6005)
if u =2+ v,.
Suppose u is known.

The ODE is called a Ricatti equation. Solving the Ricatti equation
begins with the transformation

vtz
(G
Calculating
2 2 2
vwzwm—Kzévx—kﬁz@—%%—%:qﬁm.
v (R A (G
So, the Ricatti equation transforms into

Yy —up = 0.
This is almost, but not quite, the Schrodinger eigenvalue problem. We soup

things up a bit using the Galilean invariance of KAV and lack of Galilean invariance
of mkdV.

Remark: The Ricatti equation in a more general form should include a lower order
term awv.

Galilean Invariance of KdV
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Suppose u solves KdV in the form wu; + uge, — 6uu, = 0. Form the change of
variables

t =t
= z+at
u(@t) = wu(z,t)—pB.
Select a, 3 such that dyu’ + 93,4’ — 6u’'dpu’ = 0. A calculation shows that
a+66=0

yields a certain cancellation. This identifies a one parameter family of solutions of
kdV obtained from any one solution.

The same calculation shows that kdV5 does not possess this family of solutions.
These observations motivated Gardener to generalize Miura’s transformation.
Exercise: Let w solve w; + Wz — 6(w + ew?)(Gardener equation)w, = 0. Form
u = w+ ew, + e2w?. (The expression for u in terms of w is called Gardener’s

Transformation; it is a Ricatti-type ODE in w.) Show

Oyu + 8§’u — 6ud,u = 0.

The Ricatti substitution leads to Schrodinger eigenvalue problem

ewx—l—esz—l—w:O.‘

Let wzeﬁ
(0
2
(0 ()
52@—62ﬁ+62%+%:u

(4 P2 Y2
627/};1% + )z = tu.
1 1
Multiply by e9. Consider (€9%) . = €9, + 299", + €9(g") 1) + e9g"1p.
1 1
(60)az — 2e75/hs — €9(g b — €9 + ey = eTyu

choose g s.t.

, 1
1 1
r_ _ ~d' =0
g 2¢2’ 2¢2 g

This is a Schrodinger eigenvalue problem.
Let us reexpress the w-equation in conservative form

we + (*311)2 — 26271}3 + wmm)x = 0.
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Now w is linked to w though the (generalized) diuna transformation

U =W+ €Wy +62w3.

Suppose that w could be solved in the form

o0
w = Z eij Ansatz
§=0
where 8; is a polynomial in v and its derivatives.

Exercise: Formally solve for w in terms of w in our asymptotic series to find
P07 Pla PQ'

Then
Oyw + py(stuff) = 0 = Z €0, Pj + O, (stuff) = 0.
7=0
Now integration in x yields (assuming decay to kill 9, (stuff))

o [ r =0

Using independence implied by arbitrariness of €. So there exists infinitely many
conserved quantities of KdV. (We saw this via Leonard earlier.)

6.5. Lenard Operator. An algorithmic approach to generating the collection of
equations described above, due to Lenard, is presented in the book of Das [8]. This
approach exploits a “bi-hamiltonian” formulation of the KdV equation.

Let Ag =1 and define A;, j =1,2,... recursively by writing

1
Now set
(6.11) —u; = (D3 + %(Du +uD))A,

to observe the n-th equation in the KdV hierarchy. One can verify that the n =0
case identifies the PDE characterizing translation of the potential. The n = 1 case
gives the KdV equation.

Exercise 14. Ezxplicitly write out a few more equations in the KdV hierarchy.

6.6. Lax Pair for KdV.. Consider a potential u(x, ) (where « € R is a param-
eter) for Schrodinger’s equation

2

(6.12) %y + A —u(z,a)]y =0,

with decaying boundary conditions as |x| — oo. For a fixed function of x, u(x), re-
placement of the potential u(z) by a translate u(z+«) will not affect the eigenvalues
Aj. Note that functions u(x + «) satisfy the PDE v, — u, = 0.

We will see shortly that if u satisfies the nonlinear PDE u, + uuy; + tgzr = 0,
the \; is also time independent. In fact, we will see that this equation, known as the
KdV equation, is one element of a set of infinitely many nonlinear equations whose
solutions are one-parameter families of potentials for (6.12) with A; independent of
the parameter.
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Express the Sturm-Liouville problem (6.12) as
d
(6.13) Ly=\y, L=D?—u(z,t), D= o
x
Taking the time derivative of both sides of this equation and rearranging reveals

(6.14) Ly — wy = Ay + Ayy.

We now impose a time dependence on y which is quite general. Our goal will to
make clever choices about this time dependence to force A\; = 0. Suppose that

where B is a linear differential operator which depends upon w and the higher
spatial derivatives of u. Using this in (6.14) gives

LBy — ABy — wy = Ay
(6.16) (—ut + [LB — BL))y = My,

where we used the linearity of B in the second step. Note that we have a wide
freedom in the choice of B. We can restrict B to certain classes of operators at our
convenience.

Example 6.1. Let By = aD where a is initially allowed to be any function of u
and higher spatial derivatives of u. From the definition of L, we have

[L, Bl]y = [LBl — BlL}y
= (D2 —u)(ayy) — aD(DQy —uy)
= 2a.Y,T + a Ty, + auzy.

If 2a, = 0,a,x = 0, (so that a = const ) then [L, B1]ly = au,y and the PDE on u
18

(6.17) (ur — aug)y = —A\y.

So, if we require u to satisfy uy — au, = 0, then Ay = 0. We observed this before
Just after (6.12).

Next, we consider a more complicated form of the operator B.

Example 6.2. Let Bz = aD3 + fD + g. Here, we will take a to be constant and
allow f,g to depend upon u and its higher spatial derivatives. Simple calculations
show

(6.18) [L, B3] = (2fr +3auy) D*y+ (fox + 294 +3at,x) Dy + (gu® + ayze + fuz)y.

Again, we obtain a PDE for u provided the coefficients of D?y and Dy vanish. This
can be forced by choosing

3
f = —5au +a
3
g = _Zauz + c2
where c1,co are arbitrary integration constants. For such a choice of f,g we get
1
[L7 BS}y = [la(ufmm - 6U”U,m) + Cluz]y

which gives the evolution equation for u through (6.16), —u;+ %a(uwm —6uu,) = 0.
We can choose a = —4 to obtain a simpler expression.
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We have seen that taking perhaps the simplest choice of the operator B (in
selecting B7) above that we were led to a simple PDE for w, namely u; —u, = 0, to
guarantee time independence of the eigenvalues. With the slightly more complicated
choice B3 we were led to the nonlinear evolution u; + 6uuy, + Uz, = 0 which leaves
the A; time invariant. This approach can be continued by making higher order
choices of B, selecting certain functions to cause higher order derivative terms in y
to vanish, leading to an infinite family of equations. The solutions of these equations
all have the property that the eigenvalues of the problem (6.12), with the evolving
solution u the potential, have time-independent eigenvalues.

The preceding discussion is originally due to Lax [21] and was taken from [20].

6.7. Direct Scattering (long topic). sech ? potentials are reflectionless. identify
decay hypotheses on the potential. (Deift-Trubowitz?) [20]

6.8. Inverse Scattering (long topic). [20]

explain the G-L-M equation. comment on potential recovery from scattering
data in higher dimensions.

Scattering and Inverse Scattering

The goal of this lecture is to “explain” the Gelfand—Lewiston—-Marchenko equa-
tion. We will fail. In particular, we wish to see that with appropriate “scattering
data” one can reconstruct the potential giving rise to such data.

