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[. GAME-CLOSED POSETS

Definition 1. We say that a poset P is
weakly wy-game-closed if player 11 wins the

following game:

I Po P2 cee Puw+1 Pw+3

11 p1 P3 . Pu Put2

i.e. player II plays at limit stages. Here,
Pa >p pp it @ < B < wp and II wins the
play if there is p € IP such that p <p p, for

all o < wy.



P is strongly wi-game-closed if player 11

wins the modified game:

Ll po D2 . Do P2

I 2 P3 o Puwt1 Puwt3

i.e. player I plays at limit stages. Same

rules otherwise.

[t’s easy to see that:
< wy-closure=- strong w;-game-closure=—

weak wi-game-closure

Examples: The standard forcing to add

a Lly,-sequence is weakly wi-game-closed.



APy, can be added with a strongly w;-game-

closed forcing.

APy, is the following approachability prop-
erty: there exists a sequence (C, : o < wo)

such that for any a0 < ws:

(a) Co € wy, otp C < wy,
and there is a club C' C lim(ws) such that
for every v € C":

(b) C, C v is club,

(c) the initial segments of C, are enumer-

ated before 7,

le. Va <y d8 <y CyNa=Cs.



The following is known:

Theorem 2 (Foreman, Magidor,Shelah and
Velickovic). Assume MM. If P is weakly

wi-game-closed then

VY = NS, is saturated.

But a weakly wi-game-closed forcing can
add [y, and this will completely mess up
the combinatorics of wy: Uy, gives us an wy-
Aronszajn-tree and a nonreflecting subset of

wy N cof (w).



Question 3. What about strong wi-game-
closure?

Theorem 4. Assume MM. IfIP is strongly

w1 -game-closed then
VY = 7stationary reflection” +

"no we-Aronszain-trees”

Actually: if P is strongly wi-game-closed
Theorem 5.
V = MA*(0-closed) = V¥ = MA™ (0-closed)

V = PFA = V" = "no wy-Aronszajn-trees”



Corollary 6.

1) APy “there 1s an wo-Aronszajn-
( ) 1 ]
tree”

(2) Con(MA™ (o-closed) + APy,)

Corollary 7.

There 1s no strongly wi-game-closed forc-
ing which adds an wy-Aronszajn-tree nor
a non-reflecting subset. (Although there

is a weakly wy-game-closed forcing.)



So the following question seems natural.

Question 8. Can a strongly wi-game-closed
forcing destroy MM or PFA?

Is MM or PFA consistent with APy, ?

Answer:

Theorem 9.

APy, fails under PFA.

Remember that APy, can be added by a

strongly wi-game-closed forcing notion.



Question 10. Is there a (< wy)-closed
forcing which forces APy, ?
The following can easily be checked:

Note 11. Both MM and PFA are pre-

served by < wy-directed-closed forcings.

We refine this:
Theorem 12. Assume PFA.
If P is < wi-closed then V' |= PFA.

(And therefore V¥ = —APy,.)



Conclusion:
The mildest forcing to add
o [y, 1s weakly wi-game-closed

e APy, is strongly wi-game-closed.



