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Real-valued case —U c R" openand f : U — R.

Name

Nature

Notation and definition

Directional derivative at
xeUalongveR"

Real number O, f(X) = lil’l(‘)l
t—

f&E+1v) - f(X)
t

i-th partial derivative at
xeU

of

Real number 7 (X) = 9¢ f(X)

Ox;

Gradientatx e U

Vector in R” Vix) = (%(x), s g(x))

Differential (or total
derivative) atx e U

“f is differentiable at x”

Linear function | f(x+h) = f(x)+ d,f(h)+ E(h)

E(h)

def R'"SR with lim —— =0

-0 ||h||

See the slides from Oct 10 for the geometric intuitions about these objects.
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Real-valuedcase—f : U - R, U Cc R" open, x € U

Continuous at x

Interpretation of V f(x):

direction: direction of
fastest increase through x
Partial denva_mves existon U | Differentiable at x | —> _magn/tude: steepness,
and are continuous at x instantaneous  rate  of

change in that direction
Moreover: it is orthogo-
nal to the level sets

Directional derivatives at x exist

See the slides from Oct 10 for more details and moreover

and for the counter-examples. ® Oy f(X) =dyf(V)
® dfh)=Vfx) -h

® O /(X)=Vf(X)-Vv

‘ Partial derivatives at x exist ‘ > ‘ Directional derivatives at x exist ‘

‘ All the directional derivatives at x exist ‘ s
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Vector-valued case — U c R" open and f : U — R*.

We denote by f, the components of f, i.e. £=(f},...,f) : U —» R*

Name

Nature

Notation and definition

Differential (or total
derivative) atx e U

“f is differentiable at x”

Linear function

d.f : R" - R*

f(x + h) = f(x) + d,f(h) + E(h)

Jacobian matrix of f at
xeU

(k x n)-matrix

ofy o/
o, &) o, X)
Df(x) = : :
() L@ - L@
Ox; ox,
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Vector-valued case —f : U — R*, U c R" open, x € U

We denote by f; : U — R the components of f, i.e. f=(f,.... f,) : U = R¥

We proved that f is differentiable at x if and only if its components f; are too.
It allowed us to use the results from the real-valued case to prove the following theorems:

existon U
and are continuous at x

The partial derivatives %
J

’ fis continuous at x

/’

—— | fis differentiable at x ‘

All the directional derivatives
dy f;(x) of the components f;
at x exist

and moreover

Mat (d,f) = Df(x)
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The Chain Rule

U - R V - R
x » f® y —» 8y
Assume that f(U) c V so that g~ f : U — R* is well-defined.

Let U c R" open, f : ,V cR' open, g :

LetxeU.
If f is differentiable at x and g is differentiable at f(x) then g - f is differentiable at x.

e Chain rule formula for the differentials:
dy(gof) = (df(x)g) o (dyf)
e Chain rule formula for the Jacobian matrices:
D(g - H(x) = D@ (%)) - D(H)(x)

e Chain rule for the partial derivatives:

agof) < 9 of,
o =2, 5, @) o, ™

J a=1
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The Chain Rule

U - R V - R
x » f® y —» 8y
Assume that f(U) c V so that g~ f : U — R* is well-defined.

Let U c R" open, f : ,V cR' open, g :

LetxeU.
If f is differentiable at x and g is differentiable at f(x) then g - f is differentiable at x.

e Chain rule formula for the differentials:
de(gf) = (dix)8) o (dxf)
e Chain rule formula for the Jacobian matrices:
D(g - f)(x) = D(g)({(x)) - D(F)(x)
e Chain rule for the partial derivatives:

o]
(g’ t)()—Z 5y ) f"(x)

a=1

We derive the second formula from the first one by noticing that D(f)(x) = Mat(dgf). And we derive the third formula from the second
one by looking at the (i, j)-component of the matrices (the RHS is just the matrix multiplication formula).
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The Chain Rule

U - R V - R
x » f® y —» 8y
Assume that f(U) c V so that g~ f : U — R* is well-defined.

Let U c R" open, f : ,V cR' open, g :

LetxeU.
If f is differentiable at x and g is differentiable at f(x) then g - f is differentiable at x.

e Chain rule formula for the differentials:
de(g ) = (dix)8) * (dxf)
e Chain rule formula for the Jacobian matrices:
D(g - f)(x) = D(g)(f(x)) - D(E)(x)
e Chain rule for the partial derivatives:

o]
(g’ t)<)—Z 5y ) f"(x)

a=1

The last formula may seem difficult but after using it several times you'll notice that it is easy to use in practice, it generalizes the
chain rule from MAT135/137/157 in a natural way.
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Beware!

