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Today'’s topic: topology of C
After having tried to convince you that a line is a circle, today | will divide by O...

LEC0101 website: http://uoft.me/MAT334-LEC0101

How to practice for MAT334:
* Immediate practice questions from the slides.
* "Problems_to_...” from Quercus.
e Tutorial problems.

Make sure that you have read the Outline/Syllabus and readme pages posted on Quercus, they
contain valuable information such as:

Each Quiz is drawn from the problems for a week (or weeks) in the Quiz description.
(Problems_to_...).

Beware if you look online for inversion: it can mean the complex inversion z — z~! (we use this

one) but also the geometric inversion, which in terms of complex numbers is given by z — z-1, do
NOT confuse them!
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http://uoft.me/MAT334-LEC0101

Disks, neighborhoods and bounded sets

Open disk

The open disk centered at z, € C and of radius r € R, is D,(zg) = {z € C : |z - zy| < r}.
(You may also see the name r-vicinity of z.)

Closed disk

The closed disk centered at z, € C and of radius r € R is D,(z9) = {z € C : |z—zy| <r}.

Neighborhood
We say that .S c C is a neighborhood of z;, € C if there exists € € R, such that D,(z) C S.

Bounded sets
We say that S c C is bounded if there exists r € R, such that S c D,(0).
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Interior, closure and boundary

a€sS besS c&S dgsS
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Interior, closure and boundary

a€sS besS cgS d¢& S

Definition: interior

The interior of S c Cis $ = {z€ C : 3e>0, D (z) C S} (also denoted S™™).
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Interior, closure and boundary

aeS beS ¢S d¢S
acS beS &S dg¢s

Definition: interior

The interior of S c Cis $ = {z€ C : 3e>0, D (z) C S} (also denoted S™™).
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Interior, closure and boundary

a€S beS ¢S des
acS beS &S dg¢s

Definition: interior

The interior of S c Cis $ = {z€ C : 3 >0, D (z) C S} (also denoted S™*).

Definition: closure

The closure of S c Cis S ={z€C : Ve >0, D(z)n S # @}.
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Interior, closure and boundary

aeS beS &S d¢Ss
acS beS &S dg¢s
a€S besS cesS Ny

Definition: interior

The interior of S c Cis $ = {z€ C : 3 >0, D (z) C S} (also denoted S™*).

Definition: closure

The closure of S c Cis S ={z€C : Ve >0, D(z)n S # @}.
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Interior, closure and boundary

aeS beS &S d¢Ss
acS beS &S dg¢s
a€S besS cesS Ny

Definition: interior

The interior of S c Cis $ = {z€ C : 3 >0, D (z) C S} (also denoted S™*).

v

Definition: closure

The closure of S c Cis S ={z€C : Ve >0, D(z)n S # @}.

Definition: boundary

The boundary of S c Cis 85 == 5\ .
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Interior, closure and boundary

a€S beES &S d¢sS
aeS bgS &S desS
a€S beS ceS desS
agdS bedS cecoS deods

Definition: interior
The interior of S c Cis § = {z€ C : 3 >0, D (z) C S} (also denoted S™*).

Definition: closure
The closure of S c Cis S ={z€C : Ve >0, D(z) N S # @}.

| \

Definition: boundary

The boundary of S c Cis 85 :== 5\ .

Jean-Baptiste Campesato MAT334H1-F — LEC0101 — Sep 18, 2020 4/11



Interior, closure and boundary

ae s be S c& S
a€ S bﬁbo’ C§ES‘
a€S beS ces
agdS bedS ceoS

OScscs
O S=5Suos
© SniS=g
0 0oS={z€C :Ve>0, D, (z)nS#@and D,(2)NS° B}
O o(s)=0S

d¢ S
d¢ S
d¢ S
d¢aS
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Open and closed sets

Definition: Open sets
We say that S c Cis open if S = S.

Definition: Closed sets
We say that S c C is closed if S = S.
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Open and closed sets

Definition: Open sets

We say that S c Cis open if S = S.

Definition: Closed sets
We say that S c C is closed if S = S.

e {zeC : |z| < 1} is open not closed.

