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1. ON (4.11) IN LEMMA 4.1

Define M by
255 3
1) M := / [ 11 le*4 ;% dzdt
o JT;5;
'%r 3 e o o
_ Z / eiF(mn)t gy H qg}(mj)&}(nj),
mj,mg 0 Jj=1
Ymi=3n;

where F(m,n) = —m? —m3% —m? + n? + n? + n}. Also, define Ay by
A = {(mj,ny) : |F(m,n)| ~[2°7'D,2"D)}, k>1,

and Ag = {(mj,n;) : |F(m,n)| ~ [0,D]}. Then, we have M = Y, My, where M, is the
contribution of the multilinear expression over Ax. By a direct computation, we have

2w
o
(2) fo etF(m,n}t|Ak dt 5 2_kD_I.

(For k = 0, use Mean Value Theorem, and for k > 1, use |e2™F(mn)/D _ 1| < 2))

Let {0k} be a sequence of positive numbers such that ), o = 1. e.g. take o = C.2-¢ck
where C; = 1 — 27¢, Then, there exists at least one k such that

(3) | M| 2 0| M.
By Holder inequality with (2), we have

3
Ml S27%D71 ST T 1hi(my)lIs(m)
mjn;  j=1

rmi=3.n;
By defining f;(z) by fj(n) = |¢j(n)],

3 3
=27%*p=t N ] fi(my)Fi(ns) = 2"“D'1/TH |f3|*dz
mMy,mj g=1 j=1

Yomi=3 n;

(4) < 27D Al falliee I fall3e < 27FD71ARA,

since || fjl|z2 = ||¢jll.2 = 1. (Recall Aj = diam (supp ¢;).)
Now, let € = 1 in the definition of k. Then, from (3) and (4), we have
(5) 2t <OFR2,
which clearly can hold only for k < Ky for some Ky > 0. This in particular shows that
the contribution from k > Kj is small:
S Me< Y IMil < IM| Y ok < 27350 M| < M.
k>Kop k>Ko k>Kp
Hence, the contribution from k < Kp, i.e. on {|F(m,n)| < 2X0D} = {|F(m,n)| = O(D)}

is at least —%M . Therefore, (4.11) is valid...but the choice of K depends on M...
1



Note that this does not cause a problem for the proof of Lemma 4.1 since the right hand
side of (4.8) is not M but rather NY~. Now, repeat the computation with oy = 6/(72k2).
Hence, the previous computation leads to becomes

(6) 2°D < CKANPF ApAy < N2~

for k < Ko. Now, we set O(D)(= size of F) < 2K0D in (4.11). Note the following. Trivially,
we have |F| < N?. Thus, it is enough to take K such that 250D < N2, ie. Ko < InVy.
Then, from (6), we have

size of F < 250D < C(In N1)?Nf A2A3 < CNitAzA,

which is basically the condition (4.9). Moreover, it is the condition needed in (4.12).

2. LEMMA 4.1 => COROLLARY 4.17 wiTH D!t
Now, we show how Corollary 4.17 with D'* follows from Lemma 4.1. We consider
6
™) | = o

(~1)inj=04=1
T (-1)inZel

where N > Nz > --- > Ng with N1 > N}*® and I € Z s of size D. Let I = [a,a+ D —1].
Without loss of generality, assume 1;‘)_7 (n) >0, n € Z. We use (f;)* to denote f; for odd j
and f; for even j. Also, ¢; denotes 1; or ;.

By letting F(n) = Y (—1) n?, we have

Z 3 H% o / GilF(n)—a—k)t gy

k=0 ¥°(~1)in;=0=1

_ Z Z H Bl B 2 Gi(F(r)—a—k)t gy
k=0 3 (- lJnJ—O.Z-' =1 mﬁ_”
~1 6
_Y Y S / (S()e= 1) mr) [] 51018, (n)a
k=0 ¥(—1)dn;=0 =0 =2
D-1D-1
DS / (S(t)eia=Ritg{l)A m)H(S(t)qu)*’ (nj)dt
k=0 =0 $(-1)in;=0 j=2 .
::R‘?k‘{

o) —i2aln2 ~
where ¢ (n;) = e =B ™ §(n;). Note [|6{ ||z = lljlIL2-
By Lemma 4.1 and (4.6), we have

[Mid] < I15(2)6:S )5S el zz IS O8O Oall 2, S N7 (Cry)?
where Cy = exp(cIn N/Inln N) < N%F. Hence, we have
®) (1 S D*N;¥ (Cw,)?



