
1 -- ,i >{ i y i 6 
6 j HitJ^/j IT ^ - m , 

2 

MiS)̂  2 T^ ^ ^ i , u ^ 

//PJ,| ' ^ i/ )̂i 

olö M\SS W* \jüyA\ A 

U{0 4) 
< 

(i h 
M 

f\j2 y U^ 

2. 
Kí ̂ ó 

i* 
î-S 

A , l í l V / 

i ̂ l i ¿^ 

l y ^ -.3 5^f 1
 e ^ V ^ 

Hi 
M'"' -7 

ÍV 
1 /7^ 

| A Í £ jv MT/^ 



i 
( Í 

l i í 

? 
f r ^ ) - ?o? > ? / ^ 

6 . , .. ( 

^'y 

i^uihir^ hu 
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^ 

f l^,^ i.lf/l' 101 00 A < [ s l f j W 

^ . 2 1̂1 ̂  2 ç ^ z , w (a)M /?/? 

^ ̂ ) i ^ 

h h 

< ^4 IUI, ^ ä 



T Y1 < 
Z _ J A, ' 

-1- /"ri /i c 

' / N q \ 

^ N W 2 M ( ^ J ^- i ;s?/ ^(t ^-^to. 

•>/• i , u À ^ r 

=-1^ A?)- '^ s t o ' ' - ' ^ i ^ . 
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Utk ^ 7 7 ĵ fc ^- s ^ l 

Í HlîA- 2. ^?íí72f 2 Tto u. - îAé 

j I . I $ M eA7 

r I-^XAA î-f^ (u- f̂t.«| J>i i,vi- ya \H ttï-W] 

=)y~ ZAïAy $+/& 



Ato ; ÍWAI < hrliíU í 
(U) 

ky 
i í A ^ / í ^ A. ?fy{ i ^ ' A/¿; 

Ar, ( /< A/ - C 
07^ 

< ^ 

A/í 
MA T V 

_A»A; fSí) y y < v ' c/ihnj 
fí/// /) < y^c' ¿y* 

\w Vit c «í" 
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Define M by 

(1) M : 

1. ON (4.11) IN LEMMA 4.1 

= / / \etí%\2dxdt 
JO ^ T J = 1 

„ i î 3 

mj,nj •'0 j = i 

where F(m, n) = —mf — m^ — m^ + rij + n^ + rig. Also, define .Afc by 

Ak = ( K . n j ) : |F(m,n)| ~ ^ D ^ ^ ] } , A; > 1, 

and AQ = {{mj,nj) : |F(m,n)| ~ [0,Í7]}. Then, we have M = ^fc-^fc) where Mfc is the 
contribution of the multilinear expression over Ak- By a direct computation, we have 

(2) / D eiF{rn'n)t\Akdt < 2-kD-1. 

(For k = 0, use Mean Value Theorem, and for fc > 1, use \e^iF{m,n)/D _ i | < 2.) 

Let {ak} be a sequence of positive numbers such that ^ f c ak = 1. e.g. take ak = Cs2~ek, 
where C£ — Í — 2 A Then, there exists at least one k such that 

(3) jMfcl > ak\M\. 

By Holder inequality with (2), we have 
3 

mjjTij 7=1 

E T O j = E n 3 

By defining fjix) by /J(n) = |^ (n) | , 

=2-kD-1 E n^K)^^)=2~kD~i f n i^i2^ 
E m j = E " i 

(4) < 2-feD-1||/1||i2||/2||ioo|i/3||i0c < 2-feD-1A2A3 

since | | / J | |L2 = llallí,2 — 1- (Recall Aj = diam(supp</ij).) 
Now, let e = j in the definition of CT/ó. Then, from (3) and (4), we have 

v ¿ ^ 
which clearly can hold only for k < KQ for some KQ > 0. This in particular shows that 
the contribution from k > KQ is small: 

E Mfc < E iMfcl < lMl E CT^ 2-^o|M| < i|M|. 
k>Ko k>Ko k>K0 

Hence, the contribution from k < KQ, i.e. on {|F(m,n)| < 2KoD} = { |F(m,n)| = 0{D)} 
is at least ^M. Therefore, (4.11) is valid...but the choice of KQ depends on M... 