{ze C : |z| £ 1} is closed not open.

C is both open and closed.

{zeC : R(z) =0, J(z) > 0} is neither open nor closed.
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Open and closed sets

Definition: Open sets

We say that S c Cis open if S = S.

Definition: Closed sets
We say that S c C is closed if S = S.

© Sisopenifandonlyif SNaS =@

® S is open if and only if it is a neighborhood of each of its elements,
ie.Vze S,3e>0,D.(z)C S

©® Sisclosedifand onlyif oS c S

O S is closed if and only if S¢ is open

@ Open sets are stable by unions and finite intersections.
0O Closed sets are stable by intersections and finite unions.
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Open and closed sets

Definition: Open sets

We say that S c Cis open if S = S.

Definition: Closed sets
We say that S c C is closed if S = S.

Homework

Are the following sets open? closed?
O {(zeC : R >0}
O {zeC : R(z) >0}
(3 )7
O {zeC : |z|=1}
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Connectedness — 1

Definition: Path-connectedness

A subset S c C is path-connected if for any z(, z; € S there exists y : [0, 1] — C continuous such
that @ Vre[0,1],y() e S A y(0) = Z O y()=z.

Intuitively, it means that S is made of only one piece.
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Connectedness — 1

Definition: Path-connectedness

A subset S c C is path-connected if for any z(, z; € S there exists y : [0, 1] — C continuous such
that @ Vre€[0,1,y eSO yO) =2z, O y(l)=z.

Theorem

An open subset S c C is path-connected if and only if for any z,, z; € S there exists a polygonal
curve from z, to z; which is included in .S,
i.e. there exists wy, ..., wy such that [w;,, w;; ;] C S, wy = zo and w;, = z;.
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Connectedness — 1

Definition: Path-connectedness

A subset S c C is path-connected if for any z(, z; € S there exists y : [0, 1] — C continuous such
that @ Vre[0,1],y() e S A y(0) = Z O y()=z.

Theorem

An open subset S c C is path-connected if and only if for any z,, z; € S there exists a polygonal
curve from z, to z; which is included in .S,
i.e. there exists wy, ..., wy such that [w;,, w;; ;] C S, wy = zo and w;, = z;.

Beware

The openness assumption is very important in the previous theorem.
Indeed, the following set is path-connected but two point on it can’t be joined by a polygonal

curve staying in the curve. /\/\/
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Connectedness — 2

Definition: Connectedness
We say that an open subset S c C is connected if it is path-connected.

We defined connectedness only for open sets: there exists a more general notion of
connectedness but it coincides with path-connectedness for open sets.

Definition: Domain

We say that a subset D c C is a domain if it is open and connected.
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Convex sets and star-shaped sets

Definition: Convex sets
We say that S c Cis convex if Vzy,z; € S, Vt € [0,1], (1 — 1)z + tz; € S.

(a) Convex set (b) Non-convex set
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Convex sets and star-shaped sets

Definition: Convex sets
We say that S c Cis convex if Vzy,z; € S, Vt € [0,1], (1 — 1)z + tz; € S.

Definition: Star-shaped sets
We say that S c C is star-shaped if 3w € S, Vz e S,Vi € [0,1], (1 —Hw +tz € S.
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Convex sets and star-shaped sets

Definition: Convex sets
We say that S c Cis convex if Vzy,z; € S, Vt € [0,1], (1 — 1)z + tz; € S.

Definition: Star-shaped sets

We say that S c C is star-shaped if 3w € S, Vz e S,Vi € [0,1], (1 —Hw +tz € S.

Proposition

Convex and non-empty = star-shaped = path-connected.

Beware: ¢ is convex but not star-shaped.
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Convex sets and star-shaped sets

Definition: Convex sets
We say that S c Cis convex if Vzy,z; € S, Vt € [0,1], (1 — 1)z + tz; € S.

Definition: Star-shaped sets
We say that S c C is star-shaped if 3w € S, Vz e S,Vi € [0,1], (1 —Hw +tz € S.