3

(We can make it D3 by dividing the interval [0, 27) into subintervals only in the first factor
after Cauchy-Schwarz inequality.)
Also, by (5.13), we have

9) (7) S D(C,)°.

By interploating (8) and (9), we obtain

' 08
(10) (7) S D1+9N1—(9)5 (ch )6—39 & Dl—i—ﬂNl 7

Note that (10) is not good enough to prove (5.8)... i.e. we can not afford to lose a small
power of D...

3. LEMMA 4.1 => COROLLARY 4.17 wWiTH D(In D)3

We present how Corollary 4.17 with D(In D)% follows from Lemma 4.1. By repeating a
similar computation as before, we have

(7) Z Z ij )/ 1(F{n) —a—k)t gy

k=0 55 (~1)in;=05=1

D-1 6
= >, / (S(8) Y emHaRtg )" (n1) T (S S(£)$;)* (ny)dt
Y(-1)iny=0"0 k=0 =2

=:(‘§(;u,t)
< IG(#)S()bsS () dollL2 ,(v2) IS () p2S ()35 (£)ball L2 (12

S Cm)PIG®)S()dsS(t) sl L2, (r2)-

Using
D-1D-1 Jilhkt _ 1 — e—iDt | _ (iDt _l—cosDt _ H(t)
k=0 k'=0 T 1—eit 1—¢it  1-—cost '
we have
D-1D-1 )
IGOSOs50IEs o = / 33 f e=ik=k| 5 (£) b, S( t)¢55(t)¢el2dtd$
k= 0 k=

= /T " HIS0615(0)855(0)8sPdtde = M

Now, we separately estimate the contributions to M for intervals

{It|<—, L= {ItI>D33?I, {DT—>]t1>D1—T)T , 1=2,3,.--.

Note that the index goes up to at most In D.
On Iy, it follows from |H(t)| < D? and Lemma 4.1 that

Mo = M|, $D*N7%.



On I, we have 1 — cost > D~!. Then, by dividing I; into O(D)-many subintervals of
size 2% (indexed by a € A, |A| < D) and by change of variables as before, we obtain

My=D) / / (@) 5(8)p{) 5 (t)\) |2dtda

ac Al
~ D? f f (t)1S(t) s S(t)pe|*dtdz < D*NyY'.

In general, on Ij, we have 1 — cost > D2 +i1, Then, by dividing I; into O(D'}}-many
subintervals of size 2% = and by change of variables as before, we obtain

(11) M < DRIt NCE < DN
since we have, for 2 <! <InD,

2 1 2l -1 1 1
(12) —_—t - =

> > .
17T T+ =143 “ D +1

Hence, we obtain

il
(13) (7) < DUn DYIN; % (Cw,)* < D(n D)IN
Note that (13) suffices for the argument in Section 5.
Question: Can we prove Corollary 4.17 with D? It follows from (11) and (12) that
Corollary 4.17 with D follows (by the argument above) if we have

KinD

(14) Y. otz
Let lg be the largest integer such that lplnlp < K'In D, Then, we have

lo
Y DD MO £ 1.
=2

However, we do not know how to control the sum for [y < ! < KInD. Indeed, it seems
that (14) is false due to the contribution from lp <! < K'lnD.

4. IMPROVEMENT OF L®-STRICHARTZ NEEDED FOR (6.25)
Recall the usual L8-Strichartz estimate:

E : @ ez'(n:c+n2t)
T

In|<N

1
< NE( ¥, lanlz)z.

Inl<N

L8(T; XT:)

Now, suppose that n is of size N (= large) but in an small interval Q around ng with
|ng| ~ N. Then, with n = m + ng, |m| < |Q|, we have

nx + nt = (noz + njt) + m(z + 2not) + m2t.