Note that this does not cause a problem for the proof of Lemma 4.1 since the right hand 
side of (4.8) is not M but rather iVj . Now, repeat the computation with ak — 6/(7r2fc2). 
Hence, the previous computation leads to becomes 

(6) 2kD < Ck2N°+A2&3 < NZ 

for k < KQ. Now, we set 0{D){= size of F) < 2KoD in (4.11). Note the following. Trivially, 
we have | F | < i\^. Thus, it is enough to take KQ such that 2KoD < Nf. i.e. KQ < InNi. 
Then, from (6), we have 

size of F < 2KoD < C(ln M ) 2 ^ A 2 A 3 < C W f ^ A a , 

which is basically the condition (4.9). Moreover, it is the condition needed in (4.12). 

2. LEMMA 4.1 = > COROLLARY 4.17 WITH D1+ 

Now, we show how Corollary 4.17 with D1+ follows from Lemma 4.1. We consider 

(7) E n^ )̂ 
E(-l)in3=OJ=l 
E(-i) J"?e/ 3 

rl+5 where iVi > ÍV2 > • • • > iVe with iVi > N¿+0 and / C Z is of size D. Let / = [a, a + D - 1]. 
Without loss of generality, assume ipj{n) > 0, n £ Z. We use {fj)*j to denote fj for odd j 
and fj for even j . Also, (f>j denotes tpj or ipj. 

By letting F(n) = E ( - 1 ) J i 2 | > w e h a v e 

D-l 6 ^TT 
i{F{n)—a—k)tj± S 

K=u ^ ( - i ) J n J = U J = i 

D- l 6 / /.as -ai r2w \ =E E n*w(/to/;+...++/ w--«-,« 
D-l D-l »as 6 

- E E E e'i¥F{n) /D (sity^ynni) UC^^i^dt 
k=0 E i - l M n j ^ '=0 J=2 

^EE E f^isity^-yyy^fiis^yinydt 
fe=o ;=o E(-i)Jni=o J - 2 

where ^ ( n , - ) = e'^^^inj). Note H ^ H L 2 = l l^ l i i i -
By Lemma 4.1 and (4.6), we have 

iMfe.ii < iisit^sit^s^MLijm^simsitjMLiyy^iyf 
where C^r = exp(clnAr/lnln7V) ^ iV0+. Hence, we have 

(8) {7)<D,¿Ny{CNy 



3 

(We can make it Dï by dividing the interval [0,2n) into subintervals only in the first factor 
afier Cauchy-Schwarz inequality.) 

Also, by (5.13), we have 
(9) {7)<DiCNy. 

By interploating (8) and (9), we obtain 
es' 

(10) (7) < D1+0N-{e)5'iCNl)6-3e < D1+eNy. 

Note that (10) is not good enough to prove (5.8)... i.e. we can not afford to lose a small 
power oî D... 

3. LEMMA 4.1 = > COROLLARY 4.17 WITH D{\nD)2 

We present how Corollary 4.17 with D{lnD)2 follows from Lemma 4.1. By repeating a 
similar computation as before, we have 

(7) = E1 E UÙinj) Tei(F{n)-a-k)tdt 
k=0 £(-l)J„,,=0,7=l J0 

r2* D-1 6 -—— 

j:(-l)inj=0J0 k=0 j=2 

=:G(ni,i) 

