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Introduction

We want to enlarge Z with numbers of the form 5, where p € Z and g € Z \ {0} satisfying the
property that § X q=p.

Such numbers are called rational numbers and they form the set Q.
We also want to extend our operations +, x and the order < from Z to Q.
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We want to enlarge Z with numbers of the form 5, where p € Z and g € Z \ {0} satisfying the
property that § X q=p.

Such numbers are called rational numbers and they form the set Q.

We also want to extend our operations +, x and the order < from Z to Q.

Set x = % and y = % Then 14x = 10.
So, assuming the multiplication on Q has a cancellation rule, we get 7x = 5, i.e. x = % =y.
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We want to enlarge Z with numbers of the form 5, where p € Z and g € Z \ {0} satisfying the
property that § X q=p.

Such numbers are called rational numbers and they form the set Q.

We also want to extend our operations +, x and the order < from Z to Q.

Set x = % and y = % Then 14x = 10.

So, assuming the multiplication on Q has a cancellation rule, we get 7x = 5,i.e. x = 2 = y.
Therefore, to have a coherent construction, we need to identify several fractions which are not
equal a priori.

ENE V)
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Introduction

We want to enlarge Z with numbers of the form 5’ where p € Z and g € Z \ {0} satisfying the
property that § X q = p.

Such numbers are called rational numbers and they form the set Q.

We also want to extend our operations +, x and the order < from Z to Q.

Set x = % and y = % Then 14x = 10.

So, assuming the multiplication on Q has a cancellation rule, we get 7x = 5,i.e. x = 2 = y.
Therefore, to have a coherent construction, we need to identify several fractions which are not
equal a priori.

ENE V)

The usual formal way to achieve this point relies on equivalence classes, which is the point of
view adopted in the lecture notes. | will adopt a more naive/less formal approach in the slides.
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Definition

Definition
We define
Q={§ : pGZ,qEZ\{O}}

with the relation -
Vp,r € Z,Vq,s € Z \ {0}, Lo - S ps=gqr
q s

where the operation in the RHS takes place in Z (there is no cycling definition).
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Definition

Definition
We define
Q={§ : pGZ,qEZ\{O}}

with the relation
Vp,r € Z,Vq,s € Z \ {0}, P_ fc)ps:qr
q s

where the operation in the RHS takes place in Z (there is no cycling definition).

9=§since 10x7 =5x 14 = 70.

14

Jean-Baptiste Campesato MAT246H1-S — LEC0201/9201 — Mar 9, 2021 3/12



A few notations

- Q

1
Therefore we may see Z as a subset of Q by setting » := % eQforneZ.

Z
Note that the function

is injective.
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A few notations

Notation

||

Note that the function - E‘D

1
Therefore we may see Z as a subset of Q by setting » := % eQforneZ.

is injective.

Note that for (a,b) € Z x Z \ {0}, we have T = _b Hence we set _Z = T = —b
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A few notations

Notation

||

Note that the function - E‘D

1
Therefore we may see Z as a subset of Q by setting » := % eQforneZ.

is injective.

Note that for (a,b) € Z x Z \ {0}, we have T = _b Hence we set _Z = T = —b

Notation

Notethatz_0©a_0andthatlf—=—;EOthen—=b—

a/

Hence, if x = Z #+0,we set x™ := b which doesn’t depend on the representative of x.
a
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Lowest form representation

Proposition

Given x € Q, there exists a unique couple (a,b) € Z x N\ {0} such that x = % and ged(a, b) = 1.

Then we say that x = % is written in lowest form.
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Lowest form representation

Proposition

Given x € Q, there exists a unique couple (a,b) € Z x N\ {0} such that x = % and ged(a, b) = 1.

Then we say that x = % is written in lowest form.

Proof. Let x € Q.

Existence. There exist @ € Z and g € Z \ {0} such that x = %

Write d = ged(a, B), then there exista e Zand b € Z \ {0} such that o = da and B = db.
Note that gcd(a, b) = 1 (since d = ged(a, f) = ged(da, db) = d ged(a, b)) and that % = %
since sign(b)ap = sign(b)adb = |b|da = |b|a.