Consider the operator £ = —9? + q acting on z € R. ¢ smooth decaying as
|z| — oo. For ¢ = 0, the solutions of

~0%f=Kf, keR
ke e=ikT For q # 0, the decay assumption = solutions of

Lf=Fkf keR

are superpositions of e

should be nearly superpositions of e?**, e~ for |z| large. Any three solutions of
Lf = k?f must be linearly dependent. Let’s choose a convenient basis of solutions.

The Jost Functions are characterized by

fo(z k) ~ €% asz — +oo
C-valued.

fo(x,k) ~ e asz— —oc0

Clearly,

[+ (k) = fr(=k), (k) = f-(=F).

By linear dependence

{ f-(k) = ap(k)fi(k) + by (k) f1 (k)
fr(k) = a_(k)f-(k) )-

Recall the Wronskiga bilinear form

w(f, g) = det ( L ) — fg = I'g. w(f,g) = —wl(g, ). antisymmetric.

Claim. If f, g are solutions of Lf = k?f, w(f, g) is independent of x.
Proof. %w(f, g) =0.
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We can use this fact and asymptotics implied by decay of g to infer properties
linking a4 (k), by (k).

B(fy(k), fo (k) = —2ik LB = ay (k)
o(f-(k), f- (k) = 2ik BUZGRLEE)  — p (),

=
(f-(k), f+(k) = @(f-(k),a—(k)f- (k) +b-(k)f-(k) — 0)
a_(k)(2ik)
w(f-(k), f+(k) = @(ar(k)f(k) = 0+ by (k) fr(k), f4(k)) = by (K)(2ik)
= |a_(k)=ay(k)|— a(k)

Exercise. Show
1= Ja_[2 — Jb_[? and 1 = [ay |2 — [b, |2

Show Ri(—k) = R4 (k) and R_(—k) = R_(k).

Let’s divide the connecting relation by a(k). Can we divide by a(k)? We'll see
more on this later.

where

%7 R (reflection coefficient)(k) = b+ (f)
a

In light of the asymptotic behavior of fi near x = £o0o0, we can view the first of
these equations as a harmonic wave Cauchy from z = 400, being partly transmitted
and partly reflected by ¢, the potential.

Dividing the exercise by |a(k)|> = |T'(k)|? + |R+(k)|? = 1.

T(k)(transmission coefficient) (k) =

For k large, gf is small compared to k2f so most of the signal coming in from
400 will be transmitted =

lim Ra(k) =0, lim T(k) = 1.

k—o0
Asymptotic behavior for k large
Ansatz: fi(z,k) = eFotp@h) ~ eikr(] 4 ) o ethT (1 + 2+ ) We
expect p — 0 as k — oo. Since f, satisfies £Lf, = k?f,, we can calculate to find
P+ 2ikp" + (') = q.
Based on our large k expectations, take

pP1 | P2 .
p:?+ﬁ+...(—>0abk‘—>oo).

py = = | at order k°.

at order k!.
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So, the large asymptotic behavior as k — oo is determined by the potential (not
surprising). We will use this in the other direction in a while. ..

fr(kk) = e* (148 +...)
I 4
P = 3
Complex Values of &
The Jost solutions
fi(@) = ™ asx — oo
fo(x) = e *asar — —oc0

make sense and we bounded for k € C, Im k£ > 0.

Lemma 6.1. For all z,
e f (v,k)—1 € HY
e f (k) -1 € H2.

Definition. g € H? if g is analytic on UHP = {k : Im k > 0} and

/ (9(k))* < ca < oo for all ¢; > 0.
Im k=cq

Since W = a(k), we know a(k) is analytic in UH P. The zeros of a(k)
in UH P are important. Suppose a(n) = 0. Then w(fy(n), f—(n)) =0 = df+(n) =
f-(n). When Im n > 0, this shows fi(z,n) decays exponentially as © — +o0
and f_(x,n) decays exponentially as * — —oo = fi(n) is square integrable and
is therefore a proper eigenfunction of L. Since L is self-adjoint, its eigenvalues are
real = the zeros of a(k) lie on the imaginary axis n = in.

Next, we calculate the derivative of a(k) at n (4 = fka)

alin) = — 5 alf-, £) + o/ f)
Using df(n) = f(n) —

ain) = 5 {d~0(F, f) + di(Fy, fo)).

The functions f1 satisfy
—fra+af =K f < f

=
—foz +qf = K*f 4+ 2kf x f subtract
(ffa: - ff:v)w = 2k‘f2
(@(f, f))x
=

wlfe o)) = =2k [ frdo, w(f )@ =2k [ o
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Set & = in and substitute into @ equation. Use linear dependence relation to
eliminate

f-=1a(in) = —id/OO f}(z,in)dx | = zeros are simple.
Let
Bla.y) = / ey (fo (2, k) — &) d.
skew symmetric in k. (fy (k) = fi(—k))
= B is Real.
Facts:

e fi analyticin kin UHP.
o fi(z,k)e " —1¢€ H?

Inverting,

) = (Paler Wienar) = B(z,y) is supported on [z, 00) and B is nice.

fe(z, k) = e““”—i—/ B(z,y)e*¥dy IBP

ikx

i i
o +%/By($,y)e kY dy

= ¢ _ B(x, )

But recalling the asymptotics as k — oo,
) ikx
e™ — B(z,x)

7 ) ) e
ik +%/By(fw/)e“cydy=6””+7;01+---

iB(z,x) = P1(z) so|q(z) = fQEB(x,m)

6.9. KdV Phenomenology via IST.

e Solitary Wave Resolution [28]
e Almost Periodicity of KdV Flow on T

7. Integrable Structure

7.1. Lax Pair and other integrable models. insert a summary of what ap-
peared above. abstraction allowed to see NLS as completely integrable.

7.2. Ablowitz-Kaup-Newell-Segur System.
7.3. NLS phenomenology via IST.
7.4. Other integrable models. KPI, KPII, Davey-Stewartson, sine-Gordon, 7?7

We have seen that the eigenvalues of the eigenvalue problem

o2 (1

with time-dependent potential u(z,t) satisfying the kdV equation

are time invariant: o\ = 0!
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e A direct calculation (solve eigenvalue problem for u, apply kdV — (9; )%+
0:( ) =0= )\ =0) revealed this.

e Miura transform suggested a relationship between kdV and Schrédinger
eigenvalue problem.

Peter Lax discovered a deeper explanation of A\; = 0 which led Zakhorov and
Shobat and later Ablowitz, Kemp, Newel and Segure to discover the “kdV miracles”
exist in other nonlinear PDE.

Suppose we have a linear Hamiltonian evolution problem

{ L?BQ)S i qu ¢ — 1p(t) = e t¢ .= (know form of unitary operator here) (t)¢

We would like to construct operators whose eigenvalues are time invariant.

A(0) — A()? s.t. if A(0)p = A then A(t)y(t) = Mp(t).

AU UE)P) = Alo)p = Ao Al) = e
(t) = U(t)A(o)U(1)-
u) ut o= A(t) unitarily equivalent to A(o).
UBAQU(L))p(e) = Mp(t)
Rewriting,
UR)AU(E) = A(o)
Take 875

U AU +UAU +UAU, = 0.
Ul) = et = i, = —iHU = (H is time independent) — ild H

ou

- _ i H

ot (ziH) U
antihermitian

U, =iHU = iUH.
UGHA+ Ay —iAH)U =0
(A —i[A,H]) =0

% =i[A(t), H]. Heissenberg Picture

We mimic the preceding in the case where we have a nonlinear Hamiltonian
evolution.
Let
L(u(z,t)) = L(t)
denote a linear operator we hope to find. We assume it is Hermitian and its eigen-
values are time independent. For this to be true, there must exist(?) a unitary
operator U(t) such that

Differentiate 77 ¢

ou -0L - ou
L e L% —o.
* 5 Uu+u i u+u ot 0
We do not know the form of U(t), but since U is unitary
UBDUE) =1= aﬂu+ M 0& U() = B(t)U(t) with B(t) antihermitian. Why?

ot ot ot
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Substituting this into * gives

OL(t

# % = [B(t), L(t)] (operator equation)
as a condition for L(t) to be isospectral.

Given L(0), self-adjoint. We wish to flow L(o) into L(t) in such a way that the
eigenvalues of L(o)

L(o)v = Mv

are t-independent. “Isospectral deformation”. -

A unitary operator U satisfies UU = I. (More precisely, Range(U) = H and U is
isometric

(Uv,Uw) = (v,w) for all v,w € H.

