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Exercise 1.
1. ProvethatVx,y € R, [x] + |y] £ |[x+y] < |x] + |y] + 1.

2. Prove that Vn € N\ {0}, Vx € R, {%J = [x].

Exercise 2.
n n
1. Prove that Vn € N, <2+ \/3) + (2 - \/5) € 2N.

2. Prove that for every n € N, {(2 + \/g)nJ is odd.

Exercise 3.
Let I and J be two open intervals of R. Provethat I nQNn (U NnQ) =@ = InJ =@.

Exercise 4.
1. Is the sum of two irrational numbers always an irrational number?

2. Is the product of two irrational numbers always an irrational number?
3. ProvethatVx e R\ Q, Vy e Q, x+y ¢ Q.

4. Prove thatVx e R\ Q, Vy € Q\ {0}, xy ¢ Q.

Exercise 5.

Prove that the following numbers are irrational
1. V3

V6

Vil

\3/3+\/H§£Q
V2+4/3

(V2+V3)
V2+/3+4/6

.(3 2+2\/§+\/€>2

VT3

Exercise 6.
ProvethatVneN,ﬁ€@©ﬁ6N©3meN,n=m2.

2
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Exercise 7.

+00
n(n+1)
Is Z 10-"5" =0.101001000100001000001 ... a rational number?
n=1

Exercise 8.
1. We fixr > 0and n € N. We define f : R - Rby f(x) = %x"(l — x)" and we set

F(X) — Z(—l)kr2n_2kf(2k+l)(X)

k>0
(note that the sum is finite since f is a polynomial).

(a) Prove thatVk e N, f®¥(0) € Z.

(b) Prove thatVk e N, f®(1) e Z.

(c) Prove that F"(x) = —r*F(x) + r*"*2 f (x).
(d) Compute % (F'(x)sin(rx) — rF(x) cos(rx)).

(e) Compute /01 £ (x)sin(rx)dx.
2. Prove thatVr € (0,7z], r € Q = (sin(r) € Q or cos(r) ¢ Q).

3. Prove that = ¢ Q.
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Sample solutions to Exercise 1.
1. Let x, y € R. By definition of the floor function, we know that |[x] <x < [x|+1and |y] <y < |y] +1.
Therefore |x| + |y| < x+y.
Since |x + y] is the greater integer less than or equal to x + y, we get that [x| + |y] < [x+ y].
Finally x| + [y] < [x+y| <x+y < [x] + [y] +2.
So, either |x +y| = |x] + |y] or [x+y] = |x] + |y] + 1.
In both cases we have x| + |y| < |x+y]| < [x] + |y] + L.

2. LetneN\ {0} and x € R. Since |x] < x < |[x] + 1, we getn|x| < nx <n|x] +n.
Since |nx| is the greatest integer less than or equal to nx, we obtain n|x| < |nx] < nx < n|x]| + n.

Thus |x] < 2 < x| + 1 and hence [x] = [MJ

Sample solutions to Exercise 2.
1. Let n € N. Then

(e VE)'s (- )

n

AR AREREIE

=k

(=)

n

k

(n) (1 " (—l)k) 2n—k\/§k

k=

Note that if k is odd then (1 + (=1)¥) = 0 and that if k = 2/ is even then

(Z) (14 (=1)) 2kf3 = (Z> x 2% 2" x 3 € 2N

Therefore <2 + \/§>n + (2 - \/§>n € 2N.

2. Letn € N. Since 2 — \/g € (0, 1), we have that 0 < (2— \/§>n <1
Therefore, if we set .S = <2+ \/§>n + (2 - \/§>n, then S < (2 + \/§>n < S -1, thus

n
S—1g<2+\/§> <S

ie. l<2 +1/3 )nJ = .5 — 1 which is odd according to the previous question.

Sample solutions to Exercise 3.

Let’s prove the contrapositive,ie. INJ #@ = (INnQNJI NQ) # 2.

Assume that I N J # @, then there existsae I n J.

Since I is an open interval, there exists € > 0 such that (a —¢,a+¢) C I.

Similarly, there exists # > 0 such that (a —#,a+#n) C J.

Set 6 = min(e, ), then (a —6,a+8) CcInJ.

Since between two reals there exists a rational, we know that there exists ¢ € Q such thata -6 < g <a+ 6.
Thereforeqge INQandge JNnQ,sothat I NnQ)N(J NQ) # @.

Sample solutions to Exercise 4.
1. No: \/5 and —\/5 are both irrational but (\/5) + (—\/5) =0eQ.

2. No: (1/2)(v/2) =2 € Q.

3. Letx € R\ Qand y € Q. Assume by contradiction that x + y € Qthenx = (x+y) -y € Q.
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4.

Letxe R\ Qand y € @\ {0}. Assume by contradiction that xy € Q then x = % € Q.

Sample solutions to Exercise 5.

1.

Assume by contradiction that \/g € Q then \/— = % where a € Nand b € N\ {0}. Hence a* = 35%.

The prime factorization of a* contains an even number of primes whereas the prime factorization of
3b* contains an odd number of primes.
Therefore it contradicts the uniqueness of the prime factorization.

Assume by contradiction that \/g € Q then \/— = % wherea € N, b € N\ {0} and gecd(a, b) = 1.

