UNIVERSITY OF TORONTO
FAcuLTY OF APPLIED SCIENCE AND ENGINEERING
FINAL EXAMINATION, DECEMBER 2018
DURATION: 2 AND 1/2 HRS
FirsT YEAR - CHE, CIV, CPE, ELE, ENG, IND, LME, MEC, MMS

SOLUTIONS TO MAT186H1F - Calculus I
ExaAMINERS: F. BiscHOFF, D. BURBULLA, S. COHEN, D. Fusca, J. Ko, X. JIE
M. MATVIICHUK, K. PHAM

Exam Type: A. Aids permitted: Casio FX-991 or Sharp EL-520 calculator.

General Comments:

Breakdown of Results: 750 registered students wrote this test. The marks ranged from 7.5% to 100%,
and the average was 72.2%. There was 1 perfect paper. Some statistics on grade distribution are in the

table on the left, and a histogram of the marks (by decade) is on the right.

Grade % Decade %

90-100% 9.1%
36.2% | 80-89% 27.1%
27.7% | 70-79% 27.7%
20.8% | 60-69% 20.8%
8.1% 50-59% 8.1%
7.2% 40-49% 4.0%
30-39% 0.7%
20-29% 1.7"% I
10-19% 0.7% __-_I

0-9% 0.1%
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1. Javg: 7.32/10] Find the following:

Inx

ks| li
(a) [3 marks] lim ——

Solution: the limit is in the 0/0 form so use L’Hopital’s rule:

. Inz , 1/x 1
lim = lim =
a1 23 — 1 z—13x2 — 1 2

(b) [3 marks] the equation of the tangent line to the graph of f(x) = tan~!x at the point (1,7/4).

1 1
Solution: f'(z) = i and f'(1) = 7 So the quation of the tangent line to f(z) at z =1 is

2

1 +7r 1
= -+ - ——.
2 4 2

y—f(1) :f/(1)<:>

r—1

y—m/4 1 1
= — = — —]_
o1 —gov=gl-D+

N

(¢) [4 marks] all the inflection points on the graph of y = z7/3 — 14 £1/3

2
Solution: f'(z) = gx4/3 — 13—41'_2/3; f(z) = %xlﬂ)’ + %833_5/3 = % (25—;1> . So

ff(x)>0ez>0and f'(r) <0< <0

and the only inflection point of f is the point (0,0). Note: f”(0) is not defined; any one who
states that “f”(0) = 0, and consequently there is an inflection point at z = 0,” will lose 2 marks!

For interest, the graph is below:
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2. [avg: 7.85/10] Find the following:
w/2
(a) [3 marks] / 3coszV1+3sinxdx
0

Solution: let w =1+ 3sinz. Then du = 3cosz and

4

w/2 4 3/2
/ 3cos:1:\/1+381nxdx:/ Vudu = 2u _ 16 2 14
0 1 3 1 3 3 3
/2 )
(b) [2 marks] / e ¥ sinxdr
—m/2

Solution: observe that the integrand is an odd function, so

w/2 )
/ e ¥ sinzdr =0.
—7/2

—T

Note: it would be nigh impossible, and a total waste of time, to try and find /e * sinz dx.

(c) [6 marks] / 2% cos x dx
0

Solution: integrate by parts. Start with u = 22, dv = cosz dz. Then du = 2z dz, v = sinz. So

/ZL‘2COSl'd$:/udU = uv—/vdu

= x251n$—2/$sinxdx
(now let s = x,dt =sinxzdr) = —ac?sina:—2<st—/tds>

= $281nx+2$cosx—2/cosxd:z:

= z’sinz +2zcosx — 2sinz + C

and
i

g = —2m

vy
/ 22 cosxdr = [m2sinx—|—2mcosar — QSinx]
0



3. [avg: 9.08/10] Let v = t? — 5t + 6 be the velocity of a particle at time ¢, for 0 < ¢ < 3. Find:

(a) [4 marks] the average velocity of the particle.

Solution: this is a direct application of the average formula. The average velocity is

I 13
— vdt:/(t2—5t+6)dt:
3 Jo

3-0 /o

(b) [6 marks] the average speed of the particle.

Solution: the average speed is given by

1 3
/ 10| dt.
3 Jo

Since v changes signs on the interval [0, 3] we

have to calculate two separate integrals:

1 /3 1 [? 1
- dt = = dt + =
3/0’“| 3/0” *3

So the average speed is

1 3
/ |v| dt
3 Jo

/23(—1)) dt

1
3

13 5¢2
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4. Javg: 7.82/10] Let V be the volume of the solid obtained by revolving the region bounded by y = sinz

and y =1, for 0 < z < 7/2, around the y-axis.