Your worst enemy in calculus is going to be the notation!
® There are as many notations as people: if you pick two different

textbooks/mathematicians randomly, they probably don’t use the same notations
for the directional derivatives, the partial derivatives, the differentials, the Jacobian
matrices...
For instance, below are some notations more or less commonly used for the partial
derivative of f : R? — R with respect to the first variable (i.e. the directional
derivative along e, ):

Z_i(? ava ae]f’ alf’ fx’ fx,’ Dva Delf’ D1f7 lea Delfv---

* The notations might be confusing at first: be sure that you understand what you are
reading and/or writing! Rely on the context to avoid any confusion!
For instance, given a function f : R? - R, ‘;—f simply denotes the derivative with
respect to the first variable (i.e. the directional derivative along e,), do not try to
interpret the x in the denominator dx, that’s just a notation.
Therefore, if you see %(xz, xyz), it means that you first compute the partial

derivative and then that you evaluate it at (x*, xyz).
You should not compute f(x2, xyz) and then take the derivative with respect to x.
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The MVT

Theorem. The MVT (one-variable case)
Let f : [a,b] — R continuous on [a, b] and differentiable on (a, b).
Then there exists ¢ € (a, b) such that f(b) — f(a) = f'(c)(b - a).

Theorem. The MVT (multivariable case)

U c R" open, f : U — R differentiable on U.

Leta,be U suchthat Ly, ={(1-nNa+tb : t€[0,1]} CU.
Then there exists ¢ € L,}, such that f(b) — f(a) =V f(c)-(b-a)

Corollary. U c R" open and convex, f : U — R differentiable on U.
If there exists M > 0 such that Vx € U, ||[Vf(X)|| < M then
vabe U, |f(b)- f(@)| < M|b-a||

Corollary. U c R” open and path-connected, / : U — R differentiable.
Ifvx e U, Vf(x) =0 then f is constanton U.
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Higher-order partial derivatives — 1

Notation. U c R" open, f : U - R,a€U.
Assume that "f exists in a small ball centered at a and that it admits a directional

derivative at a along e;, then we denote the second-order partial derivatives by
>’f o (of

a) = — a

axjdx,.( ) 0x; c)x, @)

Be careful, we first take the partial derivative w.r.t. x; and then w.r.t. X

Theorem. Clairaut’s theorem.

UcR"open, f : U - Rofclass C?,ae U. Then
3f 3f

a) = a

dxjdx,.( ) dx,.dxj( )

“If the second-order partial derivatives are continuous then the order doesn’t matter.

”

Example. The C? assumption is crucial here!

x2oy? .
Let f : R* > R be defined by f(x,y) = { V37 It (x, ) ;é.(o’ 0
0 otherwise

Zf B aZf
(00) 1¢—1_ayax

Then 0,0).
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Higher-order partial derivatives — 2

. o df d 3 of
Notation. Similarly we set —————(a) = — O A .
miary w Ox; 0x; = Ox; @) ox; \ Ox; Ox;, @)

Another possible notation is dx,k axiH dx.l f(a).

Be careful we read from right to left (that's a composition): first we differentiate w.r.t. x; ,
then w.rt. x,,, and so on...

Definition. U c R" open, f : U - R.
We say that f is of class C* if all its partial derivatives of order less than or equal to &
exist and are continuous (don't forget the continuity assumption!).

Comment. C° means continuous.
Comment. C! is read continuously differentiable.

Theorem. C* functions are closed under elementary operations.

Theorem. U c R" open, f : U — R of class C*,a € U.

k
Then L(a) doesn’t depend on the order of the iy, ..., .
ox; Ox; - 0x;

Tk Tg—1 n
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Taylor theorem — The one-variable case

Definition. I c Rinterval, f : I — R, a € I, assume that f is k-times differentiable at a
then we define the k-th order Taylor polynormal of f at a by

4 (k)
Posh) ‘Zf @ = @+ 1 @h+ 0w LD

Comment. P, is the unique polynomial of degree at most k such that
P, (0) = f(a), P, (0) = f'(a), P, (0) = £ (a), ..., P (0) = f¥(a)

Theorem. Taylor’s theorem or Taylor—Young'’s theorem
IcRinterval, f : I > RofclassC*'onI,andae I.

. E
If /% (a) exists then f(a+ h) = P,,(h) + E(h) where lhin(} % =0.
Theorem. Taylor-Lagrange’s theorem
Let I c Rinterval, f : I — R be (k + 1)-times differentiable on I, and a € I.

[a,a+hlCcTifh>0o0r 3¢ € (a,a+h)ifh>0o0r
LetheR\{O}SUChthat{ la+halclith<o I ”{ € a+ha)ifh<0

S0
k+D!

such that f(a+ h) = P,,(h) +
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Taylor theorem — The multi-variable case — 1

Theorem. Taylor’s theorem at order 1
UcR"open, f:U->R dif'ferentiable ataeU.