Fact: L = U~'LU has the same spectrum as L. Form w = U ~'v where v is an
eigenfunction with eigenvalue \.
Lw = UT'LUU ) =U Lo =U" v = \U )
= dw.

One must also show that A ¢ (L) — X\ ¢ o(L) and this may be done.

So conjugation by unitary operators is a way to generate an isospectral operator
L from a given operator L. To make a flow, we need a device to make a flow of
unitary operators.

Let B be an antiselfadjoint operator (u, Bv) = —(Bu,v).

/um = —/(iu)v
/u@xv = —/(@cu)x.

Form the family of unitary operators U(t) by solving
{ U = BU

Examples:

U — I B = B(t).

Verify that such a U(t) will consist of unitary operators. Now, look at

UL LOUE) = U L(OU(t) = L(o).
Take a t-derivative
U LU+ULU+ULU; = 0.
H BU
~-UB
U(L, + [L, B)U = 0.
Isospectral deformation conditions:
Ly =[B(t), L(t)].
“Lax Pair”

Assume L is linear in u(z,t). Then the left side of # is a multiplication operator.
Consequently, the right side must be as well.

Therefore, if we can find a linear operator L(t) and a second operator B(t), which
is not necessarily linear, such that the commutator [B(t), L(t)] is a multiplication
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operator and is proportional to the evolution of u(z,t) according to the nonlinear
equation, then the eigenvalues of L(t) would be time invariant.

Specialization to kdV

Set L(t) = 02 + tu(x,t) = agit) = %%. B(t) must be antihermitian so must
be odd in the number of derivatives. Choose simplest form

B(t) = ady.

adu

[B(t), L(t)] = 692
Then 5 5 p
L 10u aou
B L e et
ot P U= 5% T o
ou ou

ot “ox

Next natural choice

Bs = a303+ay(Du+uD)

a3 _ 3 @
[Bs, L] ( 5 a1> (Oou) + 3 udgu

+ (% - 4a1> ((D2u)0y + (0,u)02)
-z 7

make zero

87L ou
ot
The Lax Pair for kdV is
L(t) = &2+ 3iu
B(t) = 403+ 3(9,u+ udy).

I

=

&
I
|

= O3u + udyu. kdV.

Summary of Lax method

Suppose L(t)p(t) = —Mp(t) and 2H8 = [B(t), L(t)], where 2810 = B(t)y(t).

Then %;‘ = 0.
Check this: Take true derivation of eigenvalue problem
%w + LBy +ABy = —%
%1/1 +[LB-BLjy = —%

+B)(L(t) + M)y

oL O
<at+[L,B])¢ = -



58 J. E. COLLIANDER

Assume
L)y (t) = —A(t)
and
(1)
———= = B(t)y(t
o = By,
with oA
ot =
This requires that L and B satisfy the compatibility condition
OL(t)
—= = [B(t), L(t)].
o =B, L(1)]
0 1
Let ¢ = (3,) "+_<0 0)
. ., » 0 0
Generalize “L(t)y(t) = —M\(t)” by writing o_ = ( 1 0 )
) 1 0
(03 —qoy +ro_) ¢ =—iCo 03:( 0 —1 )
o3 =1
Generalize “87’(2?) = B(t)y(t)” by writing Note: oiro3 = :1F(T:t = —030+
orox = 5(I£o03).
0
a—(f = (Poy + Qo_ + Ros)o.
Take %.

Here g = g(x,t), r = r(x,t) are the dynamical variables, independent of spectral
77?7 (. The coefficient functions P, @), R do depend on ¢ and are functionals of

q(z,t), r(x,t).

Compatibility
0 .
it = (104 —r0-—iC9)
=
g(ﬁ = (qoy +ro_ —iCo3)d
a” T 7 B s
Take %.
A tedious calculation writes
g 0
&% (A10'++A20', +A30’3+A4I)¢
gﬁ (B + B + Bsos + Byl)o
D7 Ot 104 20— 303 4
Ay B4 comes out in the wash.
Compatibility requires
AQ BQ — Tt :Qx—2TR—2Z'CQ

As

Bs — R, = qQ — sP.
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We can write the compatibility condition:

L = % — A(z,3) = % —qoy —ro_ +1iCo3
B = PO’++Q0'_+RO'3.
Compatibility requires
oL
— =B, L]
at [ I ]
Example: Choose r = 6. The r; equation gives
1 i¢
R - ﬁQm - g
The R, equation gives
1 1 i¢
P=-8Q—— TT SR
6 @ 72Q + 36Q

Using these in the ¢; equation becomes

— L+ H0u+ r0 - S

If we choose to write ¢ = —=zu(x,t), this becomes

1
36

2 3
which encodes the kdV hierarchy with appropriate choices of Q.

Uy = 1 (D3 + 1(Du + uD)) Q +2¢*DQ

Example: Choose q(z,t) = /K, 7(x,t) = \/k, k € R. Since q = 7, consistency
of the g, ; equations requires that

Q = (sgn k) P.
If we choose
R = 2i(? + ik,
we obtain that
Q = ivkipy — 2(\/k1 (using R, eq. and Q = (sgn k)P).

What do the r¢, g; equations give? r; equation —

Ve = ik = 2Vke = 2(Vm)(26 + irnp) — 2iC(iv/kibe — 20VkY)

Ve = iR = 2iY 2 Y.

[t + aa — 2V = 0

Exercise: Let r(z,t) = —q(x,t) = 3wa(,1). Let P = Q = jzsinw. Verify, using
qt,7t, Ry equations that

1
R__i
1 COosw

and
Wgt = sinw (sine-gordon equation).

Note:



60 J. E. COLLIANDER

1
T = = — x
q ) w
Q = —-P= 4% sinh w
=R = 4% cosh w
wey = sinhw (sinh-gordon equation).

Various nonlinear PDE can be formulated as compatibility conditions between

e a time dependent problem

. . . = time invariance of eigenvalues.
e a time dependence of the eigenfunctions &

This perspective unifies various integrable equations as isospectral flows.

8. Wellposedness

Remark 8.1. Physical considerations motivate our interest in a wider class on non-
linear wave equations than those to which IST applies. To what extent is the
phenomena we observe via IST in integrable cases an expression of the underly-
ing integrability vs. the general behavior of nonlinear wave equations? To begin
to answer this, we first need to construct the solutions somehow using a different
technique than IST.

8.1. Local Wellposedness. ODEs, typical properties of proofs, initial value prob-
lem, initial-boundary value problem periodic initial value problem. Scaling heuris-
tic, sharp LWP problem

The integrable cases have “formulae” giving the solution of an initial value prob-
lem in terms of the initial data. This appears to be more than can be hoped for in
the nonintegrable case. We will be interested in wellposedness properties of

5 () —
u(z,0) = ¢(x)

. p—1 —
NLG, {”@“*‘A“i|m u="0 w:REx [0,7] —C .

u(z,0) = ¢(z)

ODE wellposedness. The initial value problem for an ODE is

g=r(ty) y(t) = vo (%)
Basic issues: Does the solution exist? If so, for how long? Is it unique? Does
it depend continuously on the initial data yo?
Examples.