By change of variable &' = (z + 2nqt), we have

Z ane’:(m'f'n%) = Z am+mei(z'+m2t)
neQ LG(T: KT;) m$|Q{ Lﬁ(TII xT¢)
1
2
(15) <iaf( ek ).
neq

i.e. we did not lose a power of N which may be much larger than Q.
By a similar argument, we can improve the other L8 estimate. Suppose that i(n,t) is
supported on @ for any t. Then, we have

1
(16) lullzs, < QI3 lwll 0,3+
An interpolation between (15) and (16) gives an improvement of (6.24), which is needed
for (6.25).

Ay =2
5. IMPROVED ESTIMATE ON (6.32): ||(6-32)“3,%+ SN, ?

Recall that A = |w|* — [} |w|*dz. ie. A(0,t) = 0 for any t. (i.e. n # n; below.) By
writing
AV(n,\) = 3 / V(n1, \)@(nz, Aa) - - - (ns, As)
n=ny —ﬂizl ;:i.—m +ns
A=A —Ao+-+ A5
e Case 1: |n;| = nj. This correspronds to (6.38): |]V||sl.b||w||jagb.
Suppose | —n?| > |n|?. Then, we have
16:32)l, 5, <1632 aace < - <Ny T NS N, T
for v = (s — s1)/(1 —b— (3+)). i.e. smoothing of order 1 —b— (3+)y = (£-)7-
Suppose max(|nz|,- - ,|ns|) = |n|?. Then, one of the factors of ileiamb in (6.38) can be
used to absorb a derivative, giving smoothing of order (s — 40p)~.
Now, suppose |A; — nJ2| > |n|7. In view of (6.30), we have smoothing of order (' —b)y =
(F-)r -
Hence, we can assume (6.45), for otherwise we can choose s; close to s such that s —s; <
(2-)y. Now, take v = %. Then, we have
5
In[" > A1 —nfl = A+ X+2= A3+ A= As — [+ ) n?—4n/>
=2

5
=|A=n?+ Z{/\j —n2) +n? —n?| —4n* > |n? — n?| — 4n|* — 5|n|"
=2 :
> [n+ nlln — ny| = 9[n|*” 2 |n|.
We used the fact that (i) n and n; have the same sign since ng,- - ,ns are of smaller
order, and (ii) n — n; # 0. This leads to a contradiction.
e Case 2: |n;| < n}. This correspronds to (6.39): ||V ||aog llwllsy bllwl|3s -



By (6.3) and (6.44), we have

s e ]
11(6.32) 115,34 < IV llaco,llwllspllwllisss S Ny 2 N4

51—8

6. IMPROVED ESTIMATE ON (6.33):: |1(6.33)||3,%+ S NN, 2

First, we have
(6.21) ]~ [¢] = llwlZe S

~

o4 4 S (N30-9)3 = N1,

Then, we have

/M}m |‘€/§3{#)|du < (/Iulm “ﬂzd“)%(fﬁ @(M)I?dﬂ)%

= »UE% “ﬁzum(r) < #o_éNC
by (6.21) and [02] = 1.
Now, we consider the contribution of BV = |w|2w?Q°V.
e Case 1: |nj| = n]. Then, We _can assume (6.45) as before. Moreover, if |u| > pg =
N2C|n|?Y, then we have S o }ﬁz(,u)]d,u < |n|™7. This clearly gives smoothing. Recall
that we previously used |Q]| L = 1 in applying LG-H‘t_ilder inequality. Now, we instead
apply Young’s inequality on the Fourier side and use ”52“ L (o) < |n|™.

Hence, we assume (6.45) and || < N2¢|n|??. Then, as before, we have

5
m"> M —nfl == A+ A+24+ X3+ M — A5+ p—nd|+ D _nl —4n|>
=2
5
=\ =n?+Y (N —nd) +n? = n}| - 4n|*’ = NC|n|*" 2 |n| - N%C|n|?.
7=2

This leads to a contradiction for |n| > N = Lastly, note that if [n| < N 1_3%?, then we
can gain a small power in |n| by losing a power of N (which corresponds to an extra N in
(6.47).

e Case 2: |n;| < n}. Same as before.