Uniqueness. Assume that % = Z—: where a,a’ € Z, b,b’ € N\ {0}, ged(a, b) = 1, ged(a’,b’) = 1.
Then ab’ = a’b. By Gauss’ lemma, since blab’ and ged(a, b) = 1, we get that b|b'.

Similarly 6" |b, so |b| = |b'|, thus b= b’.

Then, using the cancellation rule, ab’ = a’b gives a = a’ since b = b’ # 0. [ |
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Proposition

X Q . .
L, ad+be is well-defined.

The addition + : (2 c
b’ d bd
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Proposition
OxQ - Q

The addition + : /4 . ad+be 1S well-defined.
(Z’ E) T T

Proof. We need to prove that the addition doesn t depend on the choice of the representatives,
i.e. thatif = ——and - = then s+ 2= —+—.

Assume that £ 3= b—, and 3 = ;—:, i.e. ab' = ba' and cd’ =dc’.
Therefore (ad + be)(b'd’) = adb'd’ + beb'd’ = ba’dd’ +dc’'bb’ = (a’d’ + b'c')(bd),

BTN
ie. ad+bc=ad+bc m

bd b'd’

Note that the addition defined on Q is compatible with the one on Z.
n_ min

Indeed, if m,n € Z then %+ 1=
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Multiplication

Proposition

Tl

Q
ac is well-defined.
bd

The multiplication x :

S
(S ST
S Y
S~—
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Multiplication

Proposition

O0xQ - 0
The multiplication x : ( a IS well-defined.

£ ac
’d bd

(S ST

Proof. We need to prove that the multiplication doesn’t depend on the choice of the

i i wa_a [ ag e _a
representatives, |.e,. that if 5 G and 7 = Z- then 2 x = = 52 x =
Assume that % = ‘;—, and 5 = %, i.e. ab) =ba' and cd’ =dc’.
Therefore (ac)(b'd") = ab'cd’ = ba'de’ = (a'¢')(bd), i.e. % = < as desired. N

Note that the multiplication defined on Q is compatible with the one on Z.

Indeed, if m,n € Z then %x % = "’TX”
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Order
We want to define an order on Q, satisfying the following natural properties:

a_ bc—ad, and,

e s<tifandonlyifo< S -2 ===
if and only if 0 < ef (i.e. the sign rule).

|

e 0< <
-7

8/12
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We want to define an order on Q, satisfying the following natural properties:
* ¢<<ifandonlyifo<<-2= ””;‘", and,

e 0< ? if and only if 0 < ef (i.e. the sign rule).

Therefore the following definition is natural:

Definition
We define the binary relation < on Q by

where the order on the RHS of the equivalence is the order of Z.
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* ¢<<ifandonlyifo<<-2= ””;‘", and,

e 0< ? if and only if 0 < ef (i.e. the sign rule).

Therefore the following definition is natural:

Definition
We define the binary relation < on Q by

where the order on the RHS of the equivalence is the order of Z.

We have to check that it doesn’t depend on the choice of the representative! J
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Order

We want to define an order on Q, satisfying the following natural properties:
* ¢<<ifandonlyifo<<-2= ””;‘", and,

e 0< f if and only if 0 < ef (i.e. the sign rule).

Therefore the following definition is natural:

Definition
We define the binary relation < on Q by

where the order on the RHS of the equivalence is the order of Z.

We have to check that it doesn’t depend on the choice of the representative! J

Proposition
The order < defined on Q extends the usual order < on Z.
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Order

We want to define an order on Q, satisfying the following natural properties:
* ¢<<ifandonlyifo<<-2= ””;‘", and,

e 0< f if and only if 0 < ef (i.e. the sign rule).

Therefore the following definition is natural:

Definition
We define the binary relation < on Q by

where the order on the RHS of the equivalence is the order of Z.

We have to check that it doesn’t depend on the choice of the representative! J

Proposition
The order < defined on Q extends the usual order < on Z.