. — 2 1
=y has solution y(t) =
y(0)=a

This shows solutions can exist and not be global in time.

. 1
y=ys .
has solution y(0)=0.
{M@—O
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But y(t) = at®/? is also a solution. This shows solutions are not necessarily unique.

Theorem. If f(t,y) is continuous and satisfies a Lipschitz condition for y in
a domain D, then for (tg,yo) € D, there exists a unique exact solution at (x) for
|t — to| < h, with h > 0 appropriately small.

Exercise. Write out a proof of this theorem using the Picard Contraction
Mapping Theorem. References: Arnold ODE, Hurewicz, Coddington-Levinson.
Recall that a Lipschitz function satisfies

|f(tyn) — f(ty2)| < Mlyr — yol.
Idea. ,
vy =w+ [ )
Build a sequence of approximate solutions {y; },
Yo(t) = wo
Yi+1(t) = wo+ /Ot f(ry;(t)dr .

Show y; is Cauchy,

IMH—wH__HAfhwﬁWh—AfhwamwT
Tsup I (7,5(0)) = £ 7. 35-2(7)

IM oy =yl -
make small

IAN - IA

IN

Definition. The initial value problem (KdVp) is wellposed on the time interval
[0,T] for data in H if there exists a uniquely defined continuous map

Ho¢p—uelX

with X C C([0,T]; H) and u “solves” KdVp. If T < oo, the problem is locally
wellposed (LWP). If T may be taken arbitrarily large, the problem is said to be
globally wellposed (GWP). A similar definition applies to (NLSp).

Remarks.

(1) Rough spaces H require a careful notion of “solves”.

(2) Two notions of continuity in definition.

(3) Typical proofs of LWP have T ~ ||¢||;%, « > 0. In particular, big data
has a short lifetime.

(4) GWP in H follows from LWP if ||u(t)|| g is bounded. How can we prove a
globalizing estimate ||u(t)||z < ¢(¢) Vt? Often this is done by exploiting
the available conserved quantities. Available conserved quantities usually
involve L? or H! norms and therefore we encounter difficult issues in LWP
proof since such fractions are so rough.

(5) There are various strengthenings or relaxations of the definition. For ex-
ample ¢ — w mapping H — X may be better than continuous. Perhaps
u(t) is better than the function space H, etc.
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(6) There are other natural problems to consider other than the initial value
problem (KdVP) or the line above. For example, the periodic initial value
problem and various initial boundary value problems may naturally occur
in applications or due to curiosity.

8.2. Energy/compactness method. Construction of approximate solutions
Bounds = compactness
extract subsequence, Gronwall implies uniqueness

Energy method
The general theory of parabolic PDE shows (find ref: Temam?, Bona-Smith?)

{&ui + O3u + 0, (p—iluep*l) = —edtus
u(z,0) = ¢(x)
has solutions. There is nothing terribly special about the 4th order parabolic term.

In fact, we could proceed with a standard second order regularization or boost the
power even higher. Moreover

at/(ue)de = —6/(8§u)2dx <0
R R

= {uc} is uniformly bounded in L?. A similar calculation shows {u¢} is uniformly
bounded in H!. Therefore, {u¢} is compact in L? and has a convergence subse-
quence {uf } but {u¢} may not be uniquely defined.

This procedure of using compactness gives a rather quick and cheap proof of
existence of solutions obtained as limits of a natural sequence of approximations.
This leave uniqueness as an unresolved issue.

Uniqueness (via Gronwall inequality). Let u, @ be two solutiosn of KdV. Form
w = u — u. Then w satisfies

Opw + 3w

Uty — Ully
= —WWg + Wiy — Wy .

Multiply by w and integrate,

6t/w2dz+/w8§wdx: —/wax dx—!—/wQﬂw—ﬂwwx dx.
R R R R

Integration by parts then reveals that
O / w?dr = / w (il + 1y) dz
R R
< C / w? .
R
(provided we assume enough regularity).

Gronwall inequality. If F' < c¢F, FF > 0 and F(0) = 0 then F = 0. Prove
this as an exercise.

Therefore if ¢ — u and ¢ — @ then w(0) = 0 = [w?(0)dz = 0, so, provided
|ltig||Lee < C, we know that w = 0 = u = & which proves uniqueness.

Intuition behind the selection of the spaces involved in fized point approach.
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Initial data space. What space(s) are scaling invariant? Not all problems have
a scaling structure.
o 5, = % — 2: heuristic for ill posedness of s < Sp.
e Sharp LWP problem. Find largest space H in which KdV p is LWP. Restrict to
a class of spaces H, e.g. H® s € R. ~» extra information due to Sharpnesss, dy-
namical insights. mathematically natural problem. counterexamples to multilinear

estimates are related to weak turbulence wave resonances.

What spaces enjoy a globalizing estimate?
e Interpolation argument for energy conservation = globalizing estimate
e This question distinguishes problems with likely GWP from those with possible
blow-up.

What spaces have the algebra property?
e Stabilize the mapping properties for the nonlinearity.

u»—>uP

u — Oyul, ete.

for all fixed t¢.
e Perhaps we can succeed at lower regularity by taking advantage of space-time
norms?

Space-time Space

8.3. Modular estimates for fixed point argument. Duhamel’s principle
Homogeneous problem estimates
Inhomogeneous problem estimates
Nonlinear bridge estimate
Contraction estimate
Example: KdV, following [13] smoothing effect & flow property ~» maximal
function
Modular decomposition and associated estimates
Homogeneous problem

(8.1)

w(0) = ¢

w) = [ D
|lw|lx < ||¢|lg homogeneous estimate

Inhomogeneous problem

3,
(8.2) {8”] t O =h

w(0) =0

o(z, 1) = /Ot S(t— ), V)t

vl x < ||h|lp inhomogeneous estimate



64 J. E. COLLIANDER

Nonlinear problem
O+ 2u+ N(u,0,) =0 < u(t) (t)o — /St—t (u, 0z)(t")dt

where the part after the < is an integral equation and v(0) = ¢.
Fixed point estimate requires Nonlinear bridge estimate:

IN (1, 8|5 < N(|lullx)-

Contraction mapping approach to LWP. The initial value problem KdVp
is equivalent to the integral equation (Duhamel’s formula)

= S(t)p — /OtS(t —7) <6.r {pi 1up+1] (T)) dr .

We wish to find a function u : R x [0, 7] — R which satisfies this integral equation.
This equivalence lets us define our notion of solution as one which satisfies the
integral equation.

Denote the right-hand side by ®4[u]. We will have found a solution if we find a
fixed-point of ®4: Pylu] = 0.

One way to find that a fixed point exists is to show the mapping is a contraction
on a Banach space. That is, we’d like to show

[®olu] — Pylv]llf, < Ollu—vly, . 0<0<1.

Then, the Picard fixed-point theorem = 3lu € L such that ®4u] = u

A necessary condition for ®, to be a contraction on L is that it map bounded
subsets of L into bounded subsets of L. Let’s first try to find an approach to verify
this simpler property.

Let ¢ € H. Let u € L. Form

t)o — / S(t—1) <5‘t up+1( ))dT.
Prove |®4[u]l], < oo.