Then f(a+h) = f(a)+ Z —f(a)h + E(h) where hm ﬁ(TlTI) =0.

l

Theorem. Taylor—Lagrange’s theorem at order 2
UcR"open, f:U - Rofclass C>,ae U, heR"
Assume that vt € [0, 1], a + th € U then there exists 6 € (0, 1) such that

n df 1 n n 02f
f@+h)=f(a)+ 2} S @n+ Z} Z:, FrmCR L
i= i j=1 i= Jo

Theorem. Taylor’s theorem at order 2
UcR"open, f: U - Rofclass C?,a e U.

n ) noon Eh
Then f(a+h) = f(a)+ Z} a—)};(a)hi + % 21 Z} 5 0x @h;h; + E(h) where lim ||li||2) =
i= i j=1 i=
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Taylor theorem — The multi-variable case — 2

We define the Hessian matrix of f at a by

Pf f
0x10x @ - 0x,0x,, (@)
Hi@=| - ¥
of RO <o
0x,,0x (@) 0x,0x,, (@)
Notice that
f Pf
hn aZf 0x10x1(a) dxldx,,(a) h]
ayih, = (h, - h : : :
;1;:1 o, t " &y ) h
dxndxl(a) dxndxn(a) "
=h.(H;(a)h)
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Taylor theorem — The multi-variable case — 3

You do NOT need to know the following formula (see next slide)!

Theorem. (Taylor’s theorem)
U cR"open, f : U — R of class ck,aeU. Then

(4
f@a+h =) 9 f(a)h"‘+E(h)
aex @
with lim E(h]z
h—0 |||

Where a = (ay, ..., a, )EN>0, | =1+ +a, al=a!a,l,
h® = h}' - h," and

alel

@)= — @
Ox; *++ 0x,"

(Since the function is of class C* the order doesn’t matter and we gather
together the differentiation w.r.t. a same variable)
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Taylor theorem — The multi-variable case — 4 and last

In practice it would be very inefficient to use the formula from the
previous slide since it involves too many computations of partial
derivatives...

Instead you should rely on the Taylor series you already know.

Example.

x—2y x—2y

l+x2—y= 1—(y—x?)
2
= <1+(x—2y)+%+'"> (I+@=x)+G=x+-)

2
=1 +x—y—x7—xy+y2+E(x’Y)
E
1 .y _y
@)=0.0) [|Cx, »|I?
2
Hence Py, (x,y)=1+x—y— xj —xy+ .

with
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Some power series from MAT135/137/157

+o0

QO VxeR, =) — (recall that 0! = 1)

® Vx €R, cos(x) = Z( 1) and  sin(x) = Z (=1)" 2nl

@t ‘anr
( 1)n+1
® Vxe(-1,1], In(0 +x) = Z
O Vxe(-1,1), m =n§xn
+00
O Vx e (-1,1), (1+x)a=1+Za(0{—1)...(a_n+1)xn
n!

(The last one holds for x € R when a € N.)

Keep in mind that power series behave well with respect to the usual
operations: use them to reduce to the above results.
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Local extrema & critical points — 1

Local extremum

LetU cR"beopen, f : U >RandaeU.
We say that a is a local min (resp. local max) of f if

Ir>0,vVxel, ||x—al|<r = f(a < f(x)
(resp.3r>0,vxeU, |x-all <r = f(a)> f(X))
Critical point

Let U c R" be open, f : U — R be differentiable anda € U.
We say that a is a critical point of f if V f(a) = 0.

Theorem: first derivative test

Let U c R" be open, f : U — R be differentiable and a € U.
If a is a local extremum of f then it is a critical point of f.

y

Hence the local extrema of f are among the critical points of f.




Local extrema & critical points — 2

Theorem: second derivative test

Let U c R" be open, f : U — R be of class C*> and a € U be a critical point.
° If H,(a) is positive definite then a is a local min of f.

e If H (a) is negative definite then a is a local max of f.
e If H (a) is indefinite then a is a saddle point of f.

A Indeed |
fa+h)— f(a) = Eh - (H;(@h) + E(h)

where }lim Eh)

=0. ]
=0 [[h]?

In all the remaining cases, the Hessian matrix is not enough to conclude about the
nature of a.

Example: The Hessian matrices of f(x,y) = x* and g(x, y) = x> at 0 are both
non-negative definite but f has a local min at O whereas g has no local extremum at 0.
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Local extrema & critical points — 3

Recall that for A € M, ,(R) symmetric

A positive definite < Vh eR”\ {0}, h’Ah >0
< All the eigenvalues of A are > 0
< There exists A > 0, Vh € R”, h’4h > A||h|?

A negative definite < VheR"\ {0}, h'Ah <0
< All the eigenvalues of A are < 0
< There exists A < 0, Vh € R”, h’4h < A||h||?

Aindefinite < 3Jh,keR” h'’Ah <0 < k’Ak
& A has a positive eigenvalue and a negative eigenvalue
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Local extrema & critical points — 4 — two-variable case

Let U c R? be open, f : U — R be of class C?> and a € U be a critical
point (i.e. %(a) = %(a) =0).

By Clairaut's theorem H ,(a) = <; '(;) is symmetric where

o f _of O i
a= ﬁ(a) B= (@)= €:)) y = a_yZ(a)

Ox0dy Oyox
_ 2
Compute det (H (@) = ay - B then a<o [ecaimay

local extremum
a>0 local min

a critical point can’t conclude

S0
saddle point
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