Proposition

Convex and non-empty = star-shaped = path-connected.
& &=
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The extended complex plane: C=Cu {0} — 1

We set 5% := {(r,s,N €R® : P+ s>+ =1}

and N = (0,0, 1) (the north pole of S?).

We identify C with the equatorial plane P = {¢r = 0}.

We define the stereographic projection with respect to N:

2 b
(p:{S\{N} P

M = (NM)nP \/ \
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The extended complex plane: C=Cu {0} — 1

We set 5% := {(r,s,N €R® : P+ s>+ =1}

and N = (0,0, 1) (the north pole of S?).

We identify C with the equatorial plane P = {¢r = 0}.

We define the stereographic projection with respect to N:

f SP\(N} - P
o { )

@ is a bijection.

» (NM)NnP \/
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The extended complex plane: C=Cu {0} — 1

We set 5% := {(r,s,N €R® : P+ s>+ =1}

and N = (0,0, 1) (the north pole of S?).

We identify C with the equatorial plane P = {¢r = 0}.

We define the stereographic projection with respect to N:

2 )
(p:{S\{N} - P £ Nl

M -~ (NM)nP \/

@ is a bijection.

It allows to identify C with S\ {N'} and then to see N as the point at infinity, i.e. to identify 5>
with C = C U {o0}.

There are several models for (ﬁ, this one is called the Riemann sphere.
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The extended complex plane: C=CuU{c} -2

Definition: Neighborhood of the oo
We say that V' c C is a neighborhood of « if V¢ := C \ V is bounded.
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The extended complex plane: C=CuU{c} -2

Definition: Neighborhood of the oo

We say that V' c C is a neighborhood of « if V¢ := C \ V is bounded.

Proposition
V c Cis a a neighborhood of o if and only if IR € R, {z€ C : |z| > R} C V.
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The extended complex plane: C=CuU{c} -2

Definition: Neighborhood of the «
We say that V' c C is a neighborhood of « if V¢ := C \ V is bounded.

Proposition
V c Cis a a neighborhood of o if and only if IR € R.4, {z€ C : |z| > R} C V.

Remember that a set is open if and only if it is a neighborhood of each of its points. Hence, we
defined a topology on C. It makes ¢ : S* - C a homeomorphism.

Definition: Open sets of C

A subset S c C is open if
® S c Cisopenor
® S ={c0}UU where U = K¢ c C is the complement of a compact K c C (closed and bounded).
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The extended complex plane: C=CuU{c} -2

Definition: Neighborhood of the «
We say that V' c C is a neighborhood of « if V¢ := C \ V is bounded.

Proposition
V c Cis a a neighborhood of o if and only if IR € R, {z€ C : |z| > R} C V.

Remember that a set is open if and only if it is a neighborhood of each of its points. Hence, we
defined a topology on C. It makes ¢ : S* - C a homeomorphism.

Definition: Open sets of C

A subset S c C is open if
® S c Cisopenor
® S ={c0}UU where U = K¢ c C is the complement of a compact K c C (closed and bounded).

The Riemann sphere is a special case of a general topological construction called the one-point

compactification or the Alexandrov compactification.
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The extended complex plane: C=Cu{c} -3

c - ¢C
. R
We may extend the inversion to C by inv : 4 2 — 2 [z€C\{0}
0 » o
o ~ 0

4Actually, it is possible to define division by 0, what is not possible is to define a multiplicative inverse of 0.

Remember from last time the generalized circle (or line-circle) equation
azz—-nz—nz+k=0 (1)
where a,k € R and n € C satisfy |g|> — ak > 0.

Set w = z~! (so that we swap 0 and « in @).
Then (1) becomes
kww—-oaw—-aw+a=0

where a = 1.

Jean-Baptiste Campesato MAT334H1-F — LEC0101 — Sep 18, 2020



Not part of MAT334, just a gift &:

another example of one-point/Alexandrov compactification

ES E3
x -2y =p CR®

—

/

|

The drawing on the left is probably my favourite real algebraic set (Whitney umbrella) and the
one on the right is its one-point/Alexandrov compactification.