This probably requires us to show that ||S(t)¢||r < ¢||¢||g (linear homogeneous
estimate).

t 1
I [ st =n) (0wt )arly, < lull”

(nonlinear estimate). (LP, H® as L look hopeless.)
The nonlinear estimate can be attacked in two stages: dyu+02u = f and u(0) =0
has solution w(t fo (t = ) f(7)dT. Suppose we prove

||/ St —7)f(drly, < 1fls

(linear inhomogeneous estimate). Then we’d like to show there is a nonlinear bridge
estimate

+1
10z w5 < cllullf,

(nonlinear estimate).
Strategy: Prove all the linear estimates we can. Pray these estimates “match
up” to build a bridge (Kenig-Ponce-Vega).
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How should we choose L and B? We want LWP in H! and then we plan to
iterate to get GWP. We want

ue CO(0,T]; Hy) C L>([0,T); H,)  “flow property”

Cauchy-Schwarz

al./o S(t — 7) (0,0 (7)dr

L2 || 7
= [ Lgs

([ var) (f sse-motuimyrar)

We have chosen to concentrate on the term with all derivatives landing on one

function since it is probably the worst.
T 3
= (/ /|u8§u|2dxd7>
L 0

¢ 3
H (// |u(’9§u|2d7'dm>
0

= flow through H' ~ B = || || rzm1- In particular, the flow property naturally

2|,

leads us to the space L2 H! as a candidate for the norm on the inhomogeneity.
We have to swallow one extra derivative. Recall the Kato smoothing estimate:

10:0:S(t) Pl erz < 102022

T 3 T 3
(/ /|u3§u|2dxd7> (// |u|? |8§u|2d7'dx>
0 xJ0
T
( [l | |a§u|2dfdx>
T 0

1

2
020l [ Nl

= Hag%UHLgoLf ||U||L3,L§°e[o,T]

1
2

IN

IN

The flow property and the Kato smoothing estimate have led us to another norm,
the maximal function norm, and together these norms define a space in which we
may possibly be able to prove a contraction estimate.

Summarizing, suppose y : R x [0,7] — R satisfying

1WllLgemy + 1yllLzge + 1 Da0ayllpeerz < c

Then yd,y € L% H).
We need to verify that the maximal function estimate [|S(t)¢||12r < er||d|l
is valid to continue with this approach. This can be done. do it!

(/m sup |S(t)¢($)|2d$> <" crl|l|m;

—oo te[-T,T]
One can show in fact a stronger estimate

oo

sup  sup  |S(t)p(2)* | < erll]lus

S Te ST j<e<jtl
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provided s > %. Combining all this stuff gives

Theorem (Kenig-Ponce-Vega, 1991). KdV,, is LWP in H*, s > %. And, there
are refinements of s based on p. In particular

_ 3
p=1 s>73%
_ 1
p=2 s=>3
_ 1
p=3 $2Z 15
p=4 s>0

p>4 s>, (the scaling exponent)
Consider the initial value problem

Ou+ O3u+ udyu =0
u(0) =t € H*(R)

S ut) =S(t)p— fot S(t —7)(udpu(r))dr (:= ®ylu], seek fixed point in some space
X) where S(t)p(z) = [ e @EHENG(£)de.

For ®, to be a contraction it must be bounded. Therefore we’ll need the space
L to satisfy

Ou+ 2u =0

S(t)e < c||o|| g linear homogeneous
IS@sly, < el {u(0)2¢

t
I st - nwosuryarly, < clulf

0
We break the second estimate into two pieces

ou+dBu=f

t
I / Sit—7)(f(r)drlly, < clfls linear inhomogeneous
0 u(0) =¢
|uOzull ;< ||u||i nonlinear bridge estimate

Last time we discussed the Kenig-Ponce-Vega approach to selecting L, B. We want
u € C([0,T); H5(R,)) C L*([0,T); H*(R,)) so we verified

1S dllsens < clollus

t
|| / St =1 f(drlems < Tlflm
0

IN

Our attention focussed on the bridge
13 (udp)l| 312 < Dy ul g 12 +other <M u]| 2 poc | D3 | e 12 +0ther

This identifies L. = L2L3° N LPL2(DS) N L H:N (other).
To close the circle for iteration requires proving the linear homogeneous esti-
mates/properties

50 g2 e < 6l ~ KAV IWP i HO(R), § > 3
L L7(D3)
L HS
(other)
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Not surprisingly, the proofs of each of these estimates follow from the explicit form
of

S(t)o(x) = / D () e

Remark. A basic part of the strategy of [KPV] is to show the nonlinearity is a
“small” effect compared to the linear part or “small” time intervals. The choice of
the space L is made to allow us to view the nonlinearity as a “small perturbation”
of the linear flow. Note that the basic property of the linear solution is that its
space-time Fourier transform is suported on the set {(£,\) : A = &3},

We’d like to introduce a new space which

e captures the linear homogeneous properties which follow from “lives on
cubic”
o flexibly allows us to treat nonlinearities or perturbations.

These motivations led J.Bourgain to introduce the two-parameter spaces X ; with

o llx... = (// |1+ 16"+ A =€) fa(, NI dg ‘“)

Sobolev estimates = X, ;, C C([0,T]; H*(R)) provided b > . We will take L = X 3;
b= %—i—. We need to verify

(8.3) 15(®)¢llx

X, < cllolag

sb—

(8.4) I /0 S(t — 7)(udyu(r))dr|| x

SWot) = [ eae) = [[ N5 g i

= (SHOTEN = HE)dpesy(N)
2
( (1+1€)* (14 A = €))P $(&)eesy (V) dgdA)

= ([ 10+ raora)

1S®ellx., < clella;  so(1)
To check (2), let’s split it up as before by first considering

|| / S(t — 1) f(z,7)dr]

x., < dlflls

and then
[udzullp <
What is B?
Informally, fo —7) f(x, 7)dr is the solution of (0;+93)v = f. v = (9+03)7Lf
?
Taking Fourier transforms
A= KoK, X)) = fKN
o 1 ~
= fEA) = m—mm fIA)
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so |lvllx,, <Ifllx,,_,.- More formally,

t
/ St —7)f(x,7)dr = / ( / / e“““ﬂeiKS(t—ﬂf(K,A)deA) dr
0 0
t
_ //ei(K;c+K3t)/ G- g
0
N————

ci(A=K3)t_q
i(A—K3)

_ i(Ko+at) _J\DHA) f(K A) // W(Kz+K3t) (K A)
//e ()\ e dK d\ + i KS)de)\

Matters are now focussed on proving the nonlinear bridge estimate.

[udzul

Xopr <ullk,,, b=+, whichS?

Bourgain proved this estimate holds for s > 0 = LWP of KdV in L?(R). Kenig-
Ponce-Vega proved this estimate holds for s > —2 = LWP in H*(R), but fails for
s< =32

Remark. In Chapter 3 of the typed lecture notes, there is a small section called
“Fourier mode perspective on nonlinear dispersive waves”. The definitionn of the
space X5 and th eproof of the bilinear estimate

”aIUUHXs b—1 = CH’U,HXS b ||U||Xs b

rigorizes some of that discussion.

8.4. Dispersive Estimates. Fourier Restriction Phenomena
Stein-Tomas Theorem
Strichartz Estimates
Smoothing Effect
Oscilliatory integrals and estimates
Periodic Strichartz estimates and conjectures
Exponential sums
Bourgain’s relaxed Strichartz estimates
f) = Jgae ™ f(z)dz Fourier transform

F:L'v— L> F(L'Y)+— CynL>®
HY : F:LP— LY F(LP)? LV
F:L?2—[? .7-"([,2):[,2
F(LY) distinguishes itself from L by pointwise restriction property:
Vog € R L' > fs F(f)|s € R is bounded

L* > g gl is not even defined

Q: Does F(LP) distinguish itself from L*" through its restrictability to certain
measure zero sets?

