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Inverse Spectral problem for the
Sturm-Liouville Operator with Eigenvalue
Parameter Dependent Boundary Conditions

M. V. Chugunova

Abstract. To solve the inverse problem for the Sturm-Liouville operator with
eigenvalue parameter dependent boundary conditions we reconstruct the spec-
tral distribution function from two spectra of the boundary-value problems
with equal ©(A) and different real constants in the boundary conditions. The
well-known results of A.V. Strauss [5] concerning the connection between the
eigenvalue problems with the spectral parameter in the boundary conditions
and the theory of generalized resolvents is used.

I. Let us consider the regular differential equation

—y" +q(x)y = Ay, (1)
where g(x) (0 < 2 < [) is a real-valued continuous function and two boundary-
value problems:

' (0) — hyy(0) =0, y(l) =6(\N)y' (1), (2)
y' (0) — hay(0) =0, y(l) = ON)y'(1), (3)
where h; and ho are finite real numbers, hy # ho and ©(\) is a rational function
for which Im©(A) Im A < 0. We write O(\) = % where ©O1(A) and ©5(\) are
relatively prime polynomials. If the boundary conditions (2), (3) do not contain
the eigenvalue parameter A, then the solution of the inverse problem from two
spectra is given by M.G. Krein, B.M. Levitan, [.M. Gelfand [1,2,3].
Let w1 (x, A) and ua(x, A) be the solutions of (1) satistying the following initial
conditions:
wi(0,0) =1, ui(0,A) = hy,
uz (0, N) =1, us(0,\) = ho.

Then the spectra of the boundary-value problems (1), (2) and (1), (3) are the
zero-sequences { A, }°°  and {, }o2 o of the entire functions:

By (N) = Oa(Nug (1, A) — O (M, (1, ),
Doy(N) = Qo (Nua(l, ) — O1 (M) (1, N).
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As the spectra of these problems are bounded from below we can number the
eigenvalues so that Ag < A\ < -+~ <A\, < s g < g < -+ < Loy < =+
The spectral distribution function p(A) of the problem (1), (2) is a jump function
4,5] and it is determined by equality
1
p(A) = —

.,
}k”. {:: }L T

The numbers «,, are known as the normalizing numbers [3]. In the classical case
(O(A) = const) the equality «,, = ][f uy (z, A\n)|?d takes place. Next we will
show how to use {\,,}°°, and { i} o0 to obtain «,, the normalizing numbers of
eigenfunctions of the first boundary-value problem.

Let Ay be the differential operator of the second order acting in L?(0,1) which
13 defined by the expression

Ufl = —f"+q(x)f

and the boundary conditions

f100) = ki £1(0),  fi(1) = f(I) = 0.

Let m be the number of poles O(\). The selfadjoint extension A of the differ-
ential operator is in some sense a coupling of the operators A; and A, (As is a
difference operator) acting in the orthogonal spaces L*(0,1) and C™, respectively
4,6]. Eigenfunctions of the selfadjoint operator A are discretely extended into the
space C'. Therefore we can write

Uy = Q] + 2,

where
I

(k1 — /

()

wuy (. )\H)[Edﬂ:} o = —O"(\,)|u] (1, )uf,.i)|2,

Example 1. Let us consider the boundary-value problem

— " +q(x)y = Ay,
y(0) = Ay'(0), o' (1) = hy(l).

Let A be the setfadjoint operator
D(A) = {(£,1'(0)) : f(x) € L2(0,1), £'(1) = hy(1)}.

A(@), F(0)) = (—£"(2) + a(2) (), F(0)).
The ewgenfunction system w(x, A,) is complete in L*(0,1), but not minimal.

-

Au = du,  u(z, A,) = (ua(x, Ay) + a(Nug (2, A),), —1).
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Denote by
fx, A) = ug(z, A) + m(XN)ug (2, N),
where the Weyl function m(\) is defined by the condition

FLA) = O (L A)

and hence

m(A) =

Oz (ANua(l,A) —O1(AN)usy(l, X)) - P(A)
(”)1().)?1& (!')\) — @2(/\)?{.|(£,)\) - {I]Q()\)'
The formula shows that m()\) is a meromorphic function, whose poles and zero-

sequences are the spectra of the appropriate boundary-value problems (1), (2) and
(1), (3) respectively. In addition, by the Green’s formula, we have

A—11) j z, A) [(x, p)de = (hy —ha)(m(A)—m(p))+(O(N) -6 )N f (L ).

If o= A, then, because Im©(\)Im A < 0,

Im m( Im O(\) :
hy — 1 “dr — LA > 0.
(i — hy) "2 /\fmm )2 > 0

Hence, in the case hy > ho, m(\) is a Nevanlinna function and in the case hi < ho,
—m(A) is a Nevanlinna function [8]. We have thus proved

Theorem 1. The spectra of boundary-value problems with equal O(AN) and different
real constants in boundary conditions are alternating.

