Solutions to Exam Part 2

Question 1 (3 marks) : True or False?

If Ais an n X n matrix such that rank(A) = rank(A?), then A = A%
Answer: False.
Counterexample: pick any invertible matrix A such that det(A) # 1, say
A =diag(2,1,1,...,1).
Then rank(A) = n = rank(A4?), but
A? = diag(4,1,1,...,1) # A.

Or simply say, det(A?) = 4 # 2 = det(A), so A can’t equal A?. (Of course, there are many
other possible counterexamples.)



Question 2 (3 marks) : True or False?

If Ais an n X n matrix such that rank(A) = rank(A?), then col(A) = col(A?).

Answer: True.
Proof: since dim(col(A)) = rank(A) = rank(A?) = dim(col(A?)) we know that

dim(col(A)) = dim(col(A?)).

Observe that col(A4?%) C col(A) :

7 € col(A?) = ¢ = A%, for some ¥ € R"
= = A(A7)
= y = Az, for 7= AZ, which is in R"
= y € col(A)

Then by Theorem 5.2.8, col(A?) = col(A).



Question 3 (3 marks) : True or False?

If Ais an n X n matrix such that rank(A) = rank(A4?), then null(4) = null(A?).

Answer: True

Proof: since dim(null(A4)) = n — rank(A4) = n — rank(A4?) = dim(null(A4?)) we know that
dim(null(A)) = dim(null(A4?)).
Observe that null(A) C null(A?) :

7 € null(A)

A

Then by Theorem 5.2.8, null(A) = null(A?).



Question 4 (5 marks) : Let U be a subspace of R"; let {7}, 05, ..., T} be an orthonormal
basis for U; and let A be the n x k matrix [0; @5 ... ¥]. That is, let

A=10) Uy ... Ty.
Show that for all ¥ € R",
projy (%) = AAT .
Solution: using the projection formula, and the fact that {v;, ¥, ..., 7} is an orthonormal
basis for U, so that ||t;]] = 1, we have
projy () = (Z- 1)U + (T Ua)V2 + -+ - + (T - Uy ) V-

Now use properties of matrix multiplication and properties of dot product:

pI‘OjU(f) = (f 171)171 + (f ’172)172 + -+ (f . ﬁk)ﬁk
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Alternate Solution for Question 4: we have U = col(A). As with the derivation of least
squares approximations, there is a Z € R¥ such that

proj () = AZand 7 — A7 € Ut
As shown in class, U+ = null(AT). Thus

AT(F - AZ) =0 ATi = ATAZ
Since {4, Vs, ..., Uk} is an orthonormal basis,

1 ifi=
ViGTUN T 0 iy

for 1 <i,7 < k. Thus ATA = I, and AT ¥ = Z. Multiplying both sides by A on the left gives:
AAT Z = AZ = projy ().



Question 5 (8 marks) : Let

U = span and ¥ =

—_ == O
O~ W N
— o= =N
W = = O =

Find vectors @ and ¥ such that
TeUveUtand Z=1+7.

Solution: # = proj; (%) and ¥ = proj,.(Z). You only have to calculate one directly. To do so
you need to find an orthogonal basis for U or an orthogonal basis for U+.

Easiest Way: let

1 2 -1

0 1 2

fl = 1 , _’2 = 3 s 53 = 1
-1 1 1

1 0 1

Make use of the fact that &) - 3 = 0. Then an orthogonal basis for U is {v), ¥, v3} with
’(71 = 51,172 = fg and

= = To V1 To -V - To - T1 To T3
U T — — Ty — ——= x —
SRR T TR T AT Jasr T
2 1 —1 1
1 0 2 0
4 4
=13]-7] ']|-35| ! :2 1
1 —1 1 1
0 1 1 —1
So
q i (7) f-ﬁqur:E-ﬁqurf-ﬁgq
U = proj;(r) = ——=v —— U —
W= TR T wmE e
1 —1 1 1 —1 2
0 2 0 0 2 -2
4 8 0
—1 1 1 —1 1 -2
1 1 —1 1 1 0
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Direct Approach: directly apply the Gram-Schmidt algorithm to the given basis for U to get
an orthogonal basis for U. Let
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Then {7, U, U3} is an orthogonal basis for U, with ) = #7;