<||G(í)5(í)</,55(í)06|lL2
it(T2)l|5(í)^25(í)</.35(í)04||L2

it(T2) 
<(CW l)3i |G(í)5(í)^5(í)^6 | |L2t ( T 2 ) . ^N^ 

Using 

we have 

D-l D-l 0-iDt -i ADt i «nc Di 
V V eAfc-fc')* =

 1 ~ e 1 ~ e
 =

 1 ~ c o s L ' i
 = . H(t\ 

¿ ^ ¿ ^ l - e - " l - e ¿ í 1 -cos í ' w ' 
/c=0 fc'=0 

D - l D - l »2^ pu-iu-i r2ir 
||G(í)5(í)^55(í)^6|i2.((T2) = / E E / e-¿(fc-fc')t|5(í)^5'(í)055(í)^6|2dídx 

•'T fc=0 fc'=0 •'0 

= / / HWSitWiSitffaSitffafdtdx =: M. 

Now, we separately estimate the contributions to M for intervals 

/o = { | * | < | } , h = {\t\>D^}, ll = {D^>\t\>Drh^}, 1 = 2,3,... 

Note that the index goes up to at most InD. 
On Jo, it follows from |iî(i)| < D2 and Lemma 4.1 that 

Mo = M|/o<Z?2iV1-5'. 



On Ji, we have 1 — cosí > 77 1. Then, by dividing 7i into 0(D)-many subintervals of 
size TJ (indexed by a G «4, \A\ < D) and by change of variables as before, we obtain 

Mi = ^ E / / |5(í)^lu)5(í)^)5(í)#)|2dídx 

n — 
~D2 f 1° \S{t)<i>lS{t)(t>bS{t)<j>&\2dtdx<D2NZ'. 

JT Jo 
n i 2 1 

In general, on /;, we have 1 - cosí > 77 '+i. Then, by dividing // into 0(77i)-many 
subintervals of size ^ and by change of variables as before, we obtain 

(n) Mi < D2yyNZ' < D2NZ' 

since we have, for 2 < ¿ < ln77, 
2 1 _ 2¿ - 1 ^ 1 ^ 1 

^ ' l + l + l~ l{l + l) - l + l~ InD + l' 
Hence, we obtain 

(13) (7) < D{lnD)2NZ{CNy < D{lnD)¿Ny. 

Note that (13) suffices for the argument in Section 5. 

Question: Can we prove Corollary 4.17 with D? It follows from (11) and (12) that 
Corollary 4.17 with D follows (by the argument above) if we have 

KlnD 

(i4) E D~1/l s L 

1=2 

Let ¡o be the largest integer such that lolnlo < KlnD. Then, we have 

YD-V'íIQD-V'OKI. 
1=2 

However, we do not know how to control the sum for IQ < I < KlnD. Indeed, it seems 
that (14) is false due to the contribution from IQ <l < KlnD. 

4. IMPROVEMENT OF TASTRICHARTZ NEEDED FOR (6.25) 

Recall the usual ZAStrichartz estimate: 

E ay™+^ « W E M2V-
|n|<JV L*(TxxTt) \lnl<N J 

Now, suppose that n is of size N (= large) but in an small interval Q around no with 
|no| ~ TV. Then, with n = m + no, |m| < \Q\, we have 

nx + n2i = (nox + n^i) + m(a; + 2noi) + m2i. 



By change of variable x' = {x + 2noi), we have 

Z,6(TxxTt) nSQ 
/ j ^Tn+no ^ 

m<\Q\ 

i(a;'+m2t) 
L ß ^ / x T t ) 

(is) «iQr Eia"12 

i.e. we did not lose a power of TV which may be much larger than Q. 
By a similar argument, we can improve the other L6 estimate. Suppose that iï(n,i) is 

supported on Q for any i. Then, we have 

(16) IHlL£it«l<3|3|Hlxo,i+-
An interpolation between (15) and (16) gives an improvement of (6.24), which is needed 

for (6.25). 
3 ^ —S 

2 5. IMPROVED ESTIMATE ON (6.32): ||(6.32)||s i + < Nx 

Recall that A = \w\A — / T |it;|4iir. i.e. Á(0, i) = 0 for any i. (i.e. n ^ ni below.) By 
writing 