Let us use Green’s formula once more

[
(A —An) / fl, Nur (@, A )dxe = ha — hy + (O(N) — O(N)) f/ (1L, M) (1, An),
0
]
(A —A,) /f(;f:,)a)u.l(.-rr,)\,.,_)fi:r
0
: Py (N ,
— ()\—}\.”_)/u;(r Az, Ay )de — (A — A,) 2(A) /-'u..l(:,r:,)\)ul(ﬂ:,)\ﬂ_)dr}:
. Py (A)
0 0

= ha — 1 + (O(N) — Oy (1, N, (1, \,,)

— (O(N) — O(\) (if&;) wy (1, M) (LX),
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Change the formula in the form of

*I 9(}‘) - e()‘ﬂ)
U ('T'.'-' ’)‘)f“'l {:I:-. ;\-n,)ﬁfiIf — '
T/[} | A — )"n

uy (L N uy (1, N,)

f— ‘UL . :., )\ | . iI.. )\ﬂ_ dt; hf' }’
Do(A) Sy 428 A1 (@ Ao = (hy = )

O\ = O(\,) Pi(A)
}\ o )‘*-.'r';u (I} (}\ﬂ)

But now as A — \,, we see that

P1(N,)
(1}2 ()‘?'r. ) (}\ _ /\'n.)

wo (1, N uy (1, A

l | | | (I};()\)
wi(z M) Pde — ' (M) | (LA = —(he — by ) ——222
[ s ) P = O L M) = (e~ h) gE G
since P1(A,) =0
P’ (N)
v, = —(ho — hy)——2. 4

Using (4) we find that

o
_ h? T llr'*'-"I ! /\k o )\'n. -
o, = . (5)
Hop — )‘n k0 Hi — A'HJ

®1 () and P2(A) are entire functions which behave as O(1/|A|*#) [1,2]. We can
write the infinite product

{I}l(}\):{fl H (l_ﬂ)ll (I}g f__gH (l_.‘”—;‘)

=0 fe—0)

where ¢; and ¢y are constants. It follows from the statement above and (4) that

Hf;"_:{; ]_ o :EL
c1 1 k=0 e ) he —hy ¢ H fore Hf Ak —
' . o ' An L 1 o }‘lﬂ
Co )\H H?":“ ([ _ ) Ly }‘T Co [k

i a_n b k=0

v, = (hy — hg)

Therefore, to obtain (5) we must show that

1 Hﬂk:

2 k=0
Let us consider two cases.
(a) In this case deg O (A) > deg ©2(A) [5]. Using the classical asymptotic formulas
for the solutions of Sturm-Liouville equation to obtain the limit
i Dy (A) _ O (ANuy (L, N) —(—)1( yu' (1, )
Ao—oo Po(A) A——c0 Oo(A)ua(l,A) — O (AN)ub (L, A)

(.
s Hui(I,\) —u (I, \)
= lim
A——co Hug(I,N) — ub(I,A)’
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(A
where H — limy_, _ D—(;’";

A : 1 = 288 - )'\L' — A
11111 — ] — — ] — — — — —  lim ' — 1.
— H ( ) ( JI”L) { | AL }k.r-—-i}{jg ﬁl‘ﬁi.’ — /\

oo (o -

We must show that

The asymptotic behavior of eigenvalues (2), (3) is given by formulas [6,7]
A = (k—m)*+O(1), pup=(k—m)*+0(1).

Therefore A\ — i, = O(1), i.e., lfw spectra of boundary-value problems are asymp-

totically close and the series Z ﬁ 1s uniformly convergent in the neighbor-
k=0
hood of the point A = —oc. This allows us to write
>
)\]{i. - 1_.;[
l[im H ] + — Hk = 1.
A= — 0O P g — A

This shows that (5) holds.
(b) In this case deg ©(\) < deg Oy ().

ey wll) - “‘(iiw’.u A
lim — lim N N —
5 U2

O
A——o00 Po(A) A——oc ws (1, ) — lE
Moreover, A\, = (K —m +1/2) 4+ O(1) and pp = (kK —m + 1/2) + O(1), therefore
A — i = O(1), i.e., the linear term of ©(A) does not affect the asymptotic closeness
of the spectra of boundary-value problems.
Using formula (5) we can reconstruct the spectral distribution function. If g(x) is
a sufficiently differentiable (twice differentiable) function then asymptotic formulas

take place
a 1
‘w‘ n-t+rm :1 - O (_t) ) (7)
_ v 1
VHn+m =n+ — + — +0 (F) ; (8)

where

ap = (hy + H) /1 + (21)~

ag = (ho + H)/l+ (21)"" [ g(x)dz,

and therefore
ag — ag = (hy — hy)/L.
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Theorem 2. Let two spectra { A, }oo o and {p,}5% be given so that Ny < uy <
At < py < -+, equalities (7), (8) take place, moreover ay # af,. Then there exist
an absolutely continuous function q(x), real numbers hy, ho and a rational function
O(A) for which Im©O(A) Im A < 0, such that \,, is the spectrum of the problem (2),

iy 1s the spectrum of the problem (3).
I1. Let us consider the regular differential equation