Given S C R%, [S] = 0, suppose A = {f : § — C | [|f|lacs) < oo} is a class of
functions in S. We say that LP has A-Fourier Restriction property to S if

(%) IFNlslla < Nfllze s ¥V felP.
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Denote by F(S, P, A) the condition ().
F(xo, 1, “C>*") — ok
F(?7,2,7) — fails
Collapse to S = hypersurface C R,
Lebesgue measure on R? induces natural surface measure on S: do.
Various function spaces may be defined using do: L(s;do).
F(S,P, L] (do)):= F(S,P,q) .

loc

Stein observed: LP has L?(do)-Fourier Restriction property for hypersurfaces
with appropriate curvature for certain p > 1.

F(S P,2)

curved’

A “hypersurface” in R! is a point but F(zg,V p > 1,7) fails.

= F(affine C R4V p > 1,7?) fails. This shows “fatness” is the enemy.
Knapp homogeneity argument.

S ={zg=|2'> =23+ 23+ -+ 22 |} parabolaid. Suppose dn is drawn,

fs = xa.
nw(@Qs) ~ gt
plsupp Qs) ~ 0!
(drawing)
1<p<2
~ d+1
[fsllp ~ [ fsllpr ~ 07
5 d=1
[flsllg ~ 07
sl o odh q(d+1)
F da S67Vi>0,e1<p<
(s,p, q) requires < >0, < _p_q(dqtl)—(dfl)

“Higher flatness” Knapp example (drawing:)
qd—1+k)

gd—14k)—(d-1)

In the hypersurface setting and with ¢ = 2,
decay of i implies F'(S, P, Z) for certain 1 < P.

S has nonvanishing Gaussian curvature if det(@qub) #0
where S = {z € R? : 24y = ¢(x1,...,74)}.

Theorem. S has nonvanishing Gaussian curvature. o is natural induced surface
measure in S. dp = ydo, P € C§°.

F(sk,p,q) requires 1 < p <

(d—1)

[l(n) < Cln|™ "=

PROOF. Localization, stationary phase, Mouse Lemma.
Stein-Tomas. S C R? is a hypersurface w.n.vv.g.c.

= F(S,P,2)for 1 <p< 2(:7_:'31),i.e.

1

</ f <f>|2du<§>)2 < Cpall fllcony -
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PROOF. Note based entirely on the decay proeprty, does use hypersurface.
P.Tomas argument:

/IfIQdu = /ffduz/f;dMZ/(f*})Adu:/f*}d,a
= [ [ 7@ wswdyu)ds
[ 1) [ fo- o)ty = [ 17+

LAl I1F il -
reduced to. |f + il < 17l
T) = [pre ™8 f(x)dx for £€S.
Our question is: R : LP(R") — L2 (dp)?
Formal adjoint of R is R*f(x) = [qe™*f(£)du() for x € R?

IA

. Holder
(Rf,Rf)r2(s,ap) = (R°Rf, lr2wny < [[R*Rf || o ey 1 f [ 2o ()
But

R*Rf(z) = / . Se“"“‘”du@)f(y)dy
_ / e = )y = o+ S ()

Let Tf = fi* f(x). Show T : LP — L.

A decomposition of R? (Littlewood-Paley).

By ={reR?||z| <1}
Ag={zeR?|1< |z| <2}
Aj={zeR?| & € Ay}

Tf=jxf= xB1+ZxA )ik f = Kl*f+ZK*f

7=0
K_y=(xp i€ L'NL¥ = K~ % flly < Cllfllze -
(Young’s inequality: ||lg * bl < |lq||Le ||| e 1= % + % -1)

We make two estimates
[Kjxrllee < [[Kjlloo [fl
K * fllre < ||E lne|lf]lL2 — interpolate

A _(d-1) (d 1) .
1Killo = lIxa,itlloc < (2J) =27 using decay
1Ko = 1 * pilli = 2‘d||>on<2f )| e < 290279

S XB,_; (x —y)du(y) — hypersurface measure charges By-; by at most (277)d-1
T =

Ty L' — L T <2792
T — v 1Tl < 9—j4zttanhgj(1-tanh)
Tj: L = L*  ||Tjll22 <2



MATH 279: NONLINEAR WAVE EQUATIONS 71

Pick tanh such that tanh(15%) + (1 — tanh) < tanh = tanh > ﬁ =p< ﬂﬁ_;)

Q: Does F(LP) distinguish itself from ¥ by a restriction property to certain
measure zero sets? M.Christ pointed out to me that the answer is yes.

3 measures ;1 on R¢ such that
suppu C E with |E| =0 (in fact, dimy E < d), p decays.

AHausdorPf dimension property replaces “hypersurface property” in controlling
[ Lo
for bounding || K; * f||z2. Decay property is as before and controls || K| -~ for
bounding
[ E5 % fllzes

— Flexibility in contructing p permits finding a distinction between F(LP) and
g
V1i<p<2

Gerd Mockenhaupt

Stern-Tomas. For a hypersurface S ¢ R? with nonvanishing Gaussian curva-

ture and v € C§°(RY), we have for 1 < p < 22;17:31)

( / FOPHEOAo()} < Collfllumms,
S

The duality inequality reads

|| /S ETEHODNE o)l gy < Dl oy
227:1) < v

For Schrodinger applications, we desire the dual inequality without the cutoff func-
2(d+1)
a—1 -

Rescaling argument. Let ® be supported on the vast ball B;. We know that

tion. We will find that such an inequality is only possible for p =

. ’ 7 12 A ~
(+) 1], @) @ < Olldla@a)
-1

Replace (&) by ¢, = é(%/) Note that suppqg(;) C B,. We change variables to
see if () is invariant w.r.t. o.

. v N2 ~
Q: || fpa_, €@ EHalET G (ENdE || 1o ey < Clloll 2 ga-1y ?
Re-express right-hand side:

~ d—1 ~
lorll L2 (Ra-1) = aLel . =02 ||@llL2ma
T (J16(5) pagy e
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Re-express left-hand side:

H/ei(m &z al€l?) é( ) d€'|| L2 (ra)
y
1

d — dg/

q\m

Mm&

o4 1\\/ o'+ %2014 ) )by | 1

2 =02 24 = o? Tq
dz' = 0% Yy dzg = o%day
o=@ty = dx

_ _((d+1) S0l 712y A
fom )Il/e’(z Y= Gy ) dy' || Lo (ray
We want

1t a1
oo™ L (e <" 07 ||§llL2ma—r) Vlarge o

This requires that

o 7 =o' T for large o
d—1 d+1 ,2(d+1)
2 p =0=1pr= d—1

Proposition (Strichartz Inequality for Paraboloid.)

” @ EHIER) ¢ VAl 244 g pyy S Cllollzcaa -
1w+ Au =0 .
Recall that { w(0)=¢ zcR is solved by

S(t)¢(x) = / G EHIER) 36 g
Rd
SO

150028 gy < Ol

It is also clear that we have the unitarity property of the flow in L?
1S()dllserz < cll@ll2e

Interpolation implies then that (genralized stochastic inequalities)

1S@®)ollLiry < clldllrze Vg, r

satisfying 0 < frac2q = % — % < 1. Exponents g, r satisfying these conditions are
said to be admissible.

Some functional analysis implies inhomogeneous Strichartz estimates. Let
(g1,71) and (gz2,72) each be admissible pairs. Then

t
I [ st =)@, < erlfl i

In particular,

t 2d+4
[ ste=e) el oy < 1A

T, te
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Application. Cubic NLS on R? is LWP in L2.
i0u + Au = |ulu =0
uw(0) = ¢ r € R?