(a) [3 marks] Use the method of shells to express the 10

value of V' as one integral with respect to x. ] el .
w/2
Solution: V = / 2rz(1 — sinz) dx ]
0

(b) [3 marks] Use the method of discs to express the 04

value of V' as one integral with respect to y. *

A
L I I
0.0 0.25 0.5 0.75 1.0 1.25 1.5
x

1 /
Solution: V = / T (sin*1 y)2 dy a7
0

(c) [4 marks] Find the value of V.

Solution: either integral requires parts, but the easiest integral to evaluate is the one from (a):

w/2 w/2 w/2
V:/ 2rx(l —sinx)dxr = 77/ 2mda:—27r/ rsinz dx
0 0 0

/2
(let u=xz,dv=sinx) = 7 [1:2]3/2 — 21 [~z cossz:]g/2 - 27r/ cos z dz
0
773 . /2
= 71~ 0 — 27 [sinz],
73 9 72 -8
= — —2mormT
4 4
Alternate Solution: for the integral from (b), you can use parts, twice. Start with
. 1 N2 2sin"!y dy
u = (sin""y)*, dv=dy. Then du = ﬁ,v =y and
-y

2ysin~ly dy

V1= 2
2
(now let s =sin~ly,dt = \/1yd7y2> = y(sim_1 y)2 — (st - /tds)
-y

/(sin_l y)2 dy = y(sin_1 y)2 —

= y(sin ty)? - (—2 1—y2sin ty+ / 2dy>

= y(sin ty)?4+2y/1—y2sin ty—2y+C
1

3

Vo= [y(sin_l y)® +2V/1 —y?sinly — 29}0 - % —2m,
as before. (See Page 10 for an alternate solution.)



5. [avg: 8.31/10] A tank is full of water. The tank is a square-based pyramid oriented with the tip of
the pyramid pointing upward. Each side of the base of the pyramid is 4m long, and the pyramid
is 8 m tall. How much work is required to empty the tank by pumping all the water up to a height
1 m above the top of the tank? (Assume the density of water is p and that the acceleration due to
gravity is g; leave your answer in terms of p and g.)

Solution: consider a side view. Let the tip Consider a horizontal cross-section at height y. See
of the pyramid be on the y-axis; let the base figure. The point (x,y) satisfies the equation
of the pyramid be on the xr=axis. y

T
S4+—=1
8 + 2
Y Thus
h=09, :2(1_£):18_
x g) =189
(0,8) and the cross-sectional area of the pyramid at
height y is

Aly) = (20 = (8~ 9

Let W be the work required to empty the tank by

pumping all the water up to a height 1 m above
the top of the tank. Then

8
z W:/o pgAY)(9 —y)dy.

The rest is calculation:

4
pg [°
(letu=8—y) = 4/ w?(u+ 1) (—du)
8
pg [*
= /(u3+u2)du
4 Jo
_ pgful  wT_pg (8 8
4 |4 31, 4 \4 3
8pg 7 896 pg
= 24 - ) =128pg (= | =
. "3 P 3
2 4 8 —
Note: you could also use similar triangles to find S 3 & 2r = Ty
-y



3
1

6. [avg: 8.03/10] Consider the curve with equation y = % + — forl1 <z <4

x

(a) [5 marks] Find the length of the curve.

Solution: you need /1 + <dy
dx

dy '\ 22 1\?
1+ (%) = i (T2
+<d:n> \/+<4 x2>

2
) for both parts of this question, so calculate it very carefully!

. 2
—, since z© > 0.
4 x%’

Then the length of the curve is
4 2 4 /.2 3 4
dy x 1 x 1 64 1 1
/1 +(dw> ! /1 (4 +1‘2> v [12 x]l 2 1 12"

(b) [5 marks| Find the area of the surface generated by revolving the curve about the y-axis.

Solution: since we are revolving around the y-axis, the surface area is given by
4 / 2
d
S = /27ra: 1+(y> dx
1 dx
4 2
T 1
= 2 T4 \d
/1 ™ ( 1 + x2> x
4 4
1
= 7T/ x3dm—|—27r/ —dz
2 1 1 T

™ 334 1
4
= 5 |:4:|1 +27T [lnx]l

- 327r—%+27r1n4

2 2
= 5857T+7Tln16or7r(25+ln16>




7. [avg: 5.09/10] Let A be the area of the region bounded by the graphs of f(x) = z + 2|z| and

g(x) = max + 1. Find the value of m that minimizes the value of A.