—y" +q(x)y = Ay, (9)
where g(z) (0 < z < [) is a real-valued continuous function and two boundary-
value problems:

y(0) =0y (0), (1) + Hy(l) =0, (10)
y(0) = (OA) +h)y'(0), ¥'(I) + Hy(l) =0, (11)
where h and H are finite real numbers, A # 0 and ©(\) is a rational function for
which Im©(A)Im A > 0. Denote by Ag < Ay < Ao < oo g < g < o < -+,
the eigenvalues of boundary-value problems (9), (10) and (9), (11), respectively.
Let wy(z, \) and ua(x, A) be the solutions of (9) satisfying the following initial
conditions:
w1 (0,A) =1, u7(0,\) =0,
u2(0,A) =0,  u5(0,\) = —1.
Then the solutions of the differential equation (9)
plr, A) = 1 (AN)uy(z, A) — Ox(N)u (z, \),

U(x, A) = (01(A) + hO2(N))uy(x, ) — Oz(MN)uj(z, N)
satisty right boundary condition (10) and right boundary condition (11), respec-
tively.

Then the spectra of the boundary-value problems are the zero-sequences of the
entire functions [5]:

©1(A) =" (I,A) + Hep(l, A),
$o(N) = (I, N) + Hp(l, N).

Next we will show how to use {A,}5°, and {u,, }°°_, to obtain o, the normaliz-
ing numbers of eigenfunctions of the first boundary-value problem. Following the
work (3], we shall determine

f',
Uy, = Uy + 4o,  wWhere 1 = / lo(, M) *dz, o = (—J"(};“)\@g(/\”)\z.
0
Let us define
flx, A) =Pz, ) + m(\)p(x, A).
The Weyl function m(A) is defined by the condition f'(I, A\)+ H f(I,\) = 0. Hence

we obtain m(\) = — iii%

The formula shows that m(\) is a meromorphic function, whose poles and zero-
sequences are spectra of appropriate boundary-value problems (9), (10) and (9),
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(11) respectively. In addition, by Green’s formula, we have
in
(A — 1) / fle, N f(x, p)de = f/0,N) (0, 1) — £(0,N)f(0, 1)

0

(©2(A) +m(A)O2(A))(O1 (1) + hO2(p) + m(p) O1(p))

— (©1(A) + hO2(A) + m(A)O1(A))(O2(1) + m(p) O2(p))
(O(1) — O(N))O2(N) Oa2(p1) + hO2(N)O2 (1) (m(N) — m(p))

+m(A)m(p)(O(n) — O(X))O2(N)O2 (1)

+ (m(p) +m(A))(O2(N)O1 (1) — ©1(N)O2(u)).

On the other hand, if © = A, then

{ L , . Im® Im m(\) :
(12) ./” fx, \)Pde = — m; )| O, (N + h [mi )\(”)2()\)\’3
Im O(A) ImO(\)
 Im\ Im A
It is obvious that 1 + |m(\)|* + 2Rem(\) > 0. Hence we obtain

Oz (M) 2 m(A)|* — (m(N) + m(N)) 1@ (N)]7.

Im m(\)
Im A

[
| >, Im® f |
/ (@ AP det Hllm,(k )‘0 (MNP 1+ |m(N)[P+2Rem(N)) = h

0

in the case A > 0, m(A) is a Nevanlinna function (in the case h < 0, —m(}) is a
Nevanlinna function). We have thus proved

Theorem 3. The spectra of the boundary-value problems (10) and (11) are alter-
nating.

[©2(N)[°

Let us use Green’s formula once more
(13) (A= An) / flz, No(x, Ay)dx = £/(0, Ne(0, M) — F(0, )" (0, A\,,)

— ((‘)3()\) + TH(/\)@'Q()\))((_)[ ()\”))
— (©1(A) + hO2(A) + m(A)O1(A))(O2(An)),

where m(A) = EEEEA} On the other hand,

I.
(14) (A — A,) /f(.’ﬂ._ ANz, Ay, )dx

I. f.
Py(A) [
= (A — Ap) /*{;‘fr(;{:, MNp(x, Ap)de — (A — Ap) 2(A) / oz, M)z, A\, )dz.
®1(A)

0 0
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But now as A — A, using the statement (13) we see that

D/ (A
(X1 — —(‘)’r()\”)‘(—)z(}\”)‘ — h ‘()3 )‘3 ‘:)1( n)

From this it follows that

h|Os (M) 2 o/ M — An
| | H

(Xp = :
Hpn — J HE — }"H.

Theorem 4. Let two spectra { A, }5° 0, {10y and Oo(N) be given so that Ny <
o < A1 < pp < .-, equalities ( 7), (8) take place, moreover ay # a;. Then
there exist an absolutely conlinuous function q(x), a real number h and a rational
function ©(A) for which Im ©(A)Im A > 0, such that X\, is the spectrum of the
problem (10), p, s the spectrum of the problem (11).
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