2 1 1
BT N B I A
Vg = X9 — _,—2’01 = 3 - — 1 = 2
(|| 1 4 1 92
0 1 —1
and
-1 1 1 -5
N T T A o 20 o O 4| 1 3| O
V3 = T3 — _,2’01— _,21)2: 1 - — 1 - - 2 = — 1
17| 12| 1 4 1 11 9 1 1
1 1 —1 5
So
. P (D) f-ﬁlﬁJrf-UgﬁJrf-ﬁgﬁ
i = proij, (T) = U Uy + ———1
N [T R T ER A
1 1 -5 1 1 -5 2
0 1 6 0 1 6 —2
4 4 24 4 3
~1 2| 88| 1 1 2 1 )
1 -1 5 1 —1 5 0
and as before,
1 2 —1
—6 —2 —4
V=T —1u= 1| - 0| = 1
1 -2 3
3 0 3



calculate an orthogonal basis for U+. The advantage of this method

Alternate Approach:
is that dim(U1) = 2. But first you need to find a basis for U™ :
—1 0
101 —-11 1010 0 -1 -1
Ut=null| 213 1 0|=nul|0 1 10 1]|=span 1|, 0
-1 2 1 11 0001 —1 0 1
1
Call these basic solutions #; and 75, respectively. Then an orthogonal basis for U™ is ¥, = 2
and
0 —1 1
DURENTR 00 AU s SRS N el R N e
2 =22~ 755 V1 = O L1 =51 -1
17| 1 3 0 3 3
1 0 3
Consequently
-1 1 -1
F proj (1) = Elg 6 - e - o
U = projy. (7 —— 1 — = - —
T EET T mER T | Tl 5
0 3 3
and
1 —1 2
—6 —4 -2
U=r—1v= 1| - 1| = 0
1 3 —2
3 3 0



Question 6 (8 marks) : Find A* for k a positive integer if

—6
4

1
A= 2
—6 2

=~ O N

You may assume the eigenvalues of A are
)\1:6, /\2:—67 /\3:9
Solution: since A is symmetric you can orthogonally diagonalize A; that is, find an orthogonal
matrix P and a diagonal matrix D such that
D=P'AP & A= PDP",
Then, as we saw in Section 3.3/Week 7, and using the fact that P~ = PT,
AF = pDFPT.
Step 1: since the eigenvalues of A are all distinct, we only have to find an eigenvector for
each eigenvalue, and then divide each eigenvector by its length so that the columns of P are

unit vectors. (If you don’t divide the eigenvectors by their length, things will still work but
calculating P~! will be messier.)

5 =2 6 5 =2 6
Eg(A) =null(6] —A)=null | =2 0 —4 | =null| 1 0 2
6 —4 4 6 —4 4
0 -2 —4 01 2 -2 2/3
=null|1 0 2| =mull|{1 0 2 | =span -2 ; take U] = 2/3
0 —4 -8 000 1 -1/3
-7 =2 6 -7 =2 6 0 40 20
E ¢(A) =null(—=6/—A) =null [ =2 —12 —4 | =null 1 6 2|=nul]1l 6 2
6 -4 —8 6 —4 -8 0 —40 —20
0 21 0 2 1 2 2/3
=null| 1 6 2 |=nul|1 0 —1 | =span —1 ; take U, = | —1/3
000 00 O 2 2/3

Ey(A) : you can continue with the same approach as above; OR since eigenvectors corresponding
to distinct eigenvalues of a symmetric matrix must be orthogonal, you can take the cross-
product of the previous two eigenvectors to get a third one:

—2 2 ~3 ~1/3

-2 | x| -1]= 6 | ; so take U5 = 2/3
1 2 6 2/3



Step 2: thus we have

. 2 -1 6 0 0
P:§ 2 -1 2| andD=|0 —6 0
-1 2 2 0 09
Note that P is itself symmetric, so P~! = PT = P.
Step 3: compute!
A* = pDFPT = pPDFP
o2 2 -1 00’“1 2 2 -1
= 3 2 -1 2 0—6052—12
-1 2 2]]0 009 -1 2 2
. 2 2 176 0 0 2 2 -1
k
=3 2 -1 2 0 (=6)* 0 2 -1 2
-1 2 2|0 0 9 -1 2 2
1' 2 2 —-11[ 2-6 2.6k —6*
=3 2 -1 2 2-(=6)" —(—=6)F 2.(—6)"
-1 2 2] -9 2.9 2.9
] 468 +4.(—6)F 4 9* 4-68—2.(=6)F—-2.-9% | —2.6+4-(—6)"—2.9"
= 5 4-6F -2 (—6)F—-2.9* 4-6F 4 (—6)F+4-9% | —2.6F -2 (—6)F+4-9*
| 26 +4-(—6)"—2-9"| —2.6F -2 (—6)"+4-9%| 6F+4.(—6)"+4-9"




