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Exercise 1.

Using only the definition of the multiplication, the properties of the addition and Peano axioms, prove that:
1. VaeN,OXxa=ax0=0
2.VaeN,ax1=a

Exercise 2.

N N
Given m € N, we define inductively the function m® : p : " by m®=1and Vn e N, m*® = m" x m.

Prove that:
1. Vme N, m! =m

2. Va,b,neN, (ax b)" =a" x b"
3. Va,m,n € N, """ = o™ x o"
4. VneN\ {0},0"=0
5. vheN, 1" =1

Exercise 3.

For each of the followings, is the binary relation R an order on E? If so, is it total?
1. E=ZandVx,y€ Z, xRy & x=—y
2. E=RandVx,y € R, xRy < cos’x +sin’ y = 1
3. E = P(S) is the set of subsets of a fixed set .S and VA, B € P(S), ARB< AC B

Exercise 4.

We define a binary relation R on Nby Vx,y € N, xRy & dp,q € N\ {0}, y = px{.
1. Prove that R is an order.
2. Isit a total order?

Exercise 5.

We define a binary relation < on N? by (x;,,) < (x5, ¥,) & (x; < x; and y; < y,).
1. Prove that < is an order.
2. Is it a total order?

Exercise 6.

Prove that
1. Va,b,c,d € N, (asbandcﬁd) >a+c<b+d
2. Va,b,c,d €N, (a<bandc<d) = ac<bd

Exercise 7.
For which ¢ € N, dowe have Va,b €N, ac < bc = a < b?

Exercise 8.
Using the well-ordering principle, find an alternative proof of: there is no natural number n between 0 and 1.
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Sample solutions to Exercise 1.

1. Given a € N, we already know that a X 0 = 0 by definition of the multiplication. So we only need to
prove thatVa € N, 0 x a = 0.
Set A={a€eN : 0xa=0}, then

e ACN

e 0 € A since 0 X 0 = 0 by definition of the multiplication.

e 5(A) C A. Indeed, let m € s(A), then m = s(a) for some a € A. Then

O0xm=0xs(a)
= 0 X a + 0 by definition of the multiplication
=0+0sincea € A
=0
Thus m € A.
Therefore, by the induction principle, A =N. SoVa €N, 0 x a = 0.

2. Leta € N. Then
ax1=axs0)since 1 = s(0)
= a X 0 + a by definition of the multiplication
= 0 + a by definition of the multiplication

=da

Sample solutions to Exercise 2.
1. LetmeNthenm' =m* @ =m®xm=1xm=m.
2. Leta,beN.Set A={neN : (ab)" =d"b"}.
e ACN
e 0c A:indeed, (ab)’ =1 and a®° =1 x 1 = 1.
o s(A) C A: let m € s(A) then m = s(n) for some n € A. Next
(ab)™ = (ab)*™ since m = s(n)
= (ab)"(ab) by definition of (ab)*
=d"b"absincen € A
= (a"a)(b"b) by properties of the product
= a*™p*™ by definition of a* and b°
= a"b" since m = s(n)
Hence m € A.
Therefore, by the induction principle, A = N. So for all n € N, (ab)" = a"b".

3. Leta,m e N. Set A = {n eN : a"" = ama"}. Then

e ACN
e 0 A:indeed, ™ =a" =ad"x 1 =d" xd°
o s(A) C A: let k € s(A) then k = s(n) for some n € A. Next

a™tk = gt gince k = s(n)

= a*™* by definition of the addition

a™" x a by definition of a®

=a"a"asincen € A
= a"a*™ by definition of a°®

k

= a"a" since k = s(n)
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Hence k € A.
m_n

Therefore, by the induction principle, A = N. So for all n € N, a"*" = a"d".
4. Letn € N\ {0}. Then there exists m € N such that n = s(m). Thus 0" = 0°"™ = 0" x 0 = 0.

5. Set A = {ne N : 1"= 1}. Then
e ACN
e 0 € A: 1° = 1 by definition of 1°.
o s(A) C A: let m € s(A) then m = s(n) for some n € A. Next

1" = 1°™ since m = s(n)
= 1" x 1 by definition of 1°
=1X1sincene A
=1

Hence m € A.
Therefore, by the induction principle, A =N. Soforalln € N, 1" = 1.

Sample solutions to Exercise 3.