. o 3z, ifx>0
Solution: first of all, to simplify f(x) you need to take cases: f(z) =
—x, ifx<0
y =3z Next, you need to find the intersection points
%y—mx—&—l of f(x) and g(z) :
1
Yy=—- 1 3 fore<0:—zrz=mr+l=>x=———;
7 1+m
3—m' 3—m
(0,1) 1
forx>0:3z=mer+1=2=—"-.
) . 3—m
- Let A; be the area of the triangle under the
1+m 14+m As
Ay line y = —x; let As be the area of the triangle
x under the line y = 3x. See figure to the left.
Then
1/(3—m)
A = / g(z)dr — Ay — Ay
—1/(m+1)
[m 2 }1/(3*?%) 1 3
= |—z‘+z — —
2 ~1/(m+1)  2(1+m)? 2(3—m)?
B m n 1 m n 1 1 3
2B3-m)2 3-m  214+m)2 14+m  2(1+m)2  2(3—m)?
1 1 2

2(3—m) +2(m+1) (3—=m)(1+m)

The problem is to minimize the value of A for —1 < m < 3. ‘1 Find the first and second derivatives:

dA I . L1
dm  23-m)2 2(m+1)2" dm?  (3-m)3  (m+1)3
Then
dA
%:0:>(3—m)2:(m+1)2:>9—6m+m2:m2+2m+1:>8:8m:>m:1;
and at m =1
AL,
dm? 4~ 7
So the value of A is minimized for m = 1. (See Page 10 for an alternate solution.)

!Note that if m < —1 or m > 3 then the area between the graphs of f(z) and g(z) is unbounded. Indeed, since A — oo as

m — —17 or as m — 37, A must have a minimum value on the interval (—1,3), and it must occur at a critical point. This

observation can replace the second derivative test to confirm the minimum at m = 1.



8. [avg: 4.28/10] Gauss’s error function, erf, is defined for all x by erf(z \f / ~t* dt. The first four

values of erf(n), for n =1,2,3,4 are:

erf(1) ~ 0.842701, erf(2) ~ 0.995322, erf(3) ~ 0.999978, erf(4) ~ 0.999999.
2
(a) [2 marks] Find the value of / e~ dt correct to four decimal places.
1

Solution:

2 2 1
/ e dt :/ et dt—/ e dt = \f (erf(2) — erf(1)) ~ 0.135257 . ..
1 0 0

(b) [2 marks] Find erf '(x) and determine for which values of x the error function is increasing.

Solution:
erf () = —=e " >0,

for all z. So the error function is increasing for all x.
(c) [2 marks] Show that erf(—xz) = —erf(z).
Solution:

erf(—x) = \37?/0 e " dt

2 2
let u=—-t) = ——— e " du
( ) VT Jo
= —erf(x)

1
(d) [4 marks] Find the value of / erf(z) dx correct to four decimal places.
0

2
Solution: use integration by parts. Let u = erf(z),dv = dxz. Then v = z,du = 76_$2d£€, and
s
1 1 2 1 2
erf(z)dx = [z erf(z)]y — T dx
A * Vi lo

(let w = —2?) = erf(l —0+/

1
— erf() 4+ — (=1
““+ﬁ@ )
~ 0.48606...



Alternate Solutions:

Question 4: let § = sin~!y. Then df = dy = dy < dy = cosfdf and
1 —sin?9 cost

1
V = /71'(sinly)2 dy
0
w/2
= 7r/ 62 cos 6 df
0

(from Question 2(c)) = 7 [02 sinf + 26 cosf — 2sin 6] 3/2

2
T
= 71— -2

as before.

Question 5: alternate calculations

W = pg/0816<1—‘g>2(9—y)dy

8 y2
= pg/o (16—4y+4) (9—y)dy

8 3
25y%  y
= 144 — 52y + —2 — 2 ) d
pgA ( T 4) Y

5 4
— 1y [14411—26 +y—y]
0

12 16
(5%
- pg 3 ’

Question 7: since A is the area of a triangle, you could use vectors and find A using the cross-product:

as before.

X 1/m+1

N

—1/(1+m)

1

2 (3 )(m+1) + (3—m)(1—|—m)
2

G_m)(m+1)

and then find the critical point of A as before. OR, in the same vein, you can avoid integration
by using the formula for the area of a trapezoid to get the value of the area under g(x) from one

intersection point to the other.

10



Alternate Solutions:

Question 8(c): consider the function g(z) = erf(—xz) + erf(x). By the chain rule and the fundamental

theorem of calculus, we have

g (z) = —erf’(—x) + erf’(z) = _76

so g(z) is constant. Since g(0) = 0, we must have g(x) = 0 for all z, which implies erf(—z) = —erf(z).

Question 8(d): work with “double integrals,” which is beyond the scope of this course, but many students

tried it. It can work if you know what you are doing:

1 2 1 x 2
erf(z) dr = / / e " dtdx.
/0 VT Jo Jo

Interchanging the order of integration, we have

2 Loz 2 2 Lol 2
T / / e_t dtdl‘ = T / / e_t dl'dt
m™Jo Jo ™Jo Jt

1
- \/27?/0 (1—t)e " dt

2 1 2
= erf(l) — —= [ te ¥ dt
VT Jo
1
= erf(l) ‘I— ﬁ(e_l — 1)
~ 0.4861.

11



This page is for rough work or for extra space to finish a previous problem. It will not be marked unless

you have indicated in a previous question to look at this page.

12 The end.