< 0(t) = S() F fy St — ) (|ul?) ()"

RHS := ®4[u]. @, : (bounded subsets of L2

a.ter) — (bold subsets of Lt

x,tEI)'

t
[Polulllzs, < HS(t)¢||Lg,t+||/OS(t*t/)(lulzu)(t')dt’lng‘t
< 1gllez + |l ulv]l /0
xztel
<

3
lellez +llullzs ,

Periodic Strichartz Inequalities
Problem. Let d > 1, let S C Z¢ and ¢ > 2. Find the optimal constant K,(S)
(or at least a good estimate) such that

1Y a(S) € pagray < Kqo(S)[ille2(s) -
seS
Remark. For ¢ = 2 this is valid for all subsets S C Z? by Plancherel. For ¢ > 2,
we are asking for a function on T¢ to satisfy the unlikely estimate ||ul|pq(ra)|| <
l|lull2(ry for ¢ > 2, by the knowledge that supp @ C S C YA

Example. Suppose S = {27 : j € N}. K,(S) is bounded for all ¢ > 2. Recall
the Littlewood-Paley square function Sf(z) = (3_; |ij(x)|2)% where S; f(x) =

e o190 FR)ER. Since [SFlla ~ |fllze and [S; f(@)] = [f(27)], we have
that

2

£l ~ (S IF@DE | V.

The relationship of this problem to the Schrédinger equation is as follows.
Let us consider Schrodinger’s equation posed on T,
W+ Au =0
u0)=¢ =zeT
The solution operator is
S(t)¢(a) = f(e.1) = Y lu)et=0
mezd

The set Sq = {(p, u?) : p € Z4} € Z4+! and we wonder if

?

I fllLaqrasry <5 kg(Sa)lldllz2(ry ?
Notice this is a Strichartz type inequality.

Sometimes no finite k,(Sq) may exist. For such a situation, we may inquire
about a truncated version of the inequality. Define S, = S N {supp xn x Z}
where XN = X{mezd:|m|<n}- Then we ask for || f||pacratr)y < Ky(Sn)||A L2 (r) when
qg = XquAS. In this case we may end up with estimates of the form

£l aerarsy < NP U@l paczay ~ @l o cra)

where N7 is a loss and the final term H”(T¢) becomes derivative. Motivated by a
comparison with the standard Strichartz setting and certain explicit cases:
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Periodic Strichartz Conjecture (paraboloid).

<< N¢ for q=2+4
K, (S d
al d’N){Cq q<2—|—%.
Two methods have led to partial progress on this conjecture:
e ¢ =25 is an even integer, exploit L? properties

Lt . . ”

100 and major-minor arc decomposition
(technical) exponential sums techniques.

e Tomas argument

Suppose that
fast) = D7 e ig(m)

mezd

Suppose é = XN(ZB and ¢ = 25.

1
25
||fHLB(7rd+1) = (/ |fs|2d$>
71.d+1

1 1
= ||f||£B(7rd+1) = Hf(fs)||22(zd+1)

F(f)(m,P) = > ¢(m)...o(m.)

SF over {(my,...,ms),|mi| < N : m:Tg1+'“+mS

p=mi+ - +mi}’
Set ry,, p = #{ } for fixed N.

*

IFEN gy = D1 alma)...a(ms)[?

m,P

5

S Zrm,PZM&(ml) ﬂ(m8)|2
m,P

< (suprm,p)|ullf
P

m,

The problem is therefore reduced to estimating r, p.

Special case. d=1,d+ 1 =2, ¢ =4 = 2.2. Fix and satisfy m, P. Suppose
my,my € Z. How many (my,ms)? m = my +mo, P=m?+m3.
Answer: A bounded number independent of N.

= 8(”- )¢

[fllze@zy < 19l

Hence the application to cubic NLS above also works for periodic case.

iOu+ A0 z e R?
u(0) = ¢
(e, t) = s()o(e) = [

R4

ei(w{-&-t\&‘?)é(g)dg _ // ei(zf-&-rt)qg(g) 5{?7:‘7|2}d??
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s0 (¢, 7) = () Spu—e2y (7).
Strichartz inequality

I // e CEHTIE) (rmpeppy (N)ATE| o) < €] 22
[—1.1].
(wu - 1& a4 = / T - 7—1 5,7’1)(17‘1

Let ¢ be a nice cutoff function to, say,

o (1pu)” looks like 4 only smeared out.

Ny // U+ B )b (7 — €2 )de§||Lp<d) <cl|ol Lz

where 1 ~ x[_1,1] only smooth.

How far can we relax the Fourier-support-near-paraboloid property and retain
the same estimate?

We are motivated to consider this because we want as general as possible a
criterion to recognize LP functions when F.T. properties. In particular, nonlinear
pole have solutions which may not live on the dispersive surface.

Strichartz inequality

i(x-E+Tt) a(§,7’) ?
[ e e el < claliy,

Claim: Strichartz = relaxed Strichartz if b > %
Stack up parabolic level sets.
Wave-to-the-general.

1 // i(w-E+7t)
- e\ T T (¢, T)dE dT
%: (I +1€)° S tau—te21=e+001)}

q;i. tanh(g)
= Z 1 n ‘€| // . ’L (z-&+¢] t)elft-‘rtanht (f |£|2 +€+9) dédtanh

4 =1¢|2+£+0(2)

P

iw2+gl*t | ]
2 Gy 1+|£| /e|<1 ”/e T+ dep(8)de]|p db

14

19, tanh €22

Z 1+|€| bll I6e0(E) L2 Iz

14

a(& €17 + 0+7)

%
(Z ”(bé,tanh HQLng >
)

[N

1
= (; i+ |£|)2h>
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Certainly we also have

i(x-E+Tt) a’(577—)
W T e

So, by interpolation

i(x-£+Tt) a(f,T) de dt <
'// ‘ I — o Y| g = Il

for 0 <3< %t = b and p = p(f) satistying 2 < p(8) < p(d).

< lallzz .

2
Lz,r

Suppose (1 + |7 — |£]2))Pc(é, 7) € LZT. Then the preceding may be rewritten

H / / e TERT (€ N)dE dA

lullxs, = ( Jfavien=a - 1epy™iac e dr>

Fact: |ull re) < ullzo,6-
In particular, for the parabolid {(&, [£|?) : € € R?}, we have

SN ez,

Definition:

1
2

||U||L{?(tﬁ) < ulleos b> 1.
2(d+ 2
p(d) = % i

Cubic NLS on R! LWP in Xop- L% vs L* KdV on R in Xsp,520.
X € R? Strichartz inequality: [|S(t)¢lls, < c[|¢]lLz-
Rewrite it as ‘

I(S®)d1)(St)d2) 172, < clldnllzzlld2llrz -

Bourgain observed that this bilinear estimate may be refined in the following sense:

Bourgain’s Strichartz refinement. Suppose p; C {€ : [{] ~ N;}. Assume No <
Ni. Then

N\ 2
o) sOoml, < (32) lomloalon.l

1 1
102 o, || 2110 * o, | 2 -

2

(gaining regularity)

8.5. Oscilliatory integrals approach to LWP. The initial value problem
for KdV, on the line

Schrodinger with derivative?

KdV on RT? KP?

Remark 8.2. Nonlinear term is treated via Holder with this approach.

Remark 8.3. The use of the smoothing estimate restricts this approach to noncom-
pact domains. But does it really given the likely progress on KdV posed on an
interval?
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8.6. Bourgain’s approach to LWP. [3], [?]
Remarks on Duhamel terms

Relaxed Strichartz estimates

L%, treatment of cubic NLS

X, treatment of cubic NLS on R, T

Xsp treatment of KAV on R, T

Remark 8.4. Method applies to polynomial nonlinearities. More general nonlin-
earites may be approximated by polynomials, [3] ?, [?].