Therefore 6b> = a®. So 2|d°. By Euclid’s lemma, 2|a, so there exists k € N such that a = 2k.
Hence we may rewrite 66> = 4k, which implies 3b* = 2k%. So 2|35%.

Since gcd(2, 3) = 1, by Gauss’ lemma we get 2|b% and then by Euclid’s lemma, we get 2|b.
Therefore 2| gcd(a, b) = 1. Hence a contradiction.

Same as for \/§ .

Assume by contradiction that x = \3/ 3+4/11€Q. Thenx®> =3+ V11.So V11 =x* -3 € Q.
Assume by contradiction that \/5 + \/5 e Q.
Then (\/§+ \/5)2 =243+ 2\/6 € Q. Therefore \/g = % € Q.
2
Assume by contradiction that <\/§ +/3 > € Q.

Since(\/§+ \/§>2=2+3+2\/g,weget\/_=%€@

Assume by contradiction that x = \/5 + \/5 + \/6 e Q.
Then \/5 + \/g =x- \/6 Squaring both sides, we get 5 + 2\/6 =x>+6— 2x\/€.

2
Therefore /6 = ;_;i € Q.

2
Assume by contradiction that (3 2+ 2\/5 + \/6) e Q.

Since (3 2423+ \/8)2 =36+12 (\/§+ V3+ \/g>,we get Va4 V3416 = (3\/§+z\/l§2+\/6) 0

There is an elegant method using the complex conjugate.
Assume by contradiction that \/7 + \/g € Q. Then <\/7+ \/§> <\/7— \/5) = 7-3 = 4. Thus

4
\/7 - \/_ = m e Q.
Hence \/_= <\ﬁ+\/§)_<\ﬁ_\/§>

2

e

Sample solutions to Exercise 6.
Letn e N.

neQ=nenN:
Assume that \/Z € Q, then there exists (a, b) € N\ {0} such that \/— = % and ged(a, b) = 1.

Then a* = nb?, thus b|a*. By Gauss’ lemma applied twice b|a and then b|1. Thusb = 1 and \/n = a € N.

2
e V/neN=ImeN, n=m* assumethat\/ﬁeN. Then n = (ﬁ) . So we can take m = \/ﬁ
e dme N, n = m? = /n € Q: assume that there exists m € N such that n = m?. Then \/— =meNcQ.
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Sample solutions to Exercise 7.

+o0
n(n+1)
No, Z 1072~ = 0.101001000100001000001 ... is not rational since its decimal expansion is not eventually
n=1

periodic.

We denote the decimals by (a;);»1: a, = 1if In €N, k = @ and a;, = 0 otherwise.
LetreNand s € N\ {0}.

Then there exists k € N such that r + k > @ anda,.;, =1,sothat0=a,,, #a,., =1

Sample solutions to Exercise 8.

n 2n
1. (a) Note that f(x) = % Z (Z)(_1)kx”+k = % z <k i n)(_l)k—nxk.
" k=0 " k=n

Letk € N. If k < nor k > 2n then f®(0) = 0.

|
Otherwise, if n < k < 2n then f®(0) = (—1)"‘”"-;( "
n.

k—n
(b) Let k € N. Since f(x) = f(1 — x), we get fO(1) = (=1)*f®(0) € Z.
(C) F”(x) — Z(_l)kr2n—2kf(2(k+1)+1)(x)
k>0
— _rZ (_1)k+lr2n—2(k+l)f(2(k+l)+l)(x)

— _r2 Z(_l)ern—zkf(2k+l)(x)

k>1
= —r* (F(x) = r*" f(x))
= —rPF(x)+ """ f(x)

ez

(d) j_x (F "(x) sin(rx) — rF(x) cos(rx)) = F"(x)sin(rx) + rF'(x) cos(rx) — rF'(x) cos(rx) + rF(x) sin(rx)

= F"(x)sin(rx) + rF(x) sin(rx)
= (F"(x) + rF(x)) sin(rx)

= "2 f£(x) sin(rx)

(e) /0 1 f(x)sin(rx)dx = r2i+2 /0 1 2142 £ () sinGrxda
- r2’}+2 [F'(x) sin(rx) — rF(x) cos(rx)]
- r23+2 (F'(1)sin(r) — rF(1) cos(r) + rF(0))
2. Letr € (0, 7]nQ. Assume by contradiction that sin(r), cos(r) € Q. Then, we may Write% = &, sin(r) = g

and cos(r) = 2 where a,b,c € Zand d € N\ {0}.
Let n € N, then using 1.(e), 1.(a) and 1.(b) we get that I, =

Since I, > 0, we get that A, > 1, and thus that I, > dzn%.
But we also have that

An

—55 forsome A, € Z.

1
I, = / f(x)sin(rx)dx
0
1
< / f(x)dx since sin > 0 on (0, )
0
< l since f(x) < l on [0, 1]
n! n!

Therefore dTIH <I, < % and thus n! < d*"*3. Which leads to a contradiction for n large enough.
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3. We use the contrapositive of the previous question: since z# € (0, z] and since sin(z) = 0 € Q and
cos(r) = —1 € Q, we get that 7 ¢ Q.