AV{n,X)= E V{ni,X1)w{n2,X2)-.-w{n5,X5) 
n = T l l —712+713—714 +716 

71^711 

A=Ai—A2H 1-Ag 

• Case 1: |ni| = nj . This correspronds to (6.38): IMIsi.fclMIl^-
Suppose JA - n2| > |n|7. Then, we have 

31 —S 
2 | |(6.32)| |S)i+ < ||(6.32)||S1>1_6 < • • • < Ari

 2 TV"1 < iVf 

for 7 = (s — si)/( l — b — ( |+)) . i.e. smoothing of order 1 — 6 — ( l + A = {^Zl-
Suppose max(|n2|, • • • , |n5|) > |n|7. Then, one of the factors of Ĥ Ĥ  ;, in (6.38) can be 

used to absorb a derivative, giving smoothing of order (s — 4cro)7. 
Now, suppose \Xj - n2| > |n|X In view of (6.30), we have smoothing of order (£/ — 6)7 = 

(f-h-
Hence, we can assume (6.45), for otherwise we can choose si close to s such that s — si < 

(^L—)7. Now, take 7 = j - Then, we have 
5 

n > |Ai - n ? | = IA + A + 2 - A 3 + A 4 - A 5 - n ? | + E n j _ 4 l n 27 

j = 2 

= |A - n2 + E ( A J - n2j)+n2 - nf| - 4|n|2T > |n2 - n?| - 4|n|27 - 5|nP 
3=2 

> | n + n i | | n - n i | - 9 | n | 2 7 > | n | . 
We used the fact that (i) n and ni have the same sign since n2, • • • ,n5 are of smaller 

order, and (ii) n — ni ^ 0. This leads to a contradiction. 
• Case 2: |ni| «Cn*. This correspronds to (6.39): IIVII^fcHwHs^bHiüll^j,. 



By (6.3) and (6.44), we have 

||(6.32)||S)è+ < \\V\\4a0ib\\w\\sy\w\\l0!b < NZ^N-*. 

6. IMPROVED ESTIMATE ON (6.33):: ||(6.33)||Sii+ < N^ 

First, we have 

(6.21) ici - ici = ikii4L4 < \\w\\y < {Ny-y = N1-*. 

S-] - 3 
2 

'Hi 
Then, we have 

f |í72(/í)|^ <( f ydy2 ( /" M2 i n2 (//)!% 

< II 2 O < i; 2 AA0 

— "0 11" ll//l(7) - ^0 JV 

by (6.21) and \ü\ = l. 
Now, we consider the contribution of BV = |tii|2'u;2i7 V. 

• Case 1: |n i | = nf. Then, we can assume (6.45) as before. Moreover, if |/x| > ßo — 
N2C\n\2't, then we have f\u\>u |í7 {y)\dß < |n | _X This clearly gives smoothing. Recall 
that we previously used ||í7||¿oo = 1 in applying X6-Hölder inequality. Now, we instead 

apply Young's inequality on the Fourier side and use ||i2 | |L l , , , , < | n | _ 7 . 

Hence, we assume (6.45) and |/i| < N20]^21. Then, as before, we have 
5 

|n |7 > |Ai - n f | = | - A + A + 2 + A3 + A 4 - A s + ^ - n f l + E 7 1 ^ - 4|n|2 7 

J=2 
5 

= |A-n 2 + E(Aj -^ )+n 2 -n?A4 |n | 2 7 -7V 2 C |n | 2 7 > |nA7V 2 C |n | 2 X 
3=2 

2c 1c 

This leads to a contradiction for |n| >• Nl-2i. Lastly, note that if |n| < N1-2^, then we 
can gain a small power in |n| by losing a power of TV (which corresponds to an extra N in 
(6.47).) 
• Case 2: |n i | <C n*. Same as before. 