Remark 8.5. Detailed Fourier analysis of nonlinear term goes beyond the Holder
idea in the Oscilliatory integrals approach in special cases where it can be done.

8.7. Multilinear estimates in X ;. Bilinear estimate for KdV [14]
Counterexamples

Bourgain’s refined Strichartz estimate

Bilinear estimates for NLS on R [15]

Bilinear estimates for NLS on R? [6]

Induction on Scales [30]

KPI [7], (7], [7

Multilinear notation

8.8. Applications of multilinear estimates. Wellposedness
Growth of high Sobolev norms
Correction terms and almost conservation laws

8.9. Global wellposedness. Conservation Law
Bourgain’s high/low frequency technique [4]
I-Method [?], [?]

Correction Terms [?]

9. Long-time behavior of solutions

Remark 9.1. The range of possible behaviors of solutions of nonlinear dispersive
equations is vast. Recurrence, dispersive decay, blow-up, turbulence may occur and
merit prediction and quantification.

9.1. Special solutions and their stability. orbital and asymptotic stability re-
sults. Pego-Weinstein, Martel-Merel, Cuccagna, Tsai-Yau, CKSTT

9.2. Scattering.
9.3. Weak turbulence.
9.4. Open questions?

10. Blow-up behavior

10.1. Physical relevance of blow-up analysis.
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10.2. Existence of singular solutions of NLS.

e Glassey’s argument
e Explicit singular solutions via conformal transformation

10.3. NLS blow-up.

e %2 mass concentration
e upper/lower bounds on rate of blow-up?
e stability of blow-up?

10.4. Zakharov system blow-up.

10.5. KdV blow-up.

11. Infinite Dimensional Hamiltonian Systems

. Invariant Measures. [4]

11.2. Symplectic Capacities. [4]
11.3. Kolmogorv-Arnold-Moser Theory. [4]
11.4. Aubry-Mather Theory?

11.5. Arnold Diffusion? Nekorochev Estimates?

(1

(11]
(12]

(13]

[14]

REFERENCES

V. 1. Arnol’d. Mathematical methods of classical mechanics. Springer-Verlag, New York, 1996.
Translated from the 1974 Russian original by K. Vogtmann and A. Weinstein, Corrected
reprint of the second (1989) edition.

Jerry Bona and Jean-Claude Saut. Singularités dispersives de solutions d’équations de type
Korteweg de Vries. C. R. Acad. Sci. Paris Sér. I Math., 303(4):101-103, 1986.

J. Bourgain. Fourier transform restriction phenomena for certain lattice subsets and applica-
tions to nonlinear evolution equations I,LII. Geom. Funct. Anal., 3:107-156, 209-262, 1993.
J. Bourgain. Global solutions of nonlinear Schrodinger equations. American Mathematical
Society, Providence, RI, 1999.

Jean Bourgain. Approximation of solutions of the cubic nonlinear Schrédinger equations
by finite-dimensional equations and nonsqueezing properties. Internat. Math. Res. Notices,
1994(2):79-88, 1994.

J. E. Colliander, J.-M. Delort, C. E. Kenig, and G. Staffilani. Bilinear estimates with appli-
cations to 2d NLS. Trans. Amer. Math. Soc., 2000. (to appear).

J. E. Colliander and R. L. Jerrard. Vortex dynamics for the Ginzburg-Landau-Schrédinger
equation. Internat. Math. Res. Notices, 1998(7):333-358, 1998.

Ashok Das. Integrable models. World Scientific Publishing Co. Inc., Teaneck, NJ, 1989.
Lawrence C. Evans. Partial differential equations. American Mathematical Society, Provi-
dence, RI, 1998.

Clifford S. Gardner, John M. Greene, Martin D. Kruskal, and Robert M. Miura. Korteweg-
deVries equation and generalization. VI. Methods for exact solution. Comm. Pure Appl.
Math., 27:97-133, 1974.

Keith Hannabuss. An introduction to quantum theory. The Clarendon Press Oxford Univer-
sity Press, New York, 1997. Oxford Science Publications.

B. B. Kadomtsev and V. I. Petviashvili. On the Stability of Solitary Waves in Weakly Dis-
persing Media. Soviet Physics-Doklady, 15(6):539-541, 1970.

C. Kenig, G. Ponce, and L. Vega. Well-Posedness and Scattering Results for the Generalized
Korteweg-de Vries Equation via the Contraction Principle. Communications on Pure and
Applied Mathematics, XLVI:527-620, 1993.

C. Kenig, G. Ponce, and L. Vega. A bilinear estimate with applications to the KdV equation.
J. Amer. Math. Soc., 9:573-603, 1996.



[15]
[16]

(17)

(18]
(19]
20]
(21]
(22]
23]
24]
[25]

[26]

27]
(28]
29]
(30]
(31]

32]

MATH 279: NONLINEAR WAVE EQUATIONS 79

C. Kenig, G. Ponce, and L. Vega. Quadratic forms for the 1-D semilinear Schrodinger equa-
tion. Trans. Amer. Math. Soc., 348:3323-3353, 1996.

J. Kevorkian. Partial differential equations. Wadsworth & Brooks/Cole Advanced Books &
Software, Pacific Grove, CA, 1990. Analytical solution techniques.

M. Kruskal. The birth of the soliton. In Nonlinear evolution equations solvable by the spec-
tral transform (Internat. Sympos., Accad. Lincei, Rome, 1977), pages 1-8. Pitman, Boston,
Mass., 1978.

Sergej B. Kuksin. Nearly integrable infinite-dimensional Hamiltonian systems. Springer-
Verlag, Berlin, 1993.

Sergej B. Kuksin. Infinite-dimensional symplectic capacities and a squeezing theorem for
Hamiltonian PDEs. Comm. Math. Phys., 167(3):531-552, 1995.

George L. Lamb, Jr. Elements of soliton theory. John Wiley & Sons Inc., New York, 1980.
Pure and Applied Mathematics, A Wiley-Interscience Publication.

Peter D. Lax. Integrals of nonlinear equations of evolution and solitary waves. Comm. Pure
Appl. Math., 21:467-490, 1968.

J. David Logan. Applied mathematics. John Wiley & Sons Inc., New York, second edition,
1997.

D. McLaughlin. Nonlinear Schrodinger Equations. Lectures at Park City Mathematics Insti-
tute, July 1995.

Robert M. Miura. The Korteweg-de Vries Equation: A Survey of Results. SIAM Review,
18(3):412 — 459, 1976.

Alan C. Newell. Solitons in mathematics and physics. Society for Industrial and Applied
Mathematics (STAM), Philadelphia, Pa., 1985.

S. Novikov, S. V. Manakov, L. P. Pitaevski, and V. E. Zakharov. Theory of solitons. Con-
sultants Bureau [Plenum]|, New York, 1984. The inverse scattering method, Translated from
the Russian.

Lewis H. Ryder. Quantum field theory. Cambridge University Press, Cambridge, second edi-
tion, 1996.

P. C. Schuur. Asymptotic analysis of soliton problems. Springer-Verlag, Berlin, 1986. An
inverse scattering approach.

C. Sulem and P-L. Sulem. The nonlinear Schrodinger equation. Springer-Verlag, New York,
1999. Self-focusing and wave collapse.

T. Tao. Multilinear weighted convolution of L2 functions and applications to nonlinear dis-
persive equations. (preprint), 2000.

G. B. Whitham. Linear and Nonlinear Waves. John Wiley & Sons Inc., New York, 1999.
Reprint of the 1974 original, A Wiley-Interscience Publication.

V.E. Zakharov. The collapse of Langmuir waves. Sov. Phys. JETP, 35:908-914, 1972.

UNIVERSITY OF CALIFORNIA, BERKELEY