Proof. Letm,neZthen%S%@OSn—m@mSn. [ |
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(Q, +, %, <) is a (totally) ordered field, meaning that
® + js associative: Vx,y,z€ Q, (x+y)+z=x+Qy+2)
Oistheunitof +: Vx € Q, x+0=0+x=x
—x is the additive inverse of x: Vx € Q, x + (—x) = (—x) + x =0
+ is commutative: Vx,y € Q, x+y=y+x
X is associative: Vx, y,z € Q, (xy)z = x(yz)
X is distributive with respectto +: Vx,y,z € Q, x(y+ z) = xy+xzand (x+ y)z = xz+ yz
listheunitof x: Vx€Q, Ixx=xXx1=x
If x # 0 then x~! is the multiplicative inverse of x: Vx € @\ {0}, xx ' = x7x =1
X is commutative: Vx,y € Q, xy = yx
< isreflexive: Vx € Q, x < x
< is antisymmetric: Vx,y € Q, (x < yandy<x) = x=y
<is transitive: Vx,y,z€Q, (x<yandy<z) = x<z
<istotal: Vx,yeQ,x<yory<x
Vx,y,r,s€Q,(x<yandr<s)=>x+r<y+s
Vx,y,z€Q, (x<yandz>0) = xz < yz
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Between two rationals there is another rational

Proposition
Vx,yEQ,x<y = (Fz€Q,x<z<Yy)
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Between two rationals there is another rational

Proposition
Vx,yEQ,x<y = (Fz€Q,x<z<Yy)

Proof. Let x,y € Q be such that x < y. Then z = "T” is a suitable choice.
Indeed, x < y implies 2x < x + y and thus x < z. Similarly x + y < 2y, and thus z < y. |
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Between two rationals there is another rational

Proposition
Vx,yEQ,x<y = (Fz€Q,x<z<Yy)

Proof. Let x,y € Q be such that x < y. Then z = "T” is a suitable choice.
Indeed, x < y implies 2x < x + y and thus x < z. Similarly x + y < 2y, and thus z < y. |

Note that Q is not well-ordered.
Indeed Q. = {x € @ : x> 0} is non-empty (and even bounded from below) but it has no least
element.
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Q is archimedean

Theorem: Q is archimedean
Ve € Q.p, VA € Q. AN €N, Ne > A.
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Q is archimedean

Theorem: Q is archimedean
Ve € Q.p, VA € Q. AN €N, Ne > A.
Proof.

Since 2 > 0, we may find a representative ¢ = 4 where a,b € N\ {0}.
€ y P b €

Thena+1—§=a+1—§="(’"—Ij)+”>0,thus(a+1)e>A.
So N = a+ 1 is a suitable choice. [ |
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Q is archimedean

Theorem: Q is archimedean
Ve € Q.p, VA € Q. AN €N, Ne > A.
Proof.

Since 2 > 0, we may find a representative ¢ = £ where a,b € N\ {0}.

Thena+1—§=a+1—§="(’"—Ij)+”>0,thus(a+1)a>,4.
So N = a+ 1 is a suitable choice. [ |

The above theorem means that lim 1_ 0, or equivalently that @ doesn’t contain infinitesimal

n—+o0o n

elements (i.e. there is not infinitely large or infinitely small elements).
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The rational root theorem

The rational root theorem

Let f(x) = a,x" + a,_;x""! + - + a;x + a, be a polynomial with integer coefficients a, € Z.
If x = 5 is a rational root of f written in lowest terms (i.e. ged(p, ¢) = 1), then p|a, and g|a,,.
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The rational root theorem

The rational root theorem

Let f(x) = a,x" + a,_;x""! + - + a;x + a, be a polynomial with integer coefficients a, € Z.
If x = 5 is a rational root of f written in lowest terms (i.e. ged(p, ¢) = 1), then p|a, and g|a,,.

Proof. By assumption we have that

p\" p\"! p
a |\ =] +ta,_ = ++a=+ay;=0
n<q> nl(q) lq

a,p" + a,,_lp"_lq + -+ alpq”_1 +agq" =0

Thus plagq”. Since ged(p, g¢) = 1, by Gauss’ lemma we obtain that p|a,.
Similarly qla,,. |

Therefore
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