1. This binary relation is not an order since it is not reflexive.
Indeed, 1R1 is false since 1 # —1.

2. This binary relation is not an order since it is not antisymmetric.
Indeed, OR(27) and (2x)RO0 are true but 0 # 2x.

3. The inclusion is an order on P(.S). Indeed

o VA€ P(S), A C A (reflexivity).
e VA,BE€P(S), (AC Band BC A) = A = B (antisymmetry).
e VA,B,C € P(S), (Ac Band BC C) => A C C (transitivity).

If S = @ then P(S) = {@}: the order is obviously total.

If S = {*} has only one element then P(S) = {@, {*}}: the order is obviously total.
If .S contains at least two elements a, b then the order is not total.

Indeed, set A =S\ {a} and B =S\ {b}.

Then A ¢ Bsincebe Abutb & B,and, B ¢ A sincea € Bbuta & A.

Thus, if S’ contains at least two elements, then C is not a total order on P(S).

Sample solutions to Exercise 4.
1. e Reflexivity. Let x € N. Then x = 1 x x'. Hence xRx.
e Antisymmetry. Let x, y € N be such that xRy and yRx. Then x < yand y < x. Thus x = y.
e Transitivity. Let x,y,z € N be such that xRy and yRz. Then y = px? and z = ry’ for some
p.q,r,s € N\ {0}. Hence z = ry® = rp’x? with rp’, gs € N\ {0}. Thus xR z.

2. This order is not total since OR1 and 1RO are both false.

Sample solutions to Exercise 5.
1. e Reflexivity. Let (x,y) € N?, then x < x and y < y hence (x, y) < (x, y).

o Antisymmetry. Assume that (x|, y;) < (x,, y,) and that (x,, y,) < (x1, y).
Then x| < xp, y; <y, Xy <xjpand y, < yy.
Since < is an order on N, we get that x; = x, and y; = y,. Thus (x, y1) = (x5, ¥,).

o Transitivity. Assume that (x;, y;) < (x5, »,) and that (x,, y,) < (x3, ¥3).
Then x; < xp, y; < yy, X < x3and y, < y;.
Since < is an order on N, we get that x; < x3 and y; < y3. Thus (xy, y;) < (x3, y3).
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2. Note that (1,0) < (0, 1) and (0, 1) < (1, 0) are both false. Hence < is not a total order on N2.

Sample solutions to Exercise 6.
Method 1: using the definition.
1. Leta,b,c,d € N. Assume thata <bandc <d.
Then there exist k,/ € Nsuchthatb=a+ kandd =c + 1.
Henceb+d=a+k+c+Ii=(@+c)+(k+ D) withk+1€N.
Thusa+c <b+d.
2. Leta,b,c,d €N. Assume thata < band ¢ <d.
Then there exist k,/ € Nsuchthatb=a+ kandd =c + 1.
Hence bd = (a + k)(¢c + 1) = ac + (al + kc + kl) with al + k¢ + kI € N.
Thus ac < bd.
Method 2: using the properties proved in class.
1. Leta,b,c,d € Nbesuchthata<bandc <d.

Thena<b = a+c<b+candc<d = b+c<b+d.

. a+c<b+c
- <
Fmally{ bic<bid = a+c<b+d.
2. Leta,b,c,d € Nbesuchthata <band c <d.

Thena<b = ac<bcandc<d = bc < bd.

Finally { Zi i 22 = ac < bd.
Sample solutions to Exercise 7.
e The statement is false for ¢ = 0, indeed, 2 x 0 <1 x0but 2 < 1 is false.
o The statement is true for ¢ # 0. We are going to prove the contrapositive, Va,b € N, b <a = bc < ac.
Let a, b € N be such that b < a. Then b < g and hence bc < ac.
Assume by contradiction that bc = ac then b = a since ¢ # 0. Hence bc < ac as expected.

Sample solutions to Exercise 8.

Assume by contradiction that theset E = {n € N : 0 <n < 1} is not empty.

Then, by the well-ordering principle, E admits a least element, i.e. there exists / € E suchthatVn €N, [ < n.
Since ! € E, we get that/ < 1. Note that0 ¢ E,so!/ # 0. Hence/l <1 = 1> <.

We know that if 0 = /2 = [ x I then I = 0. Hence I° is positive.

Finally 0 < /> < I < 1. So I* € E which contradicts the fact that / is the least element of